
Partial 
overs of graphs

Ji�r�� Fiala

�

Jan Krato
hv��l

y

May 15, 2000

Abstra
t

Given graphs G and H , a mapping f : V (G)! V (H) is a homomorphism if f(x)f(y) is

an edge of H for every edge xy of G. In this paper we initiate the study of 
omputational


omplexity of lo
ally inje
tive homomorphisms 
alled partial 
overs of graphs. We motivate

the study of partial 
overs by showing a 
orresponden
e to generalized (2,1)-
olorings of

graphs, the notion stemming from a highly pra
ti
al problem of assigning frequen
ies to

transmitters to avoid interferen
e. We 
ompare the problems of de
iding existen
e of

partial 
overs and of full 
overs (lo
ally bije
tive homomorphisms) whi
h were previously

studied. Then we present �rst 
omplexity results about partial 
overs, whi
h in
lude both

NP-
omplete and nontrivial polynomially solvable 
ases.

1 Introdu
tion

Given graphs G and H, a mapping f : V (G) ! V (H) is a homomorphism if f(x)f(y) is an

edge of H for every edge xy of G. A homomorphism from G to H is also 
alled an H-
oloring

of G (sin
e homomorphisms to the 
omplete graphs 
orrespond to ordinary 
olorings). Hell

and Ne�set�ril [13, 14℄ 
onsidered the 
omplexity of de
iding if an input graph G allows a ho-

momorphism into a �xed parameter graph H. They proved that this question is polynomially

solvable for graphs H whi
h 
ontain a loop or are bipartite, and NP-
omplete otherwise. Dyer

and Greenhill [7℄ extended the resear
h in this dire
tion and 
hara
terized the graphs H for

whi
h 
ounting homomorphisms from G into H is #P -
omplete.

A homomorphism whi
h is a lo
al isomorphism (i.e., for every node x of G, the morphism

f maps the neighborhood of x bije
tively onto the neighborhood of f(x)) is 
alled a 
overing

proje
tion (and if su
h a homomorphism exists, we say that G 
overs H). The motivation for

the study of graph 
overs 
omes from the topologi
al graph theory [3℄. As spe
ial 
ases of


overing spa
es from algebrai
 topology [23℄, graph 
overs are used in many appli
ations in

topologi
al graph theory [11℄. Computational appli
ations of graph 
overs are used by Angluin

�
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[2℄ to study "lo
al knowledge" in distributed 
omputing environments, and by Cour
elle and

M�etivier [6℄ to show that nontrivial minor 
losed 
lasses of graphs 
annot be re
ognized by

lo
al 
omputations. In [1℄, Abello et al. raised the question of 
omputational 
omplexity

of H-
over problems, noting that there are both polynomial-time solvable (easy) and NP-


omplete (diÆ
ult) versions of this problem depending on the parameter graph H. (The

H-
over problem asks if a given input graph G 
overs H, the latter graph is 
onsidered a

�xed parameter of the problem). The 
omplexity of the H-
over problem was further studied

in [17, 19, 18℄. Several in�nite 
lasses of both polynomial and NP-
omplete instan
es were

re
ognized, however, 
urrently no good 
onje
ture about the 
hara
terization of graphs H for

whi
h the H-
over problem is polynomially solvable is at hand (assuming of 
ourse P 6=NP).

In this paper we initiate the study of 
omputational 
omplexity of partial 
overs. We say

that G is a partial 
over of H if G is an indu
ed subgraph of a (full) 
over of H. In the

algebrai
 setting, a partial 
overing proje
tion is a lo
ally inje
tive homomorphism, i.e., a ho-

momorphisms whi
h maps the neighborhood of every vertex inje
tively into the neighborhood

of the image of this vertex. Partial 
overs of graphs are used in [17℄ as a tool in the gadget


onstru
tion for NP-
ompleteness redu
tion in the proof of Proposition 3.4.

We believe that the study of the 
omputational 
omplexity of partial 
overs is worthwhile

for two reasons. First, as it is shown in Se
tion 2, partial 
overs 
orrespond to generalized

(2,1)-
olorings of graphs, while the notion of a (2,1)-
oloring stems from a highly pra
ti
al

problem of assigning frequen
ies to transmitters to avoid interferen
e. Se
ondly, as our results

show, from the 
omputational 
omplexity point of view partial 
overs seem to be mu
h more

diÆ
ult than full 
overs (already for graphs H 
ontaining only two verti
es of degree greater

than 2 the problem is NP-
omplete in in�nitely many instan
es). This raises a hope that

the number of polynomially solvable instan
es may be so restri
ted that it would allow a


hara
terization theorem.

The paper is organized as follows. In Se
tion 2 we reveal the 
onne
tion to generalized

(2,1)-
olorings. In Se
tion 3 we 
ompare the problems of de
iding existen
e of full and partial


overs. In the last se
tion we present �rst 
omplexity results about partial 
overs. We note

that already graphs H having only two verti
es of degree 2 give rise both to NP-
omplete

instan
es and to instan
es solvable in polynomial time by a nontrivial algorithm whi
h may

be of independent interest.

