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Abstract

Given a distribution G over labeled bipartite (multi) graphs, G =
(W, M, E) where |W| = |M| = n, let L(n) denote the size of the largest
planar matching of G (here W and M are posets drawn on the plane as
two ordered rows of nodes, an upper and a lower one, and a (w, m) edge
is drawn as a straight line between w and m). The main focus of this
work is to understand the asymptotic (in n) behavior of L(n) for different
distributions G. Two well studied particular instances of this problem are
Ulam’s longest increasing subsequence problem and the longest common
subsequence problem.

This work’s main focus is in the case where G is the uniform distribu-
tion over the k-regular bipartite graphs on W and M. For k = O(n'/?7¢),
we establish that L(n)/vkn tends to 2 in probability when n — co. When
k = O(1) the convergence in mean to the same limit holds. It is also shown
that when each of the n? possible edges between W and M are chosen in-
dependently with probability 0 < p < 1, then L(n)/n tends to a constant
7p in probability and in mean when n — oo.

The problems addressed in this work can be thought of as a novel
generalization of Ulam’s longest increasing subsequence problem and the
longest common subsequence problem.

Keywords: longest increasing subsequences, longest common subsequences,
random bipartite graphs.

1 Introduction

We consider marriage problems where we are given two finite sets W and M of
equal size, the first one representing women and the second one men. The role
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of both sets is symmetric. All men have an order of preference for the women
and all women an order of preference for the men. A maiching is an injection
of W onto M. A perfect matching is a bijection of W onto M, i.e., a set of
|W| = | M| monogamous marriages between the men and the women.

We consider the matching problems when not all marriages are allowed (one
can imagine that legal and social aspects forbid certain marriages). We seek
solutions with the extra condition that each person be married to someone
appearing on his or her allowed marriage list. Since a marriage will take place if
both parties are willing to go forth with it we henceforth assume that a woman
belongs to a man’s allowed list of marriages if and only if the man also belongs
to the woman’s allowed list of marriages.

We are interested in the size of the largest matching for different random
models of allowed marriage lists. In particular, we focus on the case where: (1)
the relative rating of men and women is the same for all men and women (one
can imagine a rigidly stratified society where individual preferences only reflect
social status), and (2) there are no two couples where the lower ranked man
marries the higher ranked woman.

We now discuss a natural graph theoretic interpretation of the problem we
would like to address. Let G be a distribution over the set of labeled bipartite
(multi) graphs (W, M, E), where E CW x M. Assume W = {wy,...,w,} and
M = {my,...,my} are such that if j > i then the j—th woman is preferred
over the ¢—th one by all men and the j—th man is preferred over the i—th one by
all women. A pair (w,m) belongs to E if w and m is an acceptable marriage.
We can represent the situation by a bipartite graph with W as upper nodes
and M as lower nodes where an edge (w,m) is represented as a straight line
between w and m (think of w and m as nails and e as a rubber band that has
been stretched around both nails). The situation is depicted in Fig. 1. This
way of drawing bipartite graphs will be henceforth referred to as the canonical
representation of a bipartite graph. Throughout, when we refer to a bipartite
graph we actually mean its canonical representation. Note that in a (canonical
representation of a) bipartite graph a collection of non—intersecting edges with
no common endpoints represents a matching where there are no two couples
such that the lower ranked man marries the higher ranked woman. Henceforth,
we refer to such a collection of edges as a planar matching. Observe that this
notion is well defined since we have fixed the representation of the bipartite
graphs we consider. Thus, the main goal of this work can be concisely stated
as:

Given a distribution G over labeled bipartite (multi) graphs, under-
stand what is the size of the largest planar matching of a graph
chosen according to G.

We consider this basic question for several different choices of distributions G.
There are particular interesting cases of our general question. Indeed, con-
sider the following two distributions over bipartite graphs on W and M:

Grrs: picks a labeled perfect matching on W and M with equal probability,
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Figure 1: Women (respectively men) are represented as upper (respectively
lower) nodes. Leftmost (respectively rightmost) nodes are the lowest (respec-
tively highest) ranked nodes. Edges represent allowed marriages. Thick edges
represent the largest planar matching.

Gros: picks for every element of W and M, independently and uniformly, one
of two colors, add edges between all nodes in W and M that received the
same color.

There is a one-to—one correspondence between perfect matchings on W and
M, |W| = |M| = n, and permutations of {1,...,n}. Hence, picking a bipartite
graph G according to G rs is equivalent to uniformly choosing a random permu-
tation wg of {1,...,n}. Furthermore, note that each planar matching of G is in
one—to—one correspondence with an increasing subsequences of 7, i.e., with se-
quences of integers i; < iy < --- < i such that 7g(i1) < g (i2) < - - < 7g(ik).
Thus, determining the size of the largest planar matching of a graph chosen ac-
cording to Grrs is equivalent to determining the largest increasing subsequence
of a uniformly chosen permutation of {1,...,n}. This problem is known as
Ulam’s problem since it was apparently first raised by Ulam. It is motivated
by the result of Erd6s and Szekeres [8] that says that every permutation of
{1,...,n} has either and increasing or decreasing subsequence of length at least
V.

