
Largest Planar Mat
hing in Random Bipartite

Graphs

Mar
os Kiwi

�

Martin Loebl

y

July 19, 2000

Abstra
t

Given a distribution G over labeled bipartite (multi) graphs, G =

(W;M;E) where jW j = jM j = n, let L(n) denote the size of the largest

planar mat
hing of G (here W and M are posets drawn on the plane as

two ordered rows of nodes, an upper and a lower one, and a (w;m) edge

is drawn as a straight line between w and m). The main fo
us of this

work is to understand the asymptoti
 (in n) behavior of L(n) for di�erent

distributions G. Two well studied parti
ular instan
es of this problem are

Ulam's longest in
reasing subsequen
e problem and the longest 
ommon

subsequen
e problem.

This work's main fo
us is in the 
ase where G is the uniform distribu-

tion over the k{regular bipartite graphs onW andM . For k = O(n

1=5�"

),

we establish that L(n)=

p

kn tends to 2 in probability when n!1. When

k = O(1) the 
onvergen
e in mean to the same limit holds. It is also shown

that when ea
h of the n

2

possible edges between W and M are 
hosen in-

dependently with probability 0 < p < 1, then L(n)=n tends to a 
onstant




p

in probability and in mean when n!1.

The problems addressed in this work 
an be thought of as a novel

generalization of Ulam's longest in
reasing subsequen
e problem and the

longest 
ommon subsequen
e problem.

Keywords: longest in
reasing subsequen
es, longest 
ommon subsequen
es,

random bipartite graphs.

1 Introdu
tion

We 
onsider marriage problems where we are given two �nite sets W and M of

equal size, the �rst one representing women and the se
ond one men. The role
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of both sets is symmetri
. All men have an order of preferen
e for the women

and all women an order of preferen
e for the men. A mat
hing is an inje
tion

of W onto M . A perfe
t mat
hing is a bije
tion of W onto M , i.e., a set of

jW j = jM j monogamous marriages between the men and the women.

We 
onsider the mat
hing problems when not all marriages are allowed (one


an imagine that legal and so
ial aspe
ts forbid 
ertain marriages). We seek

solutions with the extra 
ondition that ea
h person be married to someone

appearing on his or her allowed marriage list. Sin
e a marriage will take pla
e if

both parties are willing to go forth with it we hen
eforth assume that a woman

belongs to a man's allowed list of marriages if and only if the man also belongs

to the woman's allowed list of marriages.

We are interested in the size of the largest mat
hing for di�erent random

models of allowed marriage lists. In parti
ular, we fo
us on the 
ase where: (1)

the relative rating of men and women is the same for all men and women (one


an imagine a rigidly strati�ed so
iety where individual preferen
es only re
e
t

so
ial status), and (2) there are no two 
ouples where the lower ranked man

marries the higher ranked woman.

We now dis
uss a natural graph theoreti
 interpretation of the problem we

would like to address. Let G be a distribution over the set of labeled bipartite

(multi) graphs (W;M;E), where E �W �M . Assume W = fw

1

; : : : ; w

n

g and

M = fm

1

; : : : ;m

n

g are su
h that if j > i then the j{th woman is preferred

over the i{th one by all men and the j{th man is preferred over the i{th one by

all women. A pair (w;m) belongs to E if w and m is an a

eptable marriage.

We 
an represent the situation by a bipartite graph with W as upper nodes

and M as lower nodes where an edge (w;m) is represented as a straight line

between w and m (think of w and m as nails and e as a rubber band that has

been stret
hed around both nails). The situation is depi
ted in Fig. 1. This

way of drawing bipartite graphs will be hen
eforth referred to as the 
anoni
al

representation of a bipartite graph. Throughout, when we refer to a bipartite

graph we a
tually mean its 
anoni
al representation. Note that in a (
anoni
al

representation of a) bipartite graph a 
olle
tion of non{interse
ting edges with

no 
ommon endpoints represents a mat
hing where there are no two 
ouples

su
h that the lower ranked man marries the higher ranked woman. Hen
eforth,

we refer to su
h a 
olle
tion of edges as a planar mat
hing. Observe that this

notion is well de�ned sin
e we have �xed the representation of the bipartite

graphs we 
onsider. Thus, the main goal of this work 
an be 
on
isely stated

as:

Given a distribution G over labeled bipartite (multi) graphs, under-

stand what is the size of the largest planar mat
hing of a graph


hosen a

ording to G.

We 
onsider this basi
 question for several di�erent 
hoi
es of distributions G.

There are parti
ular interesting 
ases of our general question. Indeed, 
on-

sider the following two distributions over bipartite graphs on W and M :

G

LIS

: pi
ks a labeled perfe
t mat
hing on W and M with equal probability,
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W

M

Figure 1: Women (respe
tively men) are represented as upper (respe
tively

lower) nodes. Leftmost (respe
tively rightmost) nodes are the lowest (respe
-

tively highest) ranked nodes. Edges represent allowed marriages. Thi
k edges

represent the largest planar mat
hing.

G

LCS

: pi
ks for every element of W and M , independently and uniformly, one

of two 
olors, add edges between all nodes in W and M that re
eived the

same 
olor.

There is a one{to{one 
orresponden
e between perfe
t mat
hings on W and

M , jW j = jM j = n, and permutations of f1; : : : ; ng. Hen
e, pi
king a bipartite

graph G a

ording to G

LIS

is equivalent to uniformly 
hoosing a random permu-

tation �

G

of f1; : : : ; ng. Furthermore, note that ea
h planar mat
hing of G is in

one{to{one 
orresponden
e with an in
reasing subsequen
es of �

G

, i.e., with se-

quen
es of integers i

1

< i

2

< � � � < i

k

su
h that �

G

(i

1

) < �

G

(i

2

) < � � � < �

G

(i

k

).

Thus, determining the size of the largest planar mat
hing of a graph 
hosen a
-


ording to G

LIS

is equivalent to determining the largest in
reasing subsequen
e

of a uniformly 
hosen permutation of f1; : : : ; ng. This problem is known as

Ulam's problem sin
e it was apparently �rst raised by Ulam. It is motivated

by the result of Erd�os and Szekeres [8℄ that says that every permutation of

f1; : : : ; ng has either and in
reasing or de
reasing subsequen
e of length at least

p

n.

Now, 
onsider the distribution G

LCS

. Observe that there is a one{to{one


orresponden
e between 2{
olorings of an n element set and n bit long strings.