2 Generalized distan
e two 
olorings of graphs

Roberts proposed the following distan
e two 
onstrained labelings of graphs, a notion stemming

from the radio frequen
y assignment problem (where the task is to assign radio frequen
ies to

transmitters at di�erent lo
ations without interferen
e). Assuming that the distan
e fun
tion

of the transmitters 
an be modelled by a graph distan
e, it is asked that transmitters that

are 
lose to ea
h other re
eive di�erent 
hannels and transmitters that are very 
lose together

re
eive 
hannels that are at least two apart:

A �

(2;1)

-labeling of a graph G is an assignment of labels from the set f0; : : : ; �g to the

verti
es of G su
h that verti
es at distan
e two are assigned di�erent labels and adja
ent
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verti
es are assigned labels whi
h di�er by at least 2. The minimum value � for whi
h G

admits a �

(2;1)

-labeling is denoted by �

(2;1)

(G).

An upperbound for �

(2;1)

(G) in terms of the maximum degree �(G) (�

(2;1)

(G) � �

2

(G)+

2�(G)) was obtained in [10, 24℄ and this was improved in [5℄ to �

(2;1)

(G) � �

2

(G) + �(G).

The 
onje
ture if �

(2;1)

(G) � �

2

(G) is still open, though it was proven true for some spe
ial

graph 
lasses (
hordal graphs, graphs of diameter 2). From the 
omplexity point of view, the

problem to de
ide if a given graph allows a �

(2;1)

-labeling was proven NP-
omplete in [10, 24℄

if � is part of the input, and in [9℄ for every �xed � � 4.

A natural generalization of the linear 
hannel assignment problem is 
onsidering 
hannel

(frequen
y) spa
es with nonlinear metri
. This would model the 
ase when e.g., frequen
ies

whi
h are multiples 
an also interfere. The 
ir
ular metri
 in the 
hannel spa
e was a
tually


onsidered by Leese [20℄. Assuming that the distan
e fun
tion in the 
hannel spa
e 
an be

modelled by a graph theoreti
al distan
e in a graph whose verti
es are the possible 
hannels

(frequen
ies), we arrive to a natural generalization of the 
on
ept of �

(2;1)

-labelings:

De�nition 2.1 Let H be a graph. An H

(2;1)

-labeling of a graph G is a mapping f : V (G)!

V (H) whi
h satis�es

1. d

H

(f(x); f(y)) � 2 for every two adja
ent verti
es x; y 2 V (G);

2. d

H

(f(x); f(y)) � 1 for every two verti
es x; y 2 V (G) su
h that

d

G

(x; y) = 2.

Obviously, a graph G allows a �

(2;1)

-labeling if and only if it allows a (P

�

)

(2;1)

-labeling

(here P

k

denotes the path with k edges). Similarly, G allows a 
ir
ular �

(2;1)

-labeling if and

only if it allows a (C

�+1

)

(2;1)

-labeling (C

k

denotes the 
y
le with k edges).

We have shown in [9℄ that de
iding existen
e of (P

�

)

(2;1)

-labeling is NP-
omplete for every

�xed � � 4. Here we have a similar result for the 
ir
ular metri
 (proved in Se
tion 3):

Theorem 2.2 The (C

�+1

)

(2;1)

-labeling problem is NP-
omplete for every � � 5.

We will now relate the notion of H

(2;1)

-labelings to partial 
overs of graphs. The following

Lemma is straightforward:

Lemma 2.3 A mapping f from a graph G to a graph H is a partial 
overing proje
tion if

and only if

1. (f(u); f(v)) 2 E(H) for ea
h edge (u; v) 2 E(G);

2. f(v) 6= f(w) for any two distin
t verti
es u; v 2 V (G) whi
h have a 
ommon neighbor

in G.

In the following observation, H denotes the 
omplement of the graph H.

Observation 2.4 A mapping f : V (G) ! V (H) is an H

(2;1)

-labeling if and only if it is a

partial 
overing proje
tion of G to H.
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Proof Consider a mapping f : V (G)! V (H). For any two verti
es u; v 2 V (H), d

H

(u; v) �

1 if and only if u 6= v, and so 
onditions (2) of De�nition 2.1 and Lemma 2.3 are equivalent.

Condition (1) of De�nition 2.1 states that xy 2 E(G) implies (f(x); f(y)) 62 E(H), i.e.,

(f(x); f(y)) 2 E(H) whi
h is exa
tly 
ondition (1) of Lemma 2.3 for the 
omplement of H. 2

In view of this observation we now begin the study partial 
overs of graphs, having in mind

the impa
t of our �ndings on distan
e two 
onstrained graph labelings.