Now, consider the distribution Grcs. Observe that there is a one-to—one
correspondence between 2—colorings of an n element set and n bit long strings.
Hence, picking a bipartite graph G according to Gpcs is equivalent to uniformly
choosing two n bit long strings z¢ and yg. Furthermore, note that each planar
matching of GG is in one-to—one correspondence with a common subsequence
of z¢ and yg, i.e., with sequences of integers i3 < iz < -+ < i} and 77 <
J2 < --+ < ji such that z;, = y;, for every [ € {1,...,k}. This problem is
known as the longest common subsequence problem. It has emerged more or less
independently in several remarkably disparate areas, including the comparison
of versions of computer programs, cryptographic snooping, the mathematical,
and molecular biology. The biological motivation of the problem is that long



molecules such as proteins and nucleic acids like DNA can be schematically
represented as sequences from a finite alphabet. Taking an evolutionary point
of view, it is natural to compare two DNA sequences by finding their closest
common ancestors. If one assumes that these molecules evolve only through
the process of inserting new symbols in the representing strings, then ancestors
are substrings of the string that represent the molecule. Thus, the length of the
longest common subsequence of two strings is a reasonable measure of how close
both strings are. In the mid 1970’s, Chvétal and Sankoff [6] established that the
expected length of two random k-ary sequences of length n when normalized
by n converged to a constant. The value of this constant is unknown although
much work has been spent in finding good upper an lower bounds for it (see
for example [3] and references therein). This work is partly motivated by our
desire to find alternative techniques that would allow for the determination of
the value of this constant.

Related Work and Main Contributions: Increasing subsequences and
longest common subsequences are well-studied combinatorial problems. As
shown above, both these problems can be cast as random graph theoretic prob-
lems. The theory of random graphs was founded by Erdés and Rényi during
the late 50’s and early 60’s. By now, it is a well developed subject area that
has found many applications, specially in computer science. Informally, random
graph theory studies the properties that graphs exhibit when they are chosen
according to some fixed distributions. The distributions most commonly con-
sidered in the literature are the special case where H = K, of:

G(H,p): the binomial random graph model — a distribution over the set of sub-
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graphs of H where for each edge e € H the events {e € E(G)} have
probability p and are mutually independent,

H,N): the uniform random graph model — a distribution over the set of sub-

graphs of H where an N edge subgraph of H is uniformly chosen (provided
one exists),

G.(H,k): the random k-regular graph model — a distribution over the set of sub-

graphs of H where a k-regular subgraph of H is uniformly chosen (pro-
vided one exists).

As one might expect, in many cases G(K,,,p) and G(K,,, N) are asymptotically
equivalent. In fact, in most cases, the equivalence takes place when N ~ n?p/2
(see [10, Theorem 2.1, Ch. 6] for a precise statement of the result). Hence, the
most interesting distributions to consider are G(K,,,p) and G, (K, k).

In this work we are interested in properties of randomly chosen bipartite
graphs. It is natural, given the discussion of the previous paragraph, to focus
our study on the distribution G(Ky, »,p) and G, (Kp n, k).

For 0 < p < 1 and a positive integer k let L,(n) and Li(n) be the variable
representing the size of the largest planar matching of a graph chosen according
to G(Kpn,p) and G, (K, », k) respectively. The main result of this work is:



Theorem 1 If k = O(n'/>%), then Li(n)/Vkn tends to 2 in probability as
n — 0o. Convergence in mean to the same limit holds if k = O(1).

Subadditivity techniques, in particular Kingman’s Subadditive Ergodic The-
orem [13] yield in a straightforward way the following:

Theorem 2 For each 0 < p < 1, there exists a constant 0 < 7y, < 1 such that
Ly(n)/n tends to yp in probability and in mean as n — co.

A characteristic of limit results like the ones above is that it is often diffi-
cult to determine the limiting constant whose existence is proclaimed. One of
the interesting aspects of Theorem 1 is that the limiting constant can be deter-
mined exactly. Another fact concerning Theorem 1 worth stressing is that when
k =1, the distribution of Ly (n) is equal to the distribution of the length of the
largest increasing subsequence of a randomly chosen permutation of {1,...,n}.
Thus, determining the size of the largest planar matching of a randomly cho-
sen 1-regular bipartite graph is equivalent to Ulam’s problem. Monte Carlo
computations led Ulam to suspect that Li(n) was ©(y/n). But it was Ham-
mersley [12] who proved that L (n) does tend, in probability, to y+/n for some
constant . In his paper Hammersley made ingenious use of subadditivity to
establish the existence of v and went on to show that 7/2 < v < e. Subse-
quently Kingman [13] narrowed the gap to /8/m < v < 2.49. Later, Logan
and Shepp [14] based on a result by Schensted [18] proved that v > 2; finally,
Vershik and Kerov [20] obtained that v < 2 (a combinatorial proof of this result
was supplied by Pilpel [17]) Hence,

Theorem 3 ([12, 14, 20]) L1 (n)/+/n tends to 2 in probability and in mean as
n — 00.

Thus, Theorem 1 can be thought of as a generalization of the limiting behavior
shown to hold for the increasing subsequence problem. Our proof of Theorem 1
does not directly use subadditivity techniques. Instead, it relates the limiting
behavior of Ly(n) to that of Li(n). The limiting constant 2 for convergence in
probability of Li(n)/y/n in Theorem 1 arises from this relation.