Hen
e, pi
king a bipartite graph G a

ording to G

LCS

is equivalent to uniformly


hoosing two n bit long strings x

G

and y

G

. Furthermore, note that ea
h planar

mat
hing of G is in one{to{one 
orresponden
e with a 
ommon subsequen
e

of x

G

and y

G

, i.e., with sequen
es of integers i

1

< i

2

< � � � < i

k

and j

1

<

j

2

< � � � < j

k

su
h that x

i

l

= y

j

l

for every l 2 f1; : : : ; kg. This problem is

known as the longest 
ommon subsequen
e problem. It has emerged more or less

independently in several remarkably disparate areas, in
luding the 
omparison

of versions of 
omputer programs, 
ryptographi
 snooping, the mathemati
al,

and mole
ular biology. The biologi
al motivation of the problem is that long
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mole
ules su
h as proteins and nu
lei
 a
ids like DNA 
an be s
hemati
ally

represented as sequen
es from a �nite alphabet. Taking an evolutionary point

of view, it is natural to 
ompare two DNA sequen
es by �nding their 
losest


ommon an
estors. If one assumes that these mole
ules evolve only through

the pro
ess of inserting new symbols in the representing strings, then an
estors

are substrings of the string that represent the mole
ule. Thus, the length of the

longest 
ommon subsequen
e of two strings is a reasonable measure of how 
lose

both strings are. In the mid 1970's, Chv�atal and Sanko� [6℄ established that the

expe
ted length of two random k{ary sequen
es of length n when normalized

by n 
onverged to a 
onstant. The value of this 
onstant is unknown although

mu
h work has been spent in �nding good upper an lower bounds for it (see

for example [3℄ and referen
es therein). This work is partly motivated by our

desire to �nd alternative te
hniques that would allow for the determination of

the value of this 
onstant.

Related Work and Main Contributions: In
reasing subsequen
es and

longest 
ommon subsequen
es are well{studied 
ombinatorial problems. As

shown above, both these problems 
an be 
ast as random graph theoreti
 prob-

lems. The theory of random graphs was founded by Erd�os and R�enyi during

the late 50's and early 60's. By now, it is a well developed subje
t area that

has found many appli
ations, spe
ially in 
omputer s
ien
e. Informally, random

graph theory studies the properties that graphs exhibit when they are 
hosen

a

ording to some �xed distributions. The distributions most 
ommonly 
on-

sidered in the literature are the spe
ial 
ase where H = K

n

of:

G(H; p): the binomial random graph model | a distribution over the set of sub-

graphs of H where for ea
h edge e 2 H the events fe 2 E(G)g have

probability p and are mutually independent,

G(H;N): the uniform random graph model | a distribution over the set of sub-

graphs ofH where anN edge subgraph ofH is uniformly 
hosen (provided

one exists),

G

r

(H; k): the random k{regular graph model | a distribution over the set of sub-

graphs of H where a k{regular subgraph of H is uniformly 
hosen (pro-

vided one exists).

As one might expe
t, in many 
ases G(K

n

; p) and G(K

n

; N) are asymptoti
ally

equivalent. In fa
t, in most 
ases, the equivalen
e takes pla
e when N � n

2

p=2

(see [10, Theorem 2.1, Ch. 6℄ for a pre
ise statement of the result). Hen
e, the

most interesting distributions to 
onsider are G(K

n

; p) and G

r

(K

n

; k).

In this work we are interested in properties of randomly 
hosen bipartite

graphs. It is natural, given the dis
ussion of the previous paragraph, to fo
us

our study on the distribution G(K

n;n

; p) and G

r

(K

n;n

; k).

For 0 < p < 1 and a positive integer k let L

p

(n) and L

k

(n) be the variable

representing the size of the largest planar mat
hing of a graph 
hosen a

ording

to G(K

n;n

; p) and G

r

(K

n;n

; k) respe
tively. The main result of this work is:
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Theorem 1 If k = O(n

1=5�"

), then L

k

(n)=

p

kn tends to 2 in probability as

n!1. Convergen
e in mean to the same limit holds if k = O(1).

Subadditivity te
hniques, in parti
ular Kingman's Subadditive Ergodi
 The-

orem [13℄ yield in a straightforward way the following:

Theorem 2 For ea
h 0 < p < 1, there exists a 
onstant 0 < 


p

< 1 su
h that

L

p

(n)=n tends to 


p

in probability and in mean as n!1.

A 
hara
teristi
 of limit results like the ones above is that it is often diÆ-


ult to determine the limiting 
onstant whose existen
e is pro
laimed. One of

the interesting aspe
ts of Theorem 1 is that the limiting 
onstant 
an be deter-

mined exa
tly. Another fa
t 
on
erning Theorem 1 worth stressing is that when

k = 1, the distribution of L

k

(n) is equal to the distribution of the length of the

largest in
reasing subsequen
e of a randomly 
hosen permutation of f1; : : : ; ng.

Thus, determining the size of the largest planar mat
hing of a randomly 
ho-

sen 1{regular bipartite graph is equivalent to Ulam's problem. Monte Carlo


omputations led Ulam to suspe
t that L

1

(n) was �(

p

n). But it was Ham-

mersley [12℄ who proved that L

1

(n) does tend, in probability, to 


p

n for some


onstant 
. In his paper Hammersley made ingenious use of subadditivity to

establish the existen
e of 
 and went on to show that �=2 � 
 � e. Subse-

quently Kingman [13℄ narrowed the gap to

p

8=� � 
 � 2:49. Later, Logan

and Shepp [14℄ based on a result by S
hensted [18℄ proved that 
 � 2; �nally,

Vershik and Kerov [20℄ obtained that 
 � 2 (a 
ombinatorial proof of this result

was supplied by Pilpel [17℄) Hen
e,

Theorem 3 ([12, 14, 20℄) L

1

(n)=

p

n tends to 2 in probability and in mean as

n!1.

Thus, Theorem 1 
an be thought of as a generalization of the limiting behavior

shown to hold for the in
reasing subsequen
e problem. Our proof of Theorem 1

does not dire
tly use subadditivity te
hniques. Instead, it relates the limiting

behavior of L

k

(n) to that of L

1

(n). The limiting 
onstant 2 for 
onvergen
e in

probability of L

1

(n)=

p

n in Theorem 1 arises from this relation.

Although Theorem 1 addresses a rather natural generalization of Ulam's

problem, to the best of our knowledge it has not been 
onsidered in the liter-

ature. Curiously, a di�erent generalization has re
eived 
onsiderable attention;

one that for �xed d and n, 
onsiders random points ~x(1); : : : ; ~x(n) 
hosen inde-

pendently from the uniform distribution on the unit 
ube [0; 1℄

d

in Eu
lidean

d{dimensional spa
e. The points then form the underlying set of a random order

P

d

(n), with partial order ~x(i) � ~x(j) when x

l

(i) � x

l

(j) for ea
h l 2 f1; : : : ; dg.

Let H

d

(n) denote the height of P

d

(n), i.e., the number of elements in a longest


hain (totally ordered subset) of P

d

(n). Steele [19℄ and Bollob�as and Winkler [5℄

have studied the asymptoti
 in n behavior of H

d

(n) for �xed d. The d = 2 ver-

sion of this problem is equivalent to Ulam's problem.

Standard te
hniques 
an be applied to upper and lower bound 


p

and to

prove 
on
entration bounds for L

p

(n). The determination of the exa
t value of




p

is one of the interesting questions raised in this work.
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Conventions: The set of integers f1; : : : ;mg will hen
eforth be denoted by

[m℄.