3 Partial 
overs versus full 
overs

It is well known that the existen
e of a 
overing proje
tion between two graphs implies that

they have the same degree re�nement matrix. The 
onverse is not true, but it is shown in [21℄

that graphs with the same degree re�nement matrix have a 
ommon �nite 
over. In general,

partial 
overs do not preserve the degree re�nement matrix. However, if two graphs happen

to have the same degree re�nement matrix, then any partial 
overing proje
tion between

them ne
essarily is a full 
overing (Proposition 3.2). This fa
t will be used in this subse
tion

to derive �rst 
omplexity results on partial 
overs and the generalized 
hannel assignment

problem.

The degree partition of a graph G is the 
oarsest partition of the vertex set of G into 
lasses

(
alled blo
ks) B

1

; B

2

; : : : ; B

k

s.t. for every i; j and any two verti
es u; v 2 B

i

, jN(u) \B

j

j =

jN(v) \B

j

j.

The degree partition is unique and 
an be obtained by a pro
edure whi
h re
ursively

re�nes partitions by the numbers of neighbors of verti
es in the blo
ks of the partition. (See

the Appendix for the details.)

Having the degree partition, let r

ij

= jN(u) \ B

j

j for any u 2 B

i

, for 1 � i; j � k. The

degree re�nement matrix M

G

of the graph G is the k by k square matrix

M

G

= (r

ij

)

k

i;j=1

:

The following theorem is a folklore:

Proposition 3.1 If a graph G 
overs a 
onne
ted graph H then M

G

=M

H

.

It is obvious that for regular graphs of the same valen
y, a lo
ally inje
tive homomor-

phism is a lo
al isomorphism, i.e., every partial 
overing proje
tion is a full 
over. Analogous

statement is true for graphs with the same degree re�nement matrix:

Proposition 3.2 ([8℄) If 
onne
ted graphs G and H have the same degree re�nement matrix

then every partial 
overing proje
tion of G to H is also a full 
overing proje
tion.

The 
onsequen
e for the 
omplexity of partial 
overs follows:

Corollary 3.3 For any 
onne
ted graph H, the H-
over problem is polynomially redu
ible to

the H-partial 
over problem.
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Proof Given a graph G subje
t to the question if G 
overs H, determine (in polynomial

time) if G has the same degree re�nement matrix as H. If not, G 
annot 
over H. In the

aÆrmative 
ase, G partially 
overs H is and only if it 
overs H fully. 2

So all NP-
ompleteness results about graph 
overs 
arry on to partial 
overs. We 
ertainly

do not wish to restate here all the results of [1, 17, 19, 18, 8℄, but let us mention just one result

whi
h has 
onsequen
e for the 
ir
ular 
hannel assignment problem of Leese [20℄. Note that in

view of Observation 2.4, for any graph H the H

(2;1)

-labeling problem and the H-partial 
over

problem are polynomially equivalent.

Proposition 3.4 ([17℄) The H-
over problem is NP-
omplete when H is k-regular b

k+1

2


-edge


onne
ted or k-regular k-edge-
olorable, for every k � 3.

Sin
e the 
omplement of C

k

is (k � 3)-regular and (k � 3)-edge-
onne
ted, the NP-


ompleteness of C

k

-
over (for k � 6) follows from Proposition 3.4. By Corollary 3.3, the

C

k

-partial 
over problem is NP-
omplete, and Theorem 2.2 follows.

4 Complexity of partial 
overs of small graphs

In [18℄, the notion of 
overs of simple graphs is generalized to 
overs of 
olored dire
ted

multigraphs, and it is shown that a full 
hara
terization of the 
omplexity of the H-
over

problem for simple graphs would ne
essarily provide a full 
hara
terization of the 
omplexity

of the general 
overing problem (brie
y speaking, vertex 
olors 
orrespond to trees hanging

on verti
es, whi
h 
an be uniquely lo
ated, and edge 
olors and dire
tions then 
orrespond

to length and 
olor pattern of paths 
onsisting of verti
es of degree 2 only). Thus in the

multigraph setting, multigraphs with small numbers of verti
es do not ne
essarily provide

easy 
overing problems. The 
omplexity of H-
over for multigraphs with 2 verti
es was fully


hara
terized:

Proposition 4.1 ([18℄) Let H be an undire
ted multigraph with two verti
es L;R and with


olored edges. Then the H-
over problem is polynomially solvable if for some 
olor, the numbers

of loops of this 
olor at L and R are di�erent, or if for every 
olor, the edges of this 
olor are

either loops or edges between L;R. Otherwise the problem is NP-
omplete.

In this se
tion we will study the 
omplexity of partial 
overs for graphs with two verti
es

of degree higher than 2. For n � 3 and 1 � a

1

� a

2

� : : : � a

n

, let P (a

1

; a

2

; : : : ; a

n

) be the

(multi)graph formed by two verti
es x; y 
onne
ted by n paths of lengths a

1

, a

2

, . . . , a

n

. (We

write P (a

n

) for P (a; a; : : : ; a), and P (a

k

; b

n�k

) for P (a

1

; a

2

; : : : ; a

n

) when a

1

= : : : = a

k

= a

and a

k+1

= : : : = a

n

= b.) One may wish to 
ompare the results with Proposition 4.1.