Although Theorem 1 addresses a rather natural generalization of Ulam’s
problem, to the best of our knowledge it has not been considered in the liter-
ature. Curiously, a different generalization has received considerable attention;
one that for fixed d and n, considers random points Z(1),...,Z(n) chosen inde-
pendently from the uniform distribution on the unit cube [0,1]¢ in Euclidean
d-dimensional space. The points then form the underlying set of a random order
P,(n), with partial order #(¢) < Z(j) when z;(i) < x;(j) for each I € {1,...,d}.
Let Hy(n) denote the height of Py(n), i.e., the number of elements in a longest
chain (totally ordered subset) of Py(n). Steele [19] and Bollobés and Winkler [5]
have studied the asymptotic in n behavior of Hy(n) for fixed d. The d = 2 ver-
sion of this problem is equivalent to Ulam’s problem.

Standard techniques can be applied to upper and lower bound 7, and to
prove concentration bounds for L,(n). The determination of the exact value of
vp is one of the interesting questions raised in this work.



Conventions: The set of integers {1,...,m} will henceforth be denoted by
[m].

Organization: In Sect. 2 we present the main contribution of this work, i.e.,
we study the asymptotic behavior of Ly(n) for fixed k. The analysis is divided
into two parts. In Sect. 2.1 we show that Lg(n)/vkn is at least 2 when n — oo.
In Sect. 2.2 we prove that the same, but reverse bound holds, i.e., Li(n)/vkn
is at most 2, when n — oo. Finally, in Sect. 2.3, we state and prove the main
results of this work, i.e., those that concern the limit behavior of Ly (n)/vkn
when n — oco. Section 3 states some facts about the asymptotic behavior of
L,(n).

2 Random k-regular Graph Model

Most work on random regular graphs is based on the so called random con-
figuration model of Bender and Canfield and Bollobés [4, Ch. II, § 4]. Below
we follow this approach, but first we need to adapt the configuration model to
the bipartite graph scenario. Given a fixed positive integer k and two sets of n
nodes W and M, which are to be the upper and lower nodes of the graph, a
k—configuration of W and M is a one—to—one pairing of W x [k] and M x [k].
These kn pairs are called edges of the configuration. The natural projection of
W x [k] and M x[k] onto W and M respectively (ignoring the second coordinate)
projects each configuration F' to a bipartite multi-graph = (F') with W and M
as upper and lower nodes. Note in particular that 7 (F') may contain multiple
edges (arising from sets of two or more edges in F' whose end—points correspond
to the same pair of vertices in W and M). However, 7(F) is a k-regular bipar-
tite multi-graph (with multiple edges counted the natural way). In particular,
if 7(F') lacks multiple edges, it is a k-regular graph. Each k-regular bipartite
graph on W and M is the projection of the same number of configurations. It
follows that taking the projection m(F') of a uniformly chosen k—configuration
on W and M and conditioning on it being a simple graph is equivalent to uni-
formly choosing a random k-regular graph, i.e., to choosing a graph according
to Gr(Knn, k).

It will be advantageous to allow multiple edges and work with k-regular
bipartite multi—graphs and afterwards condition on simple graphs. We thus let
G (Knn, k) denote the distribution over k-regular multi-graphs obtained by
randomly and uniformly chosing a k—configuration of W and M and comput-
ing 7(F"). Note however, that G (K, », k) does not have the uniform distribution
over all k-regular bipartite multi-graphs on W and M (the probability of ob-
taining a given multi—graph is proportional to a weight consisting of the product
of a factor 1/5! for each multiple edge of multiplicity 7).

Throughout we will focus our attention on the distribution G} (K, ,, k) and
the variable L} (n) defined as Ly(n) but now with respect to G (K, ., k). The
reason why this suffices for our purposes is given by the following;:



Lemma 1 Let k be a function from the positive integers into the positive in-
tegers such that k = o(y/n) or k = o(n) is monotonically increasing. Let Q be
a gmph property of bipartite regular multi—graphs. If =Q holds with probability
o(e™* ) for a graph randomly chosen according to G (Kp n, k), then Q holds for
almost every r—regular subgraph of K, , when n — oo.

Proof: In [15]itis shown that the probability that a graph chosen according to
G (Kn,n, k) is simple is e=(h=1)%/2+0(k*) if | = o(n) is monotonically increasing.
In [21] it is shown that the same result holds when k = o(y/n) without any
assumptions on the monotonicity of k. Thus, under the hypothesis of the lemma,

PG, (koo k) (CQ) < V20008 po, 0 (-Q)

The desired conclusion follows by making n — co. n

An additional bonus of working with Gf(K, ,,k) is that it also leads to
results about uniformly chosen k—regular multi—graphs. For the sake of concise-
ness we omit these results.

2.1 Lower Bound

The main objective of this section is to bound the probability that L} (n)/vkn
is at most 2 — , for xy > 0. There are a couple of technicalities involved in the
formal proof of this fact. In order not to obscure the idea in which the proof
relies we begin by informally justifying the above stated lower bound.