Organization: In Se
t. 2 we present the main 
ontribution of this work, i.e.,

we study the asymptoti
 behavior of L

k

(n) for �xed k. The analysis is divided

into two parts. In Se
t. 2.1 we show that L

k

(n)=

p

kn is at least 2 when n!1.

In Se
t. 2.2 we prove that the same, but reverse bound holds, i.e., L

k

(n)=

p

kn

is at most 2, when n ! 1. Finally, in Se
t. 2.3, we state and prove the main

results of this work, i.e., those that 
on
ern the limit behavior of L

k

(n)=

p

kn

when n ! 1. Se
tion 3 states some fa
ts about the asymptoti
 behavior of

L

p

(n).

2 Random k{regular Graph Model

Most work on random regular graphs is based on the so 
alled random 
on-

�guration model of Bender and Can�eld and Bollob�as [4, Ch. II, x 4℄. Below

we follow this approa
h, but �rst we need to adapt the 
on�guration model to

the bipartite graph s
enario. Given a �xed positive integer k and two sets of n

nodes W and M , whi
h are to be the upper and lower nodes of the graph, a

k{
on�guration of W and M is a one{to{one pairing of W � [k℄ and M � [k℄.

These kn pairs are 
alled edges of the 
on�guration. The natural proje
tion of

W�[k℄ andM�[k℄ ontoW andM respe
tively (ignoring the se
ond 
oordinate)

proje
ts ea
h 
on�guration F to a bipartite multi{graph �(F ) with W and M

as upper and lower nodes. Note in parti
ular that �(F ) may 
ontain multiple

edges (arising from sets of two or more edges in F whose end{points 
orrespond

to the same pair of verti
es in W and M). However, �(F ) is a k{regular bipar-

tite multi{graph (with multiple edges 
ounted the natural way). In parti
ular,

if �(F ) la
ks multiple edges, it is a k{regular graph. Ea
h k{regular bipartite

graph on W and M is the proje
tion of the same number of 
on�gurations. It

follows that taking the proje
tion �(F ) of a uniformly 
hosen k{
on�guration

on W and M and 
onditioning on it being a simple graph is equivalent to uni-

formly 
hoosing a random k{regular graph, i.e., to 
hoosing a graph a

ording

to G

r

(K

n;n

; k).

It will be advantageous to allow multiple edges and work with k{regular

bipartite multi{graphs and afterwards 
ondition on simple graphs. We thus let

G

�

r

(K

n;n

; k) denote the distribution over k{regular multi{graphs obtained by

randomly and uniformly 
hosing a k{
on�guration of W and M and 
omput-

ing �(F ). Note however, that G

�

r

(K

n;n

; k) does not have the uniform distribution

over all k{regular bipartite multi{graphs on W and M (the probability of ob-

taining a given multi{graph is proportional to a weight 
onsisting of the produ
t

of a fa
tor 1=j! for ea
h multiple edge of multipli
ity j).

Throughout we will fo
us our attention on the distribution G

�

r

(K

n;n

; k) and

the variable L

�

k

(n) de�ned as L

k

(n) but now with respe
t to G

�

r

(K

n;n

; k). The

reason why this suÆ
es for our purposes is given by the following:
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Lemma 1 Let k be a fun
tion from the positive integers into the positive in-

tegers su
h that k = o(

p

n) or k = o(n) is monotoni
ally in
reasing. Let Q be

a graph property of bipartite regular multi{graphs. If :Q holds with probability

o(e

�k

2

) for a graph randomly 
hosen a

ording to G

�

r

(K

n;n

; k), then Q holds for

almost every r{regular subgraph of K

n;n

when n!1.

Proof: In [15℄ it is shown that the probability that a graph 
hosen a

ording to

G

�

r

(K

n;n

; k) is simple is e

�(k�1)

2

=2+o(k

2

)

if k = o(n) is monotoni
ally in
reasing.

In [21℄ it is shown that the same result holds when k = o(

p

n) without any

assumptions on the monotoni
ity of k. Thus, under the hypothesis of the lemma,

P

G

r

(K

n;n

;k)

(:Q) � e

(k�1)

2

=2+o(k

2

)

� P

G

�

r

(K

n;n

;k)

(:Q) :

The desired 
on
lusion follows by making n!1.

An additional bonus of working with G

�

r

(K

n;n

; k) is that it also leads to

results about uniformly 
hosen k{regular multi{graphs. For the sake of 
on
ise-

ness we omit these results.

2.1 Lower Bound

The main obje
tive of this se
tion is to bound the probability that L

�

k

(n)=

p

kn

is at most 2� �, for � > 0. There are a 
ouple of te
hni
alities involved in the

formal proof of this fa
t. In order not to obs
ure the idea in whi
h the proof

relies we begin by informally justifying the above stated lower bound.

Let W = fw

1

; : : : ; w

n

g and M = fm

1

; : : : ;m

n

g. Consider the bipartite

multi{graph G = (W;M;E) 
hosen a

ording to G

�

r

(K

n;n

; k). For � > 0,

let m be an integer su
h that 1 � � � (1 � m=n)

k�1

and t = bn=m
, let

W

1

= fw

1

; : : : ; w

m

g, W

2

= fw

m+1

; : : : ; w

2m

g, so on and so forth up to W

t

=

fw

(t�1)m+1

; : : : ; w

tm

g. De�ne M

1

; : : : ;M

t

analogously with respe
t to M . Fi-

nally, let G

i

= (W

i

;M

i

; E

i

) be the graphs indu
ed on W

i

and M

i

by G. Re-

moving from G

i

all edges in
ident to nodes whose degree is at least 2 yields a

subgraph of G

i

, say G

0

i

. We 
laim that the expe
ted size of E(G

0

i

) is at least

(1� �)km

2

=n. Indeed, G

i


ontains 2m nodes, ea
h one having j 2 [k℄ in
ident

edges with probability

�

nk

k

�

�1

�

mk

j

��

(n�m)k

k � j

�

:

Hen
e, the expe
ted number of edges in
ident to a given node of G

i

that are

removed in order to obtain G

0

i

is

�

nk

k

�

�1

k

X

j=2

j

�

mk

j

��

(n�m)k

k � j

�

=

km

n

(

1� n

�

nk

k

�

�1

�

(n�m)k

k � 1

�

)

:
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Thus, the expe
ted number of edges removed from G

i

in order to obtain G

0

i

,

i.e., E (jG

i

j � jG

0

i

j) is at most

2

km

2

n

(

1� n

�

nk

k

�

�1

�

(n�m)k

k � 1

�

)

:

From this, it 
an be shown (although it is not straightforward) that if km=n! 0

as n ! 1, then for � > 0 and large enough n, E (jG

i

j � jG

0

i

j) � �km

2

=n. On

the other hand, it is easy to see that the expe
ted size of E(G

i

) is km

2

=n. Thus,

the expe
ted size of E(G

0

i

) is at least (1� �)km

2

=n. For the sake of argument,

assume that the size of E(G

0

i

) was at least (1 � �)km

2

=n for all i. Note that,

removal of the degree 0 nodes of G

0

i

yields a 1{regular subgraph of G

0

i

. By

the way in whi
h G was 
hosen and symmetry arguments, su
h subgraph, is a

randomly 
hosen perfe
t mat
hing on its set of nodes. Hen
e, the dis
ussion of

Se
t. 1 
on
erning Ulam's problem implies that, if km

2

=n!1 as n!1, then

the expe
ted size of the largest planar mat
hing 
ontained in G

0

i

(hen
e in G

i

)

is at least 2

p

(km

2

=n)(1� �). Sin
e the union of planar mat
hings 
ontained

in distin
t G

i

's is a planar mat
hing 
ontained in G, the expe
ted size of the

largest planar mat
hing 
ontained in G, for large enough n, is at least

2t

r

km

2

n

(1� �) = 2

j

n

m

k

r

km

2

n

(1� �) � 2

�

1�

m

n

�

p

kn(1� �) ;

i.e., asymptoti
ally larger than 2(1 � �)

3=2

p

kn provided m � �n. Observing

that when k = o(n) one 
an 
hoose m = o(n) so km

2

=n ! 0 while km=n ! 0

as n ! 1, we 
on
lude that the expe
ted size of the largest planar mat
hing


ontained in G, for large enough n, is at least 2(1� o(1))

p

kn.

We now formalize and strengthen the given proof argument. First, we need

to introdu
e additional notation. Let F be a k{
on�guration of W and M and

let G = �(F ). For w 2 W

i

, m 2 M

i

, and a; b 2 [k℄, let X

(i)

w;a;m;b

equal 1 if

((w; a); (m; b)) is an edge of F . Note that the number of edges of G

i

is

jE(G

i

)j =

X

w2W

i

;a2[k℄

Y

(i)

w;a

; where Y

(i)

w;a

=

X

m2M

i

;b2[k℄

X

(i)

w;a;m;b

:

Observe that Y

(i)

w;a

is the indi
ator variable of the event \there is an edge in G

i

that is the proje
tion of an edge in F with �rst 
omponent (w; a)." Note also

that E

�

Y

(i)

w;a

�

= m=n. Hen
e, by linearity of expe
tation E (jE(G

i

)j) = km

2

=n.

We will show two things 
on
erning G

i

; (1) with overwhelming probability

jE(G

i

)j is almost E (jE(G

i

)j), and, (2) with overwhelming probability few of

the edges of G

i

have 
ommon endpoints.

Sin
e jE(G

i

)j equals the sum of indi
ator variables Y

(i)

w;a

, a Cherno�{Hoe�ding

(CH) bound would seem appropriate in order to a
hieve our �rst obje
tive. Al-

though the indi
ator variables Y

(i)

w;a

are not independent, for �xed i, they are

negatively 
orrelated so for purposes of sto
hasti
 bounds on their sum one 
an

8



treat the variables as if they were independent (although this fa
t seems to have

been observed in several o

asions throughout the literature it has only re
ently

been expli
itly stated and exhaustively studied by Dubhashi and Ranjan [7,

Proposition 7℄). Spe
i�
ally, the appli
ation of a CH type bound yields the

following:

Lemma 2 If 1 � m � n, and � > 0, then

P

�

jE(G

i

)j < (1� �)

km

2

n

�

� e

��

2

km

2

=2n

:

Proof: First, observe that for all C �W

i

�[k℄, the variables

n

Y

(i)

w;a

: (w; a) 2 C

o

are negatively 
orrelated. Indeed, re
all that E

�

Y

(i)

w;a

�

= m=n and observe that

E

0

�

Y

(w;a)2C

Y

(i)

w;a

1

A

=

jCj

Y

j=1

mk � j

nk � j

�

�

m

n

�

jCj

=

Y

(w;a)2C

E

�

Y

(i)

w;a

�

:

To show that the CH bounds apply to the sum jE(G

i

)j =

P

w2W

i

;a2[k℄

Y

(i)

w;a

,

we use the standard proof of the CH bound (for 
ompleteness sake, the state-

ment and proof of the CH bounds we use throughout this work is in
luded

in Appendix 3). The only 
hange needed is the 
ru
ial step, where one uses

the fa
t that for s 2 R and independent variables X

1

; : : : ; X

N

, E

�

Q

i

e

sX

i

�

=

Q

i

E

�

e

sX

i

�

. For negatively 
orrelated variables, we have, for s � 0, E

�

Q

i

e

sX

i

�

�

Q

i

E

�

e

sX

i

�

. The rest of the proof is un
hanged.

We would now like to a
hieve our se
ond obje
tive, i.e., to show that few of the

edges of G

i

have 
ommon endpoints. Hen
e, with overwhelming probability G

i


ontains a subgraph that is a perfe
t mat
hing whose size is almost jE(G

i

)j.

Lemma 3 Let k � 2 and km � n. Let G

0

i

be the edge subgraph obtained

from G

i

by removal of all edges in
ident to nodes whose degree is at least 2. If

� = k(m=n)

n

1� n

�

nk

k

�

�1

�

(n�m)k

k�1

�

o

, and � > 1, then

P (jE(G

i

)j � jE(G

0

i

)j � 2�m�) � 2

�

e

��1

�

��

�

m�=k

:

Proof: For a node v either in W

i

or M

i

let deg(v) denote the degree of

v in G

i

and let X

(i)

v

equal 0 if deg(v) � 1 and deg(v) otherwise. Observe

that jE(G

i

)j � jE(G

0

i

)j �

P

w2W

i

X

(i)

w

+

P

m2M

i

X

(i)

m

. Hen
e, by symmetry

arguments,

P (jE(G

i

)j � jE(G

0

i

)j � 2�m�) � 2P

 

X

w2W

i

X

(i)

w

� �m�

!

:

9



Now, for w 2 W

i

, let Z

(i)

w;a

be the indi
ator variable of the event \there are

edges in G

i

that are the proje
tion of edges in F with �rst 
omponent (w; a)

and (w; b) for some b 2 [k℄, b 6= a." Clearly,

X

(i)

w

=

X

a2[k℄

Z

(i)

w;a

:

In Appendix B we show that the variables Z

(i)

w

1

;a

1

; : : : ; Z

(i)

w

l

;a

l

are negatively 
or-

related provided w

1

; : : : ; w

l

2 W

i

are all distin
t no matter what the values of

a

1

; : : : ; a

l

2 [k℄ are. It follows that for all C �W

i

the variables

n

X

(i)

w

: w 2 C

o

are negatively 
orrelated. Hen
e, as in the proof of Lemma 2, we 
an apply CH

bounds to the sum

P

w2W

i

X

(i)

w

.