Proposition 4.8 shows that the partial 
over may be NP-
omplete already when the target

graph has just three paths of di�erent lengths (or even two paths of the same length and one

more path of a di�erent length), a 
ase whi
h is trivially polynomial for full 
overs. On the

other hand, Theorem 4.6 provides an example of a nontrivial polynomially solvable instan
e.

Let us remark that the NP-
ompleteness of the P (1; 2; 3)-partial 
over problem shows that the
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2-satis�ability approa
h for full 
overs does not extend to partial 
overs (the degree partition

of P (1; 2; 3) has two blo
ks of size 2 and one singleton). (It is showed in [19℄ that the H-
over

problem is polynomially solvable if every blo
k of the degree partition of H has at most two

verti
es.)

Note also that P (1; 2; 3) = P

5

the path of length 4, and so the NP-
ompleteness of 4

(2;1)

-

labeling (proven in [9℄) is a spe
ial 
ase of Proposition 4.8.

We allow multiple edges (in 
ase a

1

= a

2

= 1) and we note that all results on partial and

full 
overs of simple graphs translate to multigraphs as well. One has to be 
areful with a

formal de�nition of (partial) 
overs, though. To avoid lengthy des
ription we refer to [18℄.

E.g., a graph G partially 
overs P (1

n

) if and only if it is bipartite and n-edge 
olorable. Note

that su
h a graph must have maximum degree � n, and 
onversely, every bipartite graph of

maximum degree n is n-edge 
olorable (well known K�onig theorem) and hen
e partially 
overs

P (1

n

). Hen
e we have observed:

Observation 4.2 The P (1

n

)-partial 
over is polynomially solvable.

Next we note a simple but useful observation (proof is in the Appendix):

Observation 4.3 The problems P (a

1

; a

2

; : : : ; a

n

)-partial 
over and

P (a

1

k; a

2

k; : : : ; a

n

k)-partial 
over are polynomially equivalent for any positive integers

a

1

; a

2

; : : : ; a

n

and any k.

Corollary 4.4 The P (a

n

)-partial 
over problem is polynomially solvable for every �xed a.

We will fully 
hara
terize the 
omplexity of the P (a

k

; b

l

)-partial 
over problem. The fol-

lowing auxiliary problem may be of independent interest, and it provides a 
ase of a nontrivial

polynomial algorithm in our partial 
over paradigm.

Lemma 4.5 Given a graph G and for ea
h vertex u, an interval I(u) = [a

u

; b

u

℄; 0 � a

u

�

b

u

� deg

G

(u), and for ea
h edge e, a nonempty subset J

e

� f0; 1; 2g, then the question whether

there exists a subset of halfedges with 
hara
teristi
 fun
tion � : f(u; e); u 2 eg ! f0; 1g s.t.

8u 2 V (G) :

X

e3u

�(u; e) 2 I

u

and 8e 2 E(G) :

X

u2e

�(u; e) 2 J

e

is solvable in polynomial time.

The intervals I(u) are meant as intervals of integers. Note that if all J

e

are equal to f0; 2g

(i.e., none or both halfedges are 
hosen) and all intervals I

u

are equal to [1; 1℄ we have the

problem of �nding a mat
hing in a graph whi
h is polynomially solvable by the well-known

Edmonds's algorithm.

Proof We show a redu
tion to the Edmonds's algorithm in two steps. The �rst redu
tion


hanges all J

e

into sets f0; 2g and in the se
ond stage we transform all I

u

into one-element

intervals [1; 1℄.
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Subdivide ea
h edge e = (u; v) of G s.t. J

e

6= f0; 2g by a new extra vertex w(e) and set

I

w(e)

= J

e

. (All sets di�erent from f0; 2g are intervals.) In the new graph G

0

ask for a fa
tor

(a subset of the edge set) F , s.t. deg

F

(u) 2 I

u

for all verti
es of G

0

. The ba
kward-redu
tion

from the fa
tor to the 
hara
teristi
 fun
tion is straightforward.

The se
ond step is due to Tutte [22℄. We just re
all that ea
h vertex is repla
ed by a

tripartite gadget, where the �rst part of size deg

G

(u) is mat
hed to edges adja
ent to u, the

se
ond part of size deg

G

(u) � a

u

is 
onne
ted by a 
omplete bipartite graph to the �rst one

and the third part of size b

u

� a

u

is similarly 
onne
ted by a 
omplete bipartite graph to the

se
ond part. Finally form a 
lique on the verti
es from all the third part and, if ne
essary,

enlarge the 
lique by a new extra vertex to get an even number of verti
es in the new graph

G

00

. Any perfe
t mat
hing of the graph G

00


orresponds to a proper fa
tor F we look for (and

vi
e versa). 2

Theorem 4.6 The P (a

k

; b

l

)-partial 
over problem is polynomially solvable for every odd a; b.