Let W = {wi,...,wp} and M = {mq,...,my,}. Consider the bipartite
multi-graph G = (W, M, E) chosen according to GX(K, n,k). For ¢ > 0,
let m be an integer such that 1 —e < (1 —m/n)*~! and t = |n/m], let
Wy = {wy,...,wn}, Wo = {wm+1,...,Wam}, so on and so forth up to Wy =
{we—1ym+1, -+, Wem }. Define My, ..., My analogously with respect to M. Fi-
nally, let G; = (W;, M;, E;) be the graphs induced on W; and M; by G. Re-
moving from G; all edges incident to nodes whose degree is at least 2 yields a
subgraph of G;, say G;. We claim that the expected size of E(G}) is at least
(1 — €)km?/n. Indeed, G; contains 2m nodes, each one having j € [k] incident

edges with probability
nk\ "' mk\ ((n — m)k
k J k—j )~

Hence, the expected number of edges incident to a given node of G; that are
removed in order to obtain G} is

() S () = ) (o)



Thus, the expected number of edges removed from G; in order to obtain GY,
ie, E(|G;| — |GY)) is at most

N {1 _n<nk>_1 ((n—m)k)} |
n k k—1

From this, it can be shown (although it is not straightforward) that if km/n — 0
as n — oo, then for € > 0 and large enough n, E (|G;| — |G}|) < ekm?/n. On
the other hand, it is easy to see that the expected size of E(G;) is km?/n. Thus,
the expected size of E(GY) is at least (1 — €)km?/n. For the sake of argument,
assume that the size of E(G}) was at least (1 — €)km?/n for all i. Note that,
removal of the degree 0 nodes of G} yields a l-regular subgraph of G. By
the way in which G was chosen and symmetry arguments, such subgraph, is a
randomly chosen perfect matching on its set of nodes. Hence, the discussion of
Sect. 1 concerning Ulam’s problem implies that, if km?/n — oo as n — oo, then
the expected size of the largest planar matching contained in G} (hence in G;)
is at least 24/(km?2/n)(1 —€). Since the union of planar matchings contained
in distinct G;’s is a planar matching contained in G, the expected size of the
largest planar matching contained in G, for large enough n, is at least

ot [ F (1 o) = QPJ bl g > 2(1—%)#@(1—6),

n m n

i.e., asymptotically larger than 2(1 — €)3/2v/kn provided m < en. Observing
that when k = o(n) one can choose m = o(n) so km?/n — 0 while km/n — 0
as n — 00, we conclude that the expected size of the largest planar matching
contained in G, for large enough n, is at least 2(1 — o(1))Vkn.

We now formalize and strengthen the given proof argument. First, we need
to introduce additional notation. Let F' be a k—configuration of W and M and
let G = n(F). For w € W;, m € M;, and a,b € [k], let x@ equal 1 if

w,a;m,b
((w,a), (m,b)) is an edge of F. Note that the number of edges of G; is
BG) = > v, where Y = Y xU .
weW;,a€lk] meM; ,be (k]

Observe that Yu% is the indicator variable of the event “there is an edge in G;
that is the projection of an edge in F' with first component (w,a).” Note also
that E (Yu(,l)a) = m/n. Hence, by linearity of expectation E (|E(G;)|) = km?/n.
We will show two things concerning G;; (1) with overwhelming probability
|E(G;)| is almost E (|E(G;)|), and, (2) with overwhelming probability few of
the edges of G; have common endpoints.

Since | E(G;)| equals the sum of indicator variables Yu(,%, a Chernoff-Hoeffding

(CH) bound would seem appropriate in order to achieve our first objective. Al-

though the indicator variables Yu(,% are not independent, for fixed i, they are

negatively correlated so for purposes of stochastic bounds on their sum one can



treat the variables as if they were independent (although this fact seems to have
been observed in several occasions throughout the literature it has only recently
been explicitly stated and exhaustively studied by Dubhashi and Ranjan [7,
Proposition 7]). Specifically, the application of a CH type bound yields the
following:

Lemma 2 If 1 <m <n, and € > 0, then

2 2 2
P <|E(Gi)| <(1—okm ) < e<km*/2n

n

)

Proof: First, observe that for all C' C W; x[k], the variables {Yu% : (w,a) € C}

are negatively correlated. Indeed, recall that E (YU(,ZL) = m/n and observe that

. Cl ok — i c| .
TR EOE CoNC Iy get)

(w,a)eC j=1 (w,a)eC

To show that the CH bounds apply to the sum |E(G;)| = 3w, acp v,
we use the standard proof of the CH bound (for completeness sake, the state-
ment and proof of the CH bounds we use throughout this work is included
in Appendix 3). The only change needed is the crucial step, where one uses
the fact that for s € R and independent variables Xi,..., Xy, E (Hl eSX") =
[LLE (eSX" ) For negatively correlated variables, we have, for s > 0, E (Hl eSX") <
[T, E (e*X?). The rest of the proof is unchanged.

We would now like to achieve our second objective, i.e., to show that few of the

edges of G; have common endpoints. Hence, with overwhelming probability G;
contains a subgraph that is a perfect matching whose size is almost |E(G;)].

Lemma 3 Let k > 2 and km < n. Let G} be the edge subgraph obtained
from G; by removal of all edges incident to nodes whose degree is at least 2. If

p=k(m/n) {1 — n(’z’“)*l ((n];ﬁ)k)}’ and B> 1, then
P (|E(G))| — |E(G))| > 2pmu) < 2 (eﬂ—lﬁ—ﬁ)mu/k _

Proof:  For a node v either in W; or M; let deg(v) denote the degree of
vin G; and let X\ equal 0 if deg(v) < 1 and deg(v) otherwise. Observe
that [E(Gy)| — [E(G)] < Cwew X0 + X near, Xod. Hence, by symmetry
arguments,

P (|E(G)| - |E(G)| > 28mp) < 2P ( > xP Zﬁmu> :

weW;



Now, for w € W, let Zq(,f,)a be the indicator variable of the event “there are
edges in G; that are the projection of edges in F' with first component (w,a)
and (w,b) for some b € [k], b # a.” Clearly,

Xy o= >z,
a€lk]
In Appendix B we show that the variables Zl(uil)m, N Zl(ui,)m are negatively cor-
related provided wy, ..., w; € W; are all distinct no matter what the values of

ai,...,a € [k] are. It follows that for all C' C W; the variables {Xq(ui) Tw e C}
are negatively correlated. Hence, as in the proof of Lemma 2, we can apply CH
bounds to the sum >, - xO.