Note that E

�

X

(i)

w

�

= �, sin
e

E

�

X

(i)

w

�

=

�

nk

k

�

�1

k

X

j=2

j

�

mk

j

��

(n�m)k

k � j

�

= mk

�

nk

k

�

�1

8

<

:

k

X

j=1

�

mk � 1

j � 1

��

(n�m)k

k � j

�

�

�

(n�m)k

k � 1

�

9

=

;

=

km

n

(

1� n

�

nk

k

�

�1

�

(n�m)k

k � 1

�

)

:

Thus, sin
e X

(i)

w

ranges over [k℄ and

n

X

(i)

w

: w 2W

i

o

is a family of negatively


orrelated variables, a CH bound (see pre
ise statement in Appendix 3) yields,

P

 

X

w2W

i

X

(i)

w

� �m�

!

= P

 

X

w2W

i

(X

(i)

w

� �) � (� � 1)m�

!

�

�

e

��1

�

��

�

m�=k

:

Lemma 2 and Lemma 3 put together yield

Proposition 1 Let k, n, m, p, q, �, �, and � be as in the statements of

Lemma 2 and Lemma 3 but also su
h that 2�� � �km=n. Then,

P

�

jE(G

0

i

)j � (1� 2�)(km

2

=n)

�

� e

��

2

km

2

=2n

+ 2(e

��1

�

��

)

m�=k

:

Proof: Sin
e 2��m � �km

2

=n we have

P

�

jE(G

0

i

)j < (1� 2�)km

2

=n

�

�

� P

�

jE(G

i

)j < (1� �)km

2

=n

�

+ P (jE(G

i

)j � jE(G

0

i

)j � ��m) :

Hen
e, Lemma 2 and Lemma 3 imply the desired 
on
lusion.
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Corollary 1 For every �; " > 0, if k = O(n

1=5�"

), then

P

�

L

�

k

(n)

p

kn

� 2� �

�

= e

�k

2

!(1)

:

Proof: Let m, p, q, �, �, and � be as in Lemma 2 and Lemma 3. In addition,

let 1=2 > � and 
hoose m so m

2

=n = k

2=��1

!(1) = k

2

!(1) and km=n = o(1)

(this 
an always be done if k = O(n

1=5�"

)) and let N

k

(n) = dkm

2

=ne. Thus, if

t = bn=m
, then

P

�

L

�

k

(n)

p

kn

� 2� �

�

�

t

X

i=1

P (jE(G

0

i

)j < N

k

(n)) + t � P

 

L

1

(N

k

(n)) � (2� �)

p

kn

t

!

:

Observe that

n

�

nk

k

�

�1

�

(n�m)k

k � 1

�

=

nk

nk � (k � 1)

k�2

Y

i=0

�

1�

mk

nk � i

�

�

�

1�

m

n� 1

�

k�1

�

� 1�

km

n� 1

:

It follows that � � k(m=n)(km=(n� 1)). Choose � = �=(4(km=n)) and observe

that sin
e km=n = o(1), for large enough n it holds that km � n, � � e

2

, and

(�=2)(km=n) � 2�� � �(km=n). Hen
e, Proposition 1 holds. Moreover, sin
e

m

2

=n = k

2

w(1), e

��1

�

��

� (1=e)

�

, and �m�=k � (�=4)(m

2

=n) = k

2

!(1).

Thus,

t

X

i=1

P (jE(G

0

i

)j < N

k

(n)) � t

�

e

��

2

km

2

=2n

+ 2(e

��1

�

��

)

m�=k

�

� e

�k

2

!(1)

:

Also, Frieze [9℄ has shown that for every � arbitrarily 
lose to 1=2 there is a

� < � < 1=2 su
h that for all suÆ
iently large N ,

P (jL

1

(N)� E (L

1

(N)) j � N

�

) � e

�N

�

:

Baik, Deift, and Johansson [2℄ have shown that for some 
onstant 
, E (L

1

(N)) =

2

p

N�
N

1=6

+o(N

1=6

). Thus, for suÆ
iently largeN , P

�

L

1

(N) � 2

p

N �N

�

=2

�

�

e

�N

�

. Observe that

p

N

k

(n) �

p

kn=t. Thus, for large enough N

k

(n) we have

that (N

k

(n))

�

=2 � �

p

N

k

(n) and

P

 

L

1

(N

k

(n)) � (2� �)

p

kn

t

!

� P

�

L

1

(N

k

(n)) � 2

p

N

k

(n)� (N

k

(n))

�

=2

�

�

� e

�N

k

(n)

�

:

Hen
e, sin
e m

2

=n = k

2=��1

!(1), we have N

k

(n) = k

2=�

!(1) and

t � P

 

L

1

(N

k

(n)) � (2� �)

p

kn

t

!

� t � e

�N

k

(n)

�

� e

�k

2

!(1)

:
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2.2 Upper Bound

In this se
tion, our main goal is to bound the probability that L

�

k

(n)=

p

kn is

at least 2 + �, for � > 0. Our proof of this fa
t relies on a 
ombinatorial

argument based on a natural 
orresponden
e between 
on�gurations and perfe
t

mat
hings. To establish this 
orresponden
e re
all that given two set of nodes

W and M , W = fw

1

; : : : ; w

n

g and M = fm

1

; : : : ;m

n

g, a k{
on�guration F

of W and M is a bije
tion between W � [k℄ and M � [k℄. To every su
h

bije
tion, one 
an asso
iate in a natural way a 1{regular subgraph G(F ) of

K

kn;kn

by means of identifying the j{th upper (respe
tively lower) node of

K

kn;kn

to (w

q

; r) 2W�[k℄ (respe
tively (m

q

; r) 2M�[k℄) where q 2 f1; : : : ; ng

and r 2 f1; : : : ; kg are su
h that j = (q�1)k+r. The following results establishes

a 
ombinatorial relation between the largest planar mat
hings ofG(F ) and �(F ).

Lemma 4 For every 
on�guration F , the largest planar mat
hing in G(F ) is

at least as large as the largest planar mat
hing in �(F ).

Proof: Re
all that �(F ) is a k{regular multi{graph with upper and lower

set of verti
es W and M respe
tively. Let (w

i

1

;m

j

1

); : : : ; (w

i

l

;m

j

l

) be the

largest planar mat
hing in �(F ). Planarity implies that i

1

< : : : < i

l

and

j

1

< : : : < j

l

. By de�nition of �(�) there exists k

w

i

1

; : : : ; k

w

i

l

and k

m

j

1

; : : : ; k

m

j

l

in f1; : : : ; kg, su
h that the edge (w

i

j

;m

j

j

) of �(F ) is the proje
tion of the pair-

ing ((w

i

s

; k

w

j

s

); (m

i

s

; k

m

j

s

)) of F . Note that ea
h su
h pairing is also an edge

of G(F ). Moreover, sin
e i

1

< : : : < i

l

and j

1

< : : : < j

l

, the 
olle
tion of these

l pairings is a planar mat
hing in G(F ).