Proof The 
ase a = b was already mentioned in Corollary 4.4. We also suppose that a; b

are relatively prime due to Observation 4.3.

Let G be an input graph for the P (a

k

; b

l

)-partial 
over problem. Repla
e every maximal

path whose inner verti
es have degree two by a single edge. In the new graph G

0

ea
h edge e


orresponds to a path of length m

e

between two verti
es of degree 6= 2 in the original graph

G.

For any lengthm we de
ide whether P

m

partially 
overs P (a

k

; b

l

) s.t. endpoints of the path

are mapped on verti
es x and/or y and none, one or both �nal segments of P

m

are mapped

into a path of length a in P (a

k

; b

l

). We denote the set of possible 
ases by J(m) � f0; 1; 2g.

The above 
omputation 
an be done in a 
onstant time sin
e for m > (a + b)

2

all three


ases are possible.

Assign I

u

= [maxf0; deg

G

0

(u) � lg;minfk; deg

G

0

(u)g℄ to all verti
es u of G

0

. Then set

J

e

= f0; 1; 2g to all edges e of G

0

that are in
ident with a vertex of degree one. For any other

edge e 
orresponding to a path of length m set J

e

= J(m). Apply Lemma 4.5 and �nd a

feasible set of halfedges S.

Obviously the existen
e of su
h a set is a ne
essary 
ondition for the existen
e of a partial


overing proje
tion from G to P (a

k

; b

l

). We will show that it is also suÆ
ient.

Now in G we partially 
over any path between two verti
es of degree at least three into

P (a

k

; b

l

) su
h that �nal segments are mapped into a path of length a if and only if they are

in S.

We need to de�ne an inje
tive mapping on the neighborhood of any vertex of degree at

least three to distin
t �nal segments of the a- and b-paths. For simpli
ity 
all the pair of �nal

edges of a path the ends of a path.

First 
onsider paths in G su
h that both ends are mapped into an a-path. We de
ide in a


onstant time whether both ends of these paths have to be mapped only into the same a-path

(e.g. P

a

) or into two di�erent a-paths (e.g. P

2a

) or if both 
ases are possible (e.g. P

2a+b

).

7



If a path Q has always both ends mapped on the same a-path, then either Q = P

a

or k = 2

and Q = P

(2i+1)a

, but both 
ases imply that one endvertex of Q is mapped on x in P (a

k

; b

l

)

and the other one onto y.

On the other hand if a path R has both ends mapped onto di�erent a-paths then either

R = P

2a

or k = 2 and R = P

(2i)a

, and both endverti
es of R are mapped onto the same vertex

of P (a

k

; b

l

).

We de
ide the distribution of ends of these paths into P (a

k

; b

l

) by an edge-
oloring argu-

ment: Consider a subgraph of G

0


orresponding to paths of type Q and R, and insert into

ea
h edge 
orresponding to a path of type R an extra new vertex. The new graph is bipartite

with maximum degree at most k and hen
e is k-edge 
olorable (in a polynomial time). The

set of k edge 
olors 
orresponds to the set of a-paths in P (a

k

; b

l

).

We already mapped paths of type Q and R into P (a

k

; b

l

) su
h that the mapping is lo
ally

inje
tive. Perform the same pro
edure for b-paths.

Remaining paths between verti
es of degree at least three have both ends independent |

it means, that when we sele
t a mapping of their ends into P (a

k

; b

l

) (with respe
t to a- and

b-paths determined by a proper set of halfedges) then we are able to extend the mapping into

a partial 
overing of the entire path.

The partial 
overing proje
tion 
an be always extended to paths ending in verti
es of

degree one. 2

Further we list the NP-
omplete instan
es. The hardness results are proved by redu
tions

from the following problem: For any �xed positive k; l su
h that k + l � 3, it is NP-
omplete

to de
ide if a given (k + l)-regular graph allows a partition of its vertex set into two 
lasses

su
h that every vertex has k neighbors in the same 
lass and l neighbors in the other 
lass.

The proofs are gathered in the Appendix.

Theorem 4.7 The P (a

k

; b

l

)-partial 
over problem is NP-
omplete for every a 6� b mod 2.

In view of Observation 4.3, Theorems 4.6 and 4.7 provide full 
hara
terization of the 
om-

plexity of the P (a

k

; b

l

)-partial 
over problem. The next simplest 
ase is when three di�erent

lengths appear, namely P (a; b; 
) (where a < b < 
 is assumed). Here we have only partial

results.

Proposition 4.8 The P (a; b; 
)-
over is NP-
omplete problem if 
 is divisible by a+ b.

Proposition 4.9 The P (1; 2; 
)-partial 
over problem is NP-
omplete for every 
.

The redu
tions are des
ribed in detail in the Appendix. Here we mention two Lemmas

whi
h are the 
ornerstones of the redu
tions. Espe
ially Lemma 4.11 is interesting on its own.