Note that E (Xq(,f)) = u, since

2() = (1) () ()

Jj=2

) -0
o R )

Thus, since x® ranges over [k] and {Xq(,,i) Tw € W,-} is a family of negatively

correlated variables, a CH bound (see precise statement in Appendix 3) yields,

P<Z X Mmﬂ) = H’(Z (X£J>—u>z(ﬂ—1>mu> < (FrpmmymE

weW; weW;
| |

Lemma 2 and Lemma 3 put together yield

Proposition 1 Let k, n, m, p, q, u, €, and 5 be as in the statements of
Lemma 2 and Lemma 3 but also such that 2B < ekm/n. Then,

P (|E(G;)| < (- 26)(km2/n)) < 6_62]“”7'2/2” + 2(6*8_1ﬂ_f8)m“/k '

Proof: Since 28um < ekm?/n we have

P (|E(G})] < (1 — 2¢)km?/n) <
<P (|B(G)] < (1 - )km?/n) + P (IE(G:)| — |E(G)] > Bum) .

Hence, Lemma 2 and Lemma 3 imply the desired conclusion. =
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Corollary 1 For every x,e > 0, if k = O(n'/5~°), then

L*(n) > o
P2k <9 = e kW@
(\/k:n - X

Proof: Let m, p, q, i, €, and 3 be as in Lemma 2 and Lemma 3. In addition,
let 1/2 > 6 and choose m so m?/n = k*/?~1w(1) = k*w(1) and km/n = o(1)
(this can always be done if k = O(n'/>~%)) and let Ny (n) = [km?/n]. Thus, if
t = |n/m|, then

P (L\j](c_z) <2 —x) < ;P(IE(GQ)I < Ni(n)) +t-P (Ll(Nk(”)) <@ _X)@> '

Observe that

() () - () = ()

km

n—1"

It follows that p < k(m/n)(km/(n —1)). Choose 8 = €/(4(km/n)) and observe
that since km/n = o(1), for large enough n it holds that km < n, 8 > €2, and
(e/2)(km/n) < 2Bu < e(km/n). Hence, Proposition 1 holds. Moreover, since
m?/n = K*w(l), #7178 < (1/e)?, and Bmpu/k > (e/4)(m?/n) = k*w(1).
Thus,

t
Z]PGE(G;” <Nk(n)) < t(eerkm2/2n+2(66—1B76)mu/k) < ekaw(l)_
i=1

Also, Frieze [9] has shown that for every 6 arbitrarily close to 1/2 there is a
6 < a < 1/2 such that for all sufficiently large IV,

P(|Li(N) —E(Li(N))| > N%) < ™.
Baik, Deift, and Johansson [2] have shown that for some constant ¢, E (L, (N)) =
2v/N —cN/640(N'/8). Thus, for sufficiently large N, P (L1 (N) < 2v/N — N“/2) <
e~N’. Observe that V/Ni.(n) > Vkn/t. Thus, for large enough Nj(n) we have
that (Ng(n))®/2 < x/Nk(n) and

Vkn

P <L1(Nk(”)) <(2- X)T> <P (Ll(Nk(n)) < 2y/Ng(n) - (Nk(n))a/2) <

< e~ Nk
Hence, since m?/n = k*/?='w(1), we have Nj(n) = k*/?w(1) and

t-P (Ll (Nk(n)) < (2 — X)ﬂ) < t- e*Nk(n)g < efchw(l) )

t
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2.2 Upper Bound

In this section, our main goal is to bound the probability that L} (n)/vkn is
at least 2 + x, for x > 0. Our proof of this fact relies on a combinatorial
argument based on a natural correspondence between configurations and perfect
matchings. To establish this correspondence recall that given two set of nodes
W and M, W = {wy,...,w,} and M = {my,...,m,}, a k—configuration F
of W and M is a bijection between W x [k] and M x [k]. To every such
bijection, one can associate in a natural way a l-regular subgraph G(F) of
Kn kn by means of identifying the j—th upper (respectively lower) node of
K ko to (wq,r) € W x [k] (respectively (mg,r) € M x [k]) where g € {1,...,n}
andr € {1,...,k} aresuch that j = (¢—1)k+r. The following results establishes
a combinatorial relation between the largest planar matchings of G(F') and = (F').

Lemma 4 For every configuration F, the largest planar matching in G(F) is
at least as large as the largest planar matching in w(F).