Corollary 2 For every �; " > 0, if k = O(n

1=3�"

), then

P

�

L

�

k

(n)

p

kn

� 2 + �

�

= e

�k

2

!(1)

:

Proof: Sin
e every k{regular 
on�guration F of W and M , jW j = jM j = n,

is in one{to{one 
orresponden
e with a 1{regular subgraph G(F ) of K

kn;kn

, to

every probability spa
e where it makes sense to de�ne L

�

k

(n) one 
an asso
iate,

in a natural way, a probability spa
e over whi
h L

1

(kn) is well de�ned. Thus,

Lemma 4 yields that

0 � P

�

L

�

k

(n)

p

kn

� 2 + �

�

� P

�

L

1

(kn)

p

kn

� 2 + �

�

:

Re
all that Frieze [9℄ has shown that for every � arbitrarily 
lose to 1=2 there

is a � < � < 1=2 su
h that for all suÆ
iently large N ,

P (jL

1

(N)� E (L

1

(N)) j � N

�

) � e

�N

�

;

and Baik, Deift, and Johansson [2℄ have shown that for some 
onstant 
 for

suÆ
iently large N , E (L

1

(N)) � 2

p

N . Hen
e, for large enough n,

P

�

L

1

(kn)

p

kn

� 2 + �

�

� P (L

1

(kn)� E (L

1

(kn)) � (kn)

�

) � e

�(kn)

�

:
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The desired 
on
lusion follows 
hoosing � suÆ
iently 
lose to 1=2.

2.3 Convergen
e Results

In this se
tion we present the main limiting results 
on
erning L

k

=

p

kn estab-

lished in this work.

Lemma 5 If k = O(n

1=5�"

), then

P

�

�

�

�

�

L

�

k

(n)

p

kn

� 2

�

�

�

�

� �

�

= e

�k

2

!(1)

:

In parti
ular, L

�

k

(n)=

p

kn! 2 in probability when n!1.

Proof: Immediate from Corollary 1 and Corollary 2.

Corollary 3 If k = O(n

1=5�"

), then L

k

(n)=

p

kn! 2 in probability when n!

1.

Proof: Immediate from Lemma 1 and Lemma 5.

To derive 
onvergen
e in mean results we rely on the fa
t that when 
onver-

gen
e in probability holds, uniform integrability is equivalent to 
onvergen
e in

mean (see [11, Ch. 7, x 10, Theorem (3)℄).

Lemma 6 If k = O(1), then L

k

(n)=

p

kn ! 2 in mean when n ! 1. In

parti
ular, E (L

k

(n)) =

p

kn! 2 when n!1.

Proof: Corollary 3 insures that L

k

(n)=

p

kn 
onverges to 2 in probability

when n ! 1. Hen
e, to obtain the result we seek it suÆ
es to prove that

(L

k

(n)=

p

kn)

n�1

is uniformly integrable.

Re
all that Theorem 3 says that L

1

(kn)=

p

kn 
onverges in probability and in

mean when n!1. Hen
e, (L

1

(kn)=

p

kn)

n�1

is uniformly integrable. But, by

Lemma 4, L

�

k

(n) is dominated by L

1

(kn). It follows that (L

�

k

(n)=

p

kn)

n�1

is

uniformly integrable. In [15℄ it is shown that the probability that a graph 
hosen

a

ording to G

�

r

(K

n;n

; k) is simple is e

�(k�1)

2

=2+o(k

2

)

if k = o(n) is monotoni
ally

in
reasing. Hen
e,

E

�

L

k

(n)

p

kn

�

� e

(k�1)

2

=2+o(k

2

)

� E

�

L

�

k

(n)

p

kn

�

:

Sin
e k = O(1) and (L

�

k

(n)=

p

kn)

n�1

is uniformly integrable we 
on
lude that

(L

k

(n)=

p

kn)

n�1

is uniformly integrable as desired.

Finally, observe that Lemma 5 and Lemma 6 put together yield Theorem 1.
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1/8 1/4 3/8 1/2 5/8 3/4 7/8

2=S

p

0.446 0.584 0.681 0.757 0.823 0.883 0.940

�

p

0.632 0.773 0.853 0.905 0.942 0.969 0.988

Figure 2: Numeri
al values of 2=S

p

and �

p

.

3 Binomial Random Graph Model

In this se
tion we study the behavior of L

p

(n). It is easy to see that (E (L

p

(n)))

n�1

is a superadditive sequen
e. Thus, E (L

p

(n)) =n has a limit and the 
onvergen
e

is from below, that is, there exists 0 � 


p

� 1 su
h that

lim sup

n!1

E (L

p

(n))

n

= sup

n!1

E (L

p

(n))

n

= 


p

:

Consider now the integer latti
e f1; 2; : : :g � f1; 2; : : :g. For ea
h latti
e

point 
ip independently a 
oin with probability p of landing heads and form

the underlying set P

p

of latti
e points for whi
h the out
ome of the 
oin 
ip

was heads. The points in P

p

form a random poset, with partial order given

by (i; j) � (i

0

; j

0

) when i � i

0

and j � j

0

. Note that L

p

(n) is the height of

P

p

(n) = P

p

\ f1; 2; : : : ; ng � f1; 2; : : : ; ng, i.e., the number of elements in a

longest 
hain (totally ordered subset) of P

p

(n). If s < t run over the set of

positive integers, the family of variables (X

s;t

)

s;t

where X

s;t

denotes the height

of P

p

\ fs; s+ 1; : : : ; tg � fs; s+ 1; : : : ; tg is a sto
hasti
 superadditive pro
ess.

Kingman's subadditive ergodi
 theorem [13℄ further implies that L

p

(n)=n =

X

1;n

=n! 


p

in probability and in mean when n!1.

We now obtain a lower bound on 


p

.

Lemma 7 For ea
h 0 < p < 1 let S

p

= 2 +

P

s�2

(1 � p)

(

s

2

)

. It holds that




p

� 2=S

p

. (Some numeri
al values of 2=S

p

are shown in Fig. 2.)

Proof: The proof relies in a greedy 
onstru
tion of a 
hain among the points

in P

p

. Spe
i�
ally, (i

1

; j

1

) is 
hosen from the elements of P

p

so s

1

= i

1

+ j

1

is

minimal. Thereafter, (i

m

; j

m

) is the point satisfying (i

m

; j

m

) > (i

m�1

; j

m�1

)

for whi
h s

m

= i

m

+ j

m

is minimal. Sin
e the probability that f(i; j) 2 P

p

:

i+ j < sg = ; is 1 if s � 2 and (1� p)

(

s�1

2

)

otherwise,

S

p

= E (s

1

) =

X

s�1

P (s

1

� s) = 2 +

X

s�3

(1� p)

(

s�1

2

)

= 2 +

X

s�2

(1� p)

(

s

2

)

:

Now, the di�eren
es i

m

� i

m�1

and i

1

� 0 are independent and identi
ally

distributed with mean

E (i

1

) =

S

p

2

= 1 +

1

2

X

s�2

(1� p)

(

s

2

)

:
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The strong Law of Large Numbers implies that lim

n!1

(i

n

=n) = S

p

=2 with

probability one. Analogously, lim

n!1

(j

n

=n) = S

p

=2 with probability one. So,

if t(n) = maxfi

n

; j

n

g, L

p

(t(n)) � n. Hen
e,




p

= lim

n!1

E (L

p

(n))

n

= lim

n!1

E (L

p

(t(n)))

t(n)

� lim

n!1

n

t(n)

=

2

S

p

:

We shall now upper bound 


p

.