Lemma 4.10 Suppose a; b; 
 are su
h that there exists an integer m with the following prop-

erty: All solutions to the equation

x

1

+ x

2

+ : : :+ x

k

= m (1)

8



su
h that x

i

2 fa; b; 
g and no two 
onse
utive x

i

have the same value, satisfy one of the


onditions

1) k is odd and x

1

= x

k

= a

2) k is even and x

1

= b and x

k

= 
 and vi
e versa

3) k is even and x

1

= x

k

= b or x

1

= x

k

= 
,

4) x

1

= 
 and there exists no solution di�erent from the 
ase 2) with x

1

= b and vi
e versa

and solutions satisfying 1) and 2) exist. Then P (a; b; 
)-partial 
over is NP-
omplete. (Note

that k in (1) is a variable.)

In the proofs of Propositions 4.8 and 4.9 we present 
onstru
tions of m's satisfying the


onditions of Lemma 4.10. The following lemma justi�es the general s
heme of the NP-


ompleteness redu
tions (see the Appendix).

Lemma 4.11 Let G be a 
onne
ted (multi)graph and let a set C

u

of at least deg

G

(u) 
olors

be assigned to every vertex u of G. If

� G 
ontains a 
y
le or

� there exists a vertex u s.t. jC

u

j > deg

G

(u) or

� there are two leaves u; u

0

s.t. C

u

6= C

0

u

then there exists (and 
an be found in polynomial time) a 
oloring of the half-edges of G whi
h

satis�es 
(u; e) 2 C

u

for every vertex u, and whi
h uses di�erent 
olors for any two half-edges

sharing an end-point (a vertex or the virtual middle point of the parti
ular edge).
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Appendix

A Proof of Theorem 3.2

Lemma A.1 Suppose graphs G and H have the same degree re�nement matrix and let B

j

(G),

B

j

(H), j = 1; 2; : : : ; k be the degree partitions. Then for every i � 0 and j; 1 � j � k

i

there

exists X

ij

� f1; 2; : : : ; kg su
h that B

ij

(G) =

S

h2X

ij

B

j

(G) and B

ij

(H) =

S

h2X

ij

B

j

(H).

Moreover, n

i

G

(u) = n

i

H

(v) for every i � 0 whenever t

G

(u) = t

H

(v).

Proof The degree partition of a graph G 
an be obtained by the following pro
edure (k

i

is the number of 
lasses in the partition after i rounds of re�ning, B

ij

; j = 1; 2; : : : ; k

i

are the


lasses of this partition. The weight t(u) of a vertex u 2 V (G) is the index t(u) = i su
h that

u 2 B

i

.):

1. De�ne k

0

= 1 and B

01

= V (G).

2. Set i = 0

3. Repeat until k

i

= k

i+1

:

3.1. For every vertex u 2 V (G), 
ompute the

neighbor ve
tor n

i

(u) = (n

1

; n

2

; : : : ; n

k

i

) where n

j

= jN(u) \B

ij

j

3.2. De�ne a new partition of V (G) so that u; v belong to the same 
lass

if and only if n

i

(u) = n

i

(v)

3.3. Let k

i+1

be the number of the 
lasses in this partition.

3.4. Order the 
lasses of the partition lexi
ographi
ally a

ording to

the neighbor ve
tors so that u 2 B

i+1;j

and v 2 B

i+1;h

with j < h

imply n

i

(u) >

lex

n

i

(v).

3.5. Set i = i+ 1 and 
ontinue Step 3.

4. Set k = k

i

and B

j

= B

ij

for j = 1; 2; : : : ; k.

Note that the �rst level partitions the vertex a

ording to the degrees of the verti
es, and so

k

1

= 1 and B

11

= V (G) for regular graphs, and the degree partition of regular graphs 
onsists

of a single blo
k. Note also that this pro
edure does not only 
ompute the degree partition,

but also gives a unique ordering of the blo
ks of the degree partition (e.g., B

11


ontains the

verti
es of maximum degree and B

1;k

1

the verti
es of minimum degree). This enables to assign

a matrix to the degree partition in a unique way.

Now we prove the statement by indu
tion.

For i = 0, X

01

= f1; 2; : : : ; kg. If u 2 B

i

(G) and v 2 B

i

(H) then deg

G

(u) =

P

k

j=1

r

ij

=

deg

H

(v) and hen
e n

0

(u) = (deg

G

(u)) = (deg

H

(v)) = n

0

(v).

For i > 0, the existen
e of X

ij

follows from the fa
t that n

i�1

G

(u) = n

i�1

H

(v) whenever

t

G

(u) = t

H

(v). Then n

i

(u) = (

P

h2X

ij

r

th

)

k

i

j=1

= n

i

(v), if t = t

G

(u) = t

H

(v). 2

Theorem: If 
onne
ted graphs G and H have the same degree re�nement matrix then

every partial 
overing proje
tion of G to H is also a full 
overing proje
tion.
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Proof Let f be a partial 
overing proje
tion of G to H. For every vertex u 2 V (G),

deg

G

(u) � deg

H

(f(u)) follows from lo
al inje
tivity of f .