Proof: Recall that 7(F) is a k-regular multi-graph with upper and lower
set of vertices W and M respectively. Let (wy,,mj,),...,(w;,m;) be the
largest planar matching in 7(F). Planarity implies that i; < ... < 4; and
J1 <... <. By definition of 7 (-) there exists ku,; ,...,kw, and km; , ..., km;,
in {1,...,k}, such that the edge (w;,,m;;) of 7(F) is the projection of the pair-
ing ((wi, , kw;,), (M4, km;,)) of F. Note that each such pairing is also an edge
of G(F). Moreover, since i1 < ... <7 and j; < ... < j;, the collection of these
[ pairings is a planar matching in G(F). n

Corollary 2 For every x,e > 0, if k = O(n'/3~¢), then

Li(n) > 2
P k > 2+ = e kW@
(\/k:n - X

Proof: Since every k-regular configuration F' of W and M, |W| = |M| = n,
is in one-to—one correspondence with a 1-regular subgraph G(F') of Ky gr, t0
every probability space where it makes sense to define L} (n) one can associate,
in a natural way, a probability space over which L;(kn) is well defined. Thus,
Lemma 4 yields that

0< ]P(Iiél(g_z)22+x> < P(L\l/(:_:)zHX).

Recall that Frieze [9] has shown that for every 6 arbitrarily close to 1/2 there
is a # < @ < 1/2 such that for all sufficiently large N,

P(|Li(N) —E(Li(N) | > N®) < e,

and Baik, Deift, and Johansson [2] have shown that for some constant ¢ for
sufficiently large N, E (L;(N)) < 2v/N. Hence, for large enough n,

Ly (kn) n) — n n)® e ()’
P(\% zz+x)sml<k> B (Ly(kn)) > (kn)®) < e ®0°

12



The desired conclusion follows choosing 6 sufficiently close to 1/2. =

2.3 Convergence Results

In this section we present the main limiting results concerning Ly /v kn estab-
lished in this work.

Lemma 5 If k = O(n'/5~°), then

L (n) ‘ > 2
P2 —2 > = e kW)
< vVkn =X

In particular, L, (n)/Vkn — 2 in probability when n — oco.

Proof: Immediate from Corollary 1 and Corollary 2. =

Corollary 3 If k = O(n'/>~%), then Li(n)/vVkn — 2 in probability when n —
0.

Proof: Immediate from Lemma 1 and Lemma 5. =n

To derive convergence in mean results we rely on the fact that when conver-
gence in probability holds, uniform integrability is equivalent to convergence in
mean (see [11, Ch. 7, § 10, Theorem (3)]).

Lemma 6 If k = O(1), then Li(n)/vVkn — 2 in mean when n — oo. In
particular, E (Li(n)) /[Vkn — 2 when n — oo.

Proof:  Corollary 3 insures that Ly(n)/vkn converges to 2 in probability
when n — oo. Hence, to obtain the result we seek it suffices to prove that
(Li(n)/vVkn)y>1 is uniformly integrable.

Recall that Theorem 3 says that L;(kn)/vkn converges in probability and in
mean when n — oo. Hence, (L1 (kn)/vkn),>1 is uniformly integrable. But, by
Lemma 4, L}(n) is dominated by L;(kn). It follows that (L(n)/vVkn),>; is
uniformly integrable. In [15] it is shown that the probability that a graph chosen
according to G (Ky.n, k) is simple is e~ (k=1)*/2+0(k*) if & = o(n) is monotonically
increasing. Hence,

E (fj}i_’i’) < ok /2o g <L\;](€_n)> _

Since k = O(1) and (L} (n)/Vkn)n>1 is uniformly integrable we conclude that
(Lr(n)/Vkn)p>1 is uniformly integrable as desired. =

Finally, observe that Lemma 5 and Lemma 6 put together yield Theorem 1.

13



1/8 1/4 3/8 1/2 5/8 3/4 17/8
2/S, | 0446 0584 0681 0.757 0.823 0.883 0.940
ap, | 0632 0.773 0853 0.905 0.942 0.969 0.988

Figure 2: Numerical values of 2/S, and .

3 Binomial Random Graph Model

In this section we study the behavior of L,(n). It is easy to see that (E (L,(n)))n>1
is a superadditive sequence. Thus, E (Lpy(n)) /n has a limit and the convergence
is from below, that is, there exists 0 < v, < 1 such that

msap L) _ (B
n—0o00 n n—o0 n

Consider now the integer lattice {1,2,...} x {1,2,...}. For each lattice
point flip independently a coin with probability p of landing heads and form
the underlying set P, of lattice points for which the outcome of the coin flip
was heads. The points in P, form a random poset, with partial order given
by (i,7) < (i',4') when i < i’ and j < j'. Note that L,(n) is the height of
P,(n) = P,N{L,2,...,n} x {1,2,...,n}, ie., the number of elements in a
longest chain (totally ordered subset) of P,(n). If s < t run over the set of
positive integers, the family of variables (X +)s: where X, ; denotes the height
of PL,N{s,s+1,...,t} x{s,s+1,...,t} is a stochastic superadditive process.
Kingman’s subadditive ergodic theorem [13] further implies that L,(n)/n =
X1 n/n — 7yp in probability and in mean when n — oo.

We now obtain a lower bound on +,.

Lemma 7 For each 0 < p < 1let S, =24+ ,(1 —p)(;). It holds that
Yp > 2/Sp. (Some numerical values of 2/S, are shown in Fig. 2.)

Proof: The proof relies in a greedy construction of a chain among the points
in P,. Specifically, (i1, 1) is chosen from the elements of P, so s1 = i1 + j1 is
minimal. Thereafter, (i,,,jm) is the point satisfying (iy, jm) > (im—1,5m—1)
for which s, = @y, + jm is minimal. Since the probability that {(i,j) € P, :

i+j<s}=0islifs<2and (1 —p)(sgl) otherwise,

Sy, = E(s1) = Z]P(Sl >s) = 2+Z(1—p)(851) = 2+Z(1—p)(;).

s>1 §>3 §>2

Now, the differences i, — 9,1 and i; — 0 are independent and identically
distributed with mean

E(i) = 22 = 1+%Z(1—p)(;).