Lemma 8 For 0 < p < 1 let h

p

: [0; 1℄ ! R be su
h that h

p

(x) = (x=

p

p)

x

(1�

x)

1�x

. There is a unique �

p

2 [0; 1℄ su
h that h

p

(�

p

) = 1 and 


p

� �

p

. (Some

numeri
al values of �

p

are shown in Fig. 2.)

Proof: Note that lim

x!0

h

p

(x) = 1, lim

x!1

h

p

(x) = 1=

p

p > 1, and

dh

p

(x)

dx

= h

p

(x) log

�

x

p

p(1� x)

�

;

whi
h is negative for 0 < x < 1� 1=(1 +

p

p) and positive for 1� 1=(1 +

p

p) <

x < 1. Hen
e, for ea
h p, there is a unique 0 < x < 1 su
h that h

p

(x) = 1 and

if x � �

p

then 1=h

p

(x) � 1=h

p

(�

p

) = 1.

We now prove the bound on 


p

. LetX

p

(m;n) be the number of planar mat
hings

of size m in a graph 
hosen a

ording to G(K

n;n

; p). Then,

E (X

p

(m;n)) =

�

n

m

�

2

p

m

�

n

2�m(n�m)

�

n

n

m

m

(n�m)

n�m

�

2

p

m

:

Let 
 be a 
onstant su
h that 0 < 
 < 1. If m = 
n, then

n

2�m(n�m)

=

1

2�
(1� 
)n

; and

n

n

m

m

(n�m)

n�m

=

�

1







(1� 
)

1�


�

n

:

Hen
e, E (X

p

(m;n)) = O(1=n)(

p

p




=(





(1�
)

1�


))

2n

= O(1=n)(1=h

p

(
))

2n

, and

E

�

L

p

(n)

n

�

� 
P (L

p

(n) � m) + P (L

p

(n) > m) :

Sin
e L

p

(n) > m implies that X

p

(m;n) � 1, Markov's inequality yields that

P (L

p

(n) > m) � E (X

p

(m;n)). Hen
e, E (L

p

(n)=n) � 
 + O(1=n)(1=h

p

(
))

2n

.

If 
 � �

p

, then 1=h

p

(
) � 1 so E (L

p

(n)=n) � 
+O(1=n)! 
 as n!1. Thus,




p

� �

p

.

We now 
omment on the rate at whi
h 
onvergen
e of L

p

(n)=n takes pla
e.

Our observations are inspired on the work of Alexander [1℄. Spe
i�
ally, on

the method he introdu
ed whereby in many 
on
rete problems of per
olation

theory, one 
an supplement subadditivity with a form of superadditivity that

15



lead to rate results. This method is applied, in [1℄, to derive a rate of 
onver-

gen
e result for the mean length of the LCS. An analogous argument yields and

interpretation of L

p

(n) as the minimal total passage time of a dependent �rst{

passage per
olation problem. Indeed, 
onsider the integer latti
e [2n℄ � [2n℄,

with horizontal and verti
al bonds between nearest{neighbor sites of the latti
e

(that is, pairs (i; j) and (i

0

; j

0

) where ji� i

0

j+ jj � j

0

j = 1) and a diagonal bond

from ea
h (i � 1; j � 1) to (i; j), 1 � i; j � 2n. The passage time of ea
h hori-

zontal and verti
al bond is de�ned to be 1, and the passage time of the diagonal

bond from (i � 1; j � 1) to (i; j) is 0 if (w

i

;m

j

) is an edge of a graph 
hosen

a

ording to G(K

n;n

; p), and 1 otherwise. Then, 2(n � L

p

(n)) represents the

minimal total passage time among all paths from (0; 0) to (n; n) for whi
h ea
h


oordinate is non{de
reasing. The two 
hara
teristi
s satis�ed by the above

stated per
olation problem that allows Alexander's method to go through are:

(i) Either deleting or inserting and edge in a graph 
hosen a

ording to

G(K

n;n

; p) 
hanges the minimal total passage time in at most 2, and,

(ii) If l

n

denotes the diagonal from (0; 2n) to (2n; 0) and � a path that inter-

se
ts l

n

, then the two segments into whi
h � is split by l

n

are independent.

Hen
e, the analysis of [1℄ for the LCS is appli
able here verbatim, and yields

the following:

Theorem 4 There exists a 
onstant C su
h that for every 0 < p < 1 and n � 1,




p

n � E (L

p

(n)) � 


p

n�

C

p

n logn

:
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A Proof of a Cherno�{Hoe�ding type bound

For 
ompleteness sake, we present in this se
tion the statement and proof of the

CH bound used throughout this work. We will need the following elementary

result:

Proposition 2 Let f : R ! R be a 
onvex fun
tion. If Z is a variable that takes

values in [0; 1℄, then

E (f(Z)) � E (Z) f(1) + (1� E (Z))f(0) :

Lemma 9 Let X

1

; : : : ; X

m

be independent identi
ally distributed variables ea
h

ranging over [l℄ with mean �. If X = X

1

+ : : :+X

m

, then for a > 0,

P (X � E (X) � a) � e

(a�(a+m�) ln(1+a=m�))=l

;

and,

P (X � E (X) � �a) � e

�a

2

=2lm�

:

Proof: Let � = ln(1 + a=m�). Then, applying Proposition 2 with X = X

i

=l

and f(x) = e

�x

yields

E

�

e

�X

i

=l

�

� 1�

�

l

(1� e

�

) = 1 +

a

lm

:

Now,

E

�

e

�X=l

�

= E

 

m

Y

i=1

e

�X

i

=l

!

=

m

Y

i=1

E

�

e

�X

i

=l

�

�

�

1 +

a

lm

�

m

� e

a=l

:

Hen
e, by Markov's inequality and sin
e E (X) = m�,

P (X � E (X) � a) = P

�

e

�X=l

� e

�(a+m�)=l

�

� e

��(a+m�)=4 l

E

�

e

�X=l

�

=

= e

(a�(a+m�) ln(1+a=m�))=l

:

To prove the se
ond inequality, 
onsider  > 0. Then, applying Proposition 2

with X = X

i

=l and f(x) = e

� x

yields

E

�

e

� X

i

=l

�

� 1�

�

l

(1� e

� 

) � e

�(e

� 

�1)=l

:

18



We employ the inequality e

� 

� 1�  +  

2

=2, valid for all  > 0, to obtain,

E

�

e

� X

i

=l

�

� e

��( � 

2

=2)=l

:

Now,

E

�

e

� X=l

�

= E

 

m

Y

i=1

e

� X

i

=l

!