We �rst prove that t

G

(u) � t

H

(f(u)) for every u 2 V (G). As in the proof of the pre
eding

theorem, run the pro
edure DRPro
 simultaneously on G and H. Let t

i

G

(u) denote the weight

of vertex u in the partition of G after i-th run of Step 3, and similarly for H. We prove by

indu
tion on i that t

i

G

(u) � t

i

H

(f(u)) for every u 2 V (G).

For i = 0, t

0

G

(u) = t

0

H

(f(u)) = 1, sin
e k

0

(G) = k

0

(H) = 1.

Suppose i > 0. The weights of u and f(u) depend on their neighbor ve
tors n

i�1

G

(u) and

n

i�1

H

(f(u)). For every neighbor z of u in G, f(z) is a neighbor of f(u) in H and, by indu
tion

hypothesis, t

i�1

G

(z) � t

i�1

H

(f(z)). Hen
e in the lexi
ographi
 ordering n

i�1

G

(u) �

lex

n

i�1

H

(f(u)).

By Step 3.4, this means that t

i

G

(u) � t

i

H

(f(u)). Note that here we are impli
itly using

Lemma A.1, as we are 
omparing neighbor ve
tors in G and H.

For u 2 B

1

(G), t

G

(u) = 1 � t

H

(f(u)) and hen
e t

H

(f(u)) = 1 as well. Thus verti
es from

the blo
k B

1

(G) are mapped to verti
es from B

1

(H). For the rest of the proof let v be an

arbitrary vertex from B

1

(G).

Suppose there exists a vertex u 2 V (G) for whi
h t

G

(u) > t

H

(f(u)). Consider a path from

v to u in G. This path must 
ontain an edge (v

0

; u

0

) 2 E(G) su
h that t

G

(v

0

) = t

H

(f(v

0

)) and

t

G

(u

0

) > t

H

(f(u

0

)). Sin
e v

0

and f(v

0

) have the same number of neighbors of ea
h weight, this

implies the existen
e of a neighbor w

0

of v

0

for whi
h t(w

0

) < t(f(w

0

)), a 
ontradi
tion.

Now for all verti
es u 2 V (G) we have t

G

(u) = t

H

(f(u)), and in parti
ular deg

G

(u) =

deg

H

(f(u)). Hen
e f is a lo
al epimorphism and thus a full 
overing proje
tion of G onto H.

2

B Proof of Observation 4.3

Observation: The problems P (a

1

; a

2

; : : : ; a

n

)-partial 
over and

P (a

1

k; a

2

k; : : : ; a

n

k)-partial 
over are polynomially equivalent for any positive integers

a

1

; a

2

; : : : ; a

n

and any k.

Proof Let G be an input graph for the P (a

1

; a

2

; : : : ; a

n

)-partial 
over problem. Constru
t a

graph G

0

by repla
ing every edge of G by a path of length k. We 
laim that G partially 
oves

P (a

1

; a

2

; : : : ; a

n

) if and only if G

0

partially 
overs P (a

1

k; a

2

k; : : : ; a

n

k). The `only if' part is

obvious, for the `if' dire
tion note that the verti
es of degree at least three inG

0

must map onto

the verti
es x; y of P (a

1

k; a

2

k; : : : ; a

n

k) in any partial 
overing proje
tion, and the lengths of

the paths between any two su
h verti
es are divisible by k. It follows that the only verti
es

of degree two whi
h may map onto x or y are at distan
e divisible by k from the verti
es of

degree at least three, and thus any partial 
overing proje
tion from G

0

to P (a

1

k; a

2

k; : : : ; a

n

k)

yields a partial 
overing proje
tion from G to P (a

1

; a

2

; : : : ; a

n

).

Conversely, if any two verti
es of degree at least three of a graph G

0

are 
onne
ted by a

path whose length is not divisible by k then G

0


annot partially 
over P (a

1

k; a

2

k; : : : ; a

n

k).

Then, 
onstru
t a graph G by repla
ing every path 
onne
ting two verti
es of degree at least

three in G

0

by a path of k-times shorter length. Then G partially 
overs P (a

1

; a

2

; : : : ; a

n

) if

12



and only if G

0

partially 
overs P (a

1

k; a

2

k; : : : ; a

n

k) (note that paths 
onsisting of verti
es of

degree two and ending in leaves are irrelevant for partial 
overs). 2

C Proof of Theorem 4.7

De�nition C.1 A proper half-edge 
oloring of a multigraph is a 
oloring of edge ends su
h

that every edge has both ends 
olored by di�erent 
olors and no two ends in
ident with a


ommon vertex have the same 
olor.