2
§>2
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The strong Law of Large Numbers implies that lim,_ (in/n) = Sp/2 with
probability one. Analogously, lim,_,« (jn/n) = Sp/2 with probability one. So,
if t(n) = max{in, jn}, Lp(t(n)) > n. Hence,

= pm B0 _

We shall now upper bound 7,.

Lemma 8 For 0 < p <1 let hy:[0,1] = R be such that hy(xz) = (z/\/p)*(1 —
z)'=%. There is a unique ay € [0,1] such that hy(a,) =1 and v, < a,. (Some
numerical values of oy, are shown in Fig. 2.)

Proof: Note that lim, .0 hy(z) = 1, lim, . hy(z) = 1/\/p > 1, and

%ﬂgm) = hp(z) log (m) ;

which is negative for 0 <z < 1—1/(1 + ,/p) and positive for 1 —1/(1+ /p) <
z < 1. Hence, for each p, there is a unique 0 < # < 1 such that hy(z) = 1 and
if > ap then 1/hp(x) < 1/hp(ap) = 1.

We now prove the bound on ;. Let X,(m,n) be the number of planar matchings
of size m in a graph chosen according to G(Kp, »,p). Then,

£ (Xp(m,n)) = (Z>2”m ~ Sy inm>nm>2”m'

Let ¢ be a constant such that 0 < ¢ < 1. If m = cn, then

n _ 1 and n" _ 1 "
2rm(n —m)  2mc(l —c)n’ mm(n —m)r—m  \co(l—c¢)l=c) °

Hence, E (X, (m,n)) = O(1/n)(vp?/(c?(1=¢)'7))*" = O(1/n)(1/hy(c))*", and

E (Lp_(n)> < eP(Lp(n) <m) +P(Lp(n) >m) .

n
Since Lp(n) > m implies that X,(m,n) > 1, Markov’s inequality yields that
P(Ly(n) >m) < E (X,(m,n)). Hence, E (L,(n)/n) < c+ O(1/n)(1/h,(c))*™.
If ¢ > ap, then 1/h,(c) < 1so E(Ly(n)/n) < c+0(1/n) = c as n — co. Thus,
Yp < ap. N

We now comment on the rate at which convergence of L,(n)/n takes place.
Our observations are inspired on the work of Alexander [1]. Specifically, on
the method he introduced whereby in many concrete problems of percolation
theory, one can supplement subadditivity with a form of superadditivity that
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lead to rate results. This method is applied, in [1], to derive a rate of conver-
gence result for the mean length of the LCS. An analogous argument yields and
interpretation of L,(n) as the minimal total passage time of a dependent first—
passage percolation problem. Indeed, consider the integer lattice [2n] x [2n],
with horizontal and vertical bonds between nearest—neighbor sites of the lattice
(that is, pairs (4,7) and (i’,j') where |i —i'| +]j — j'| = 1) and a diagonal bond
from each (i — 1,5 — 1) to (i,5), 1 <i,5 < 2n. The passage time of each hori-
zontal and vertical bond is defined to be 1, and the passage time of the diagonal
bond from (i — 1,5 — 1) to (4,7) is 0 if (w;, m; ) is an edge of a graph chosen
according to G(Kp n,p), and oo otherwise. Then, 2(n — Lp(n)) represents the
minimal total passage time among all paths from (0,0) to (n,n) for which each
coordinate is non—decreasing. The two characteristics satisfied by the above
stated percolation problem that allows Alexander’s method to go through are:

i) Either deleting or inserting and edge in a graph chosen according to
g g g g g
G(Ky,n,p) changes the minimal total passage time in at most 2, and,

(ii) If 1, denotes the diagonal from (0,2n) to (2n,0) and I" a path that inter-
sects [,,, then the two segments into which I' is split by [,, are independent.

Hence, the analysis of [1] for the LCS is applicable here verbatim, and yields
the following;:

Theorem 4 There exists a constant C' such that for every0 <p <1 andn > 1,

C

Ypn > E(Ly(n)) > %”—W-
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A Proof of a Chernoff-Hoeffding type bound

For completeness sake, we present in this section the statement and proof of the
CH bound used throughout this work. We will need the following elementary
result:

Proposition 2 Let f: R — R be a convez function. If Z is a variable that takes
values in [0, 1], then

E(f(2) < E(2)f(1)+(1-E(2)f(0).

Lemma 9 Let Xq,...,X,, be independent identically distributed variables each
ranging over [l] with mean p. If X = X1 + ...+ X, then for a > 0,

P(X -E(X)>a) < elo-(atmu)intta/mu)/t
and,

P(X —E(X) < —a) < e @/2mu

Proof: Let a =1In(1 4 a/mpu). Then, applying Proposition 2 with X = X;/I
and f(z) = e** yields

IE( aXi/l) <1-Ea-e) =142,

e < l( e”) + =

Now,

E (e*X/t) = E(m eO‘X"/l> = 1 E (evXi/t) < 1+i " < e,
(o) = & (o) < o) < ()