=

m

Y

i=1

E

�

e

� X

i

=l

�

� e

�m�( � 

2

=2)=l

:

Hen
e, by Markov's inequality and sin
e E (X) = m�,

P (X � E (X) � �a) = P

�

e

� X=l

� e

 (a�m�)=l

�

� e

� (a�m�)=l

E

�

e

� X=l

�

�

� e

 (m� =2�a)l

:

Set  = a=m� to optimize the inequality.

B Negative Correlation

Lemma 10 Let k � 2, m � l, and km � n. Let Z

(i)

w;a

be the indi
ator variable

of the event \there are edges in G

i

that are the proje
tion of edges in F with

�rst 
omponent (w; a) and (w; b) for some b 2 [k℄, b 6= a." Then, for all

a

1

; : : : ; a

l

2 [k℄ the variables Z

(i)

w

1

;a

1

; : : : ; Z

(i)

w

l

;a

l

are negatively 
orrelated provided

w

1

; : : : ; w

l

2W

i

are all distin
t.

Proof: For simpli
ities sake we will drop all the super{indi
es (i). Also we

denote T !=(T � a)! by (T )

a

. Re
all that (T )

a+b

= (T )

a

(T � a)

b

. For positive

integers N , M , l, and k su
h that N �M + lk and M � lk, let

P

j

1

;:::;j

l

(N;M; l) =

(M)

j

1

+:::+j

l

+l

(N �M)

l(k�1)�j

1

�:::�j

l

(N)

lk

:

Claim 1 If N = nk, M = mk, n � m+ l, and m � l, then

E

 

l

Y

s=1

Z

w

s

;a

s

!

=

k�1

X

j

1

;:::;j

l

=1

l

Y

s=1

�

k � 1

j

s

�

P

j

1

;:::;j

l

(N;M; l) : (1)

Proof: Let E be the event that \there are edges in G

i

that are the pro-

je
tion of edges in F with �rst 
omponent (w

1

; a

1

); : : : ; (w

l

; a

l

)." Observe that

E

�

Q

l

s=1

Z

w

s

;a

s

�


orresponds to the probability thatE o

urs and deg(w

1

); : : : ; deg(w

l

)

are all at least 2. Moreover, the probability that E o

urs and deg(w

s

) = j

s

+1

for s 2 f1; : : : ; lg, is

l

Y

s=1

�

k � 1

j

s

�

P

j

1

;:::;j

l

(N;M; l) :
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Observe now that if N �M+k andM � k, then ((N=M)

�

k�1

j

�

P

j

(N;M; 1))

k�1

j=0

is the probability mass fun
tion of a hypergeometri
 distribution. Hen
e,

k�1

X

j=1

�

k � 1

j

�

P

j

(N;M; 1) =

M

N

�

1�

(N �M)

k�1

(N � 1)

k�1

�

: (2)

Thus, sin
e we want to show that

E

 

l

Y

s=1

Z

w

s

;a

s

!

�

l

Y

s=1

E (Z

w

s

;a

s

) ;

it will suÆ
e, be
ause of Claim 1, to establish that provided N � M + lk and

M � lk,

k�1

X

j

1

;:::;j

l

=1

l

Y

s=1

�

k � 1

j

s

�

P

j

1

;:::;j

l

(N;M; l) �

M

l

N

l

�

1�

(N �M)

k�1

(N � 1)

k�1

�

l

: (3)

Be
ause of Claim 1 and (2) the inequality 
learly holds for l = 1. Assuming it

holds for l � 1 we will prove that it also holds for l. First, let �

l�1

=

P

l�1

s=1

j

s

,

and observe that

P

j

1

;:::;j

l

(M;N; l) = P

j

1

;:::;j

l�1

(M;N; l � 1) � P

j

l

(M � �

l�1

� l + 1; N � (l � 1)k; 1) :

Applying (2) we get

k�1

X

j

l

=1

�

k � 1

j

l

�

P

j

1

;:::;j

l

(M;N; l) =

P

j

1

;:::;j

l�1

(M;N; l�1)�

M � �

l�1

� l + 1

N � (l � 1)k

�

1�

(N � (l � 1)k � (M � �

l�1

� l+ 1))

k�1

(N � (l � 1)k � 1)

k�1

�

:

Moreover,

P

j

1

;:::;j

l�1

(M;N; l � 1) �

M � �

l�1

� l + 1

N � (l � 1)k

=

M

N

� P

j

1

;:::;j

l�1

(M � 1; N � 1; l� 1) ;

and,

P

j

1

;:::;j

l�1

(M � 1; N � 1; l � 1) �

(N � (l � 1)k � (M � �

l�1

� l + 1))

k�1

(N � (l � 1)k � 1)

k�1

=

(N �M)

k�1

(N � 1)

k�1

� P

j

1

;:::;j

l�1

(M � 1; N � k; l� 1) :

Hen
e, if we knew that P

j

1

;:::;j

l�1

(M � 1; N � k; l� 1) � P

j

1

;:::;j

l�1

(M � 1; N �

1; l� 1), we would have that
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k�1

X

j

l

=1

�

k � 1

j

l

�

P

j

1

;:::;j

l

(M;N; l) �

M

N

�

�

1�

(N �M)

k�1

(N � 1)

k�1

�

� P

j

1

;:::;j

l�1

(M � 1; N � 1; l� 1) :

Thus, by the indu
tive hypothesis, the LHS of (3) would be at most

M

N

�

�

1�

(N �M)

k�1

(N � 1)

k�1

�

�

(M � 1)

l�1

(N � 1)

l�1

�

�

1�

((N � 1)� (M � 1))

k�1

(N � 2)

k�1

�

l�1

:

This expression is easily seen to be upper bounded by the RHS of (3).

We still need to prove that P

j

1

;:::;j

l�1

(M � 1; N � k; l � 1) � P

j

1

;:::;j

l�1

(M �

1; N � 1; l � 1). It will suÆ
e to show that P

j

1

;:::;j

l�1

(M

0

; N

0

� 1; l � 1) �

P

j

1

;:::;j

l�1

(M

0

; N

0

; l � 1) holds for M

0

= M � 1 and N

0

� N � (k � 1). This is

indeed the 
ase, sin
e

P

j

1

;:::;j

l�1

(M

0

; N

0

� 1; l� 1)

P

j

1

;:::;j

l�1

(M

0

; N

0

; l � 1)

=

N

0

N

0

� (l � 1)k

�

N

0

� (l � 1)k � (M

0

� �

l�1

)

N

0

�M

0

:

The 
laim follows if we 
an show that N

0

(N

0

� (l� 1)k� (M

0

� �

l�1

)) � (N

0

�

M

0

)(N

0

�(l�1)k), or equivalently that N

0

�

l�1

�M

0

(l�1)k. Sin
eM

0

=M�1,

N

0

� N�k, and �

l�1

� l�1, we only need that (N�k)(l�1) � (M�1)(l�1)k,

i.e., that N � Mk. But, N = nk, M = mk, and by hypothesis n � mk, so we

are done.
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