Hence, by Markov’s inequality and since E (X) = my,

P (X ) (X) > a) — P (eaX/l > ea(aerp)/l) < efa(a+mu)/4 ZE (eaX/l) —

= ela—(atmu)in(l+a/mp))/l

To prove the second inequality, consider ¢ > 0. Then, applying Proposition 2
with X = X;/l and f(z) = e~ %" yields

E (efszi/z) <1- %(1 V) < enleTV /L
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We employ the inequality e=% < 1 — 1) + 92 /2, valid for all ¢ > 0, to obtain,

]E(e—wxi/z) < e HW=Ut /L

Now,

m m
E (e—wx/l) - E (H e—in/l> _ HE (e—in/l) < e—mu(Y=12/2)/1
i=1 i=1
Hence, by Markov’s inequality and since E (X) = my,

P(X-E(X)<—a) = P (e*“/l > ezp(afmu)/l) < e Vla—mw)/lg (e*‘”/l) <

< e¥(muy/2—a)l

Set ¢ = a/mpu to optimize the inequality. m

B Negative Correlation

Lemma 10 Let k > 2, m > 1, and km <n. Let Zl(j?a be the indicator variable
of the event “there are edges in G; that are the projection of edges in F with
first component (w,a) and (w,b) for some b € [k], b # a.” Then, for all

ai,...,a; € [k] the variables Zf,fl),al, . Zf,f,),a, are negatively correlated provided
wi,...,w; € W; are all distinct.

Proof: For simplicities sake we will drop all the super—indices (i). Also we
denote T!/(T — a)! by (T')s. Recall that (T)e4s = (T)a(T — a)p. For positive
integers N, M, I, and k such that N > M + [k and M > [k, let

(M)jy 1. jivt(N = M) y(k=1)—j1 —..—
(N)ix

Claim 1 If N =nk, M =mk,n>m+1, and m >, then

l k—1 l
E(szs,as> - ¥ H(’“j‘sl)Pjh...,ij,M,z). W

Jiseeni=1s=1

le7~~~yjz (N> M, l) =

Proof: Let E be the event that “there are edges in G; that are the pro-
jection of edges in F' with first component (wy,a1),- .., (w,a;).” Observe that

E (Hls:1 ZwSM) corresponds to the probability that E occurs and deg(wy), . . . ,deg(w;)

are all at least 2. Moreover, the probability that E occurs and deg(w;,) = js + 1
for s € {1,...,1}, is

[
k-1
II ( , )le,...,jz(N,M,l)-
s=1 Js
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Observe now that if N > M +k and M > k, then ((N/M)(* ") P;(N, M, 1));=;
is the probability mass function of a hypergeometric distribution. Hence,

k—1

(s - S22

=1
Thus, since we want to show that

l

[
E(Hz> < T[E(Zun).
s=1

s=1

it will suffice, because of Claim 1, to establish that provided N > M + Ik and
M >k,

Jiseenji=1s=1

Because of Claim 1 and (2) the inequality clearly holds for { = 1. Assuming it
holds for [ — 1 we will prove that it also holds for [. First, let o;_; = Zi_:ll Js
and observe that

P

GZ(MNI) = P (M,N,l =1)-Pj,(M —01_y —1+1,N — (I — 1)k,1).

1yeees 1yeafl—1

k—1
k-1
Applying (2) we get . Py . i, (M,N,l)=
pplying (2) we g Z<]l>J,,ﬂ( )

Ji1=1

M—-—o_1—-1+1 1_(N—(l—].)k—(M—O’l,1—l-l—l))k,l
e ( (N =~ Dk — s ).

Pj17~~~y.jl—1 (M> N, l_l)'
Moreover,

Pj17~~~yjz—1(M7 N, 1~ 1) ' N — (l — 1)k -

M-0_1-1+1 M
N 'le7~~~,jl—1(M_]-7N_]-7l_]-)7

and,

(N=(=Dk—(M—01-1 =1 +1)),—
Py piia(M =1L, N =11 = 1) (N —(—-1)k- 11),@71 -

(N — M)g—1

N =D “Pjy i (M =1,N =k, 1 —1).

Hence, if we knew that P, ., (M —1,N—-Fk,1-1)>P;, . ,(M—-1,N -
1,1 — 1), we would have that
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> (’“ B 1) Pjy...i(M,N,1) <

=1\
M (N = M)y
— (1) p o (M —1,N—1,1-1).
v () -
Thus, by the inductive hypothesis, the LHS of (3) would be at most

)7 (- (M —1))
Y (1 (N =2t > |

This expression is easily seen to be upper bounded by the RHS of (3).

We still need to prove that P, . (M —1,N -kl —-1) > P;, _; (M —
1,N — 1,1 —1). It will suffice to show that P, _j; ,(M'N' —1,1-1) >
P; (M',N',l — 1) holds for M' = M —1 and N' > N — (k —1). This is

M (N = M)\ (M—1
N'(“ <N—1>k_1>'<N—1

1reeni—1

indeed the case, since

Pj (M N -11-1) N’ N —(1=1)k— (M -0, 1)
P, i (M',N',1—-1) N —(I-1k N'— M’ )

The claim follows if we can show that N'(N' — (I - 1)k— (M' —0;-1)) > (N' —
M")(N'—(I-1)k), or equivalently that N'o;_; > M'(I—1)k. Since M' = M —1,
N'> N—k,and 0,1 >[1—1, we only need that (N—k)(I—1) > (M —-1)(I-1)k,
i.e., that N > Mk. But, N = nk, M = mk, and by hypothesis n > mk, so we
are done. m
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