More formally a proper halfedge 
oloring using at most k 
olors is a fun
tion 
 : HE !

f1; :::; kg, where HE =

S

e=(u;v)2E(G)

f(u; e); (v; e)g and the following 
onditions are satis�ed:

{ 8e 2 E(G); e = (u; v) : 
(u; e) 6= 
(v; e)

{ 8e; f 2 E(G); e \ f = u : 
(u; e) 6= 
(u; f)

Note that if e = (u; u) is a loop then the element (u; e) appears twi
e in HE and therefore

we regard HE as a multiset.

Lemma C.2 =4.11 Let G be a 
onne
ted (multi)graph and let a set C

u

of at least deg

G

(u)


olors be assigned to every vertex u of G. If

� G 
ontains a 
y
le or

� there exists a vertex u s.t. jC

u

j > deg

G

(u) or

� there are two leaves u; u

0

s.t. C

u

6= C

0

u

then a proper half-edge 
oloring satisfying 
(u; e) 2 C

u

always exists and 
an be found in

polynomial time.

Proof W.l.o.g. we assume that G does not 
ontain loops, sin
e having a proper halfedge


oloring of G without loops we 
an 
olor every loop by a pair of remaining 
olors.

We prove the statement by indu
tion on the number of verti
es. If G has one vertex only

the situation is trivial. Suppose V (G) � 2.

Sele
t u 2 V (G) so that G n u stays 
onne
ted. By the indu
tion hypothesis a proper

halfedge 
oloring 
 of G n u exists. (Ea
h neighbor v of u satis�es jC

v

j > deg

Gnu

(v).) Denote

d = deg

G

(u).

We need to 
olor the halfedges (u; e) and (v

e

; e); e = (u; v

e

). First 
olor ea
h (v

e

; e) by a


olor from C

v

e

that is not used around the vertex v

e

yet.

For ea
h edge e adja
ent to u 
onsider the set of feasible 
olors of the halfedge (u; e) and

ask for a distin
t representative (
olor). By K�onig-Hall's marriage theorem the system does

not have a solution if and only if all sets of feasible 
olors are equal and have d�1 
olors ea
h.

In other words all halfedges (v

e

; e) are 
olored by the same 
olor z.

In this situation we try to re
olor halfedges adja
ent to a neighbor v

e

, so that (v

e

; e) gets

a 
olor di�erent from z. By the same argument as above this is impossible if and only if

13



the 
olor z is used on all halfedges (w; f) where w is a neighbor of v

e

di�erent from u and

f = (v

e

; w) is an edge of G. Sin
e G is a �nite multigraph, this situation 
annot repeat for all

verti
es.

Formally we perform a re
oloring by the breadth �rst sear
h:

� Init: Put u into the FIFO queue and mark it as the root of the sear
h tree.

� Step: Remove the front vertex v from the queue:

{ Case 1: If deg

G

(v) < jC

v

j, then assume the path to the root: v; v

0

; � � � ; v

k

= u.

Re
olor the halfedges on the path as follows: Denote f

i

= v

i

; v

i+1

, and on (v

i

; f

i

)

use arbitrary feasible 
olor di�erent from z, while on (v

i+1

; f

i

) use 
olor z.

{ Case 2: If there exists a des
endant w of v su
h that 
(w; (v; w)) 6= z, then re
olor

(v; (v; w)) by z. Finally re
olor the path to the root as in Case 1.

{ Case 3: Otherwise 
onsider all des
endants of v. None of them is in the queue

yet, be
ause at most one halfedge 
an be 
olored by z around any vertex. Put all

des
endants into the queue and 
ontinue by the next round of BFS.

The algorithm is �nite sin
e it stops when it rea
hes Case 1 or 2. In Case 3 we pro
ess

edges that form a tree, whi
h 
annot grow into the entire graph G be
ause of the assumptions

on the graph G. 2

Theorem 4.7 The P (a

k

; b

l

)-partial 
over problem is NP-
omplete for every a 6� b mod 2.

Proof We suppose that a and b are relatively prime by Observation 4.3. The proof is

independent on the size of a and b therefore we w.l.o.g. suppose that a is odd and b is even.

We show a polynomial redu
tion from the BW (k; l)-
oloring problem whi
h is NP-
omplete

whenever k+ l � 3, k; l > 0. (See [19℄ for k even, the 
ase of k odd is similar.) The BW (k; l)-


oloring problem asks whether the verti
es of a (k + l)-regular graph 
an be 
olored by bla
k

and white, su
h that ea
h vertex has exa
tly k neighbors of the same 
olor.

Suppose k � 2; l � 2. Let G be an input graph for the BW (k; l)-
oloring problem. Repla
e

ea
h edge of G by a path of length ab, 
all the new graph G

0

and suppose it 
overs P (a

k

; b

l

).

The original verti
es of G

0

have degree (k+ l) and hen
e their mirrors in G

0

are mapped onto

x and y in P (a

k

; b

l

). Color a vertex of G bla
k if its mirror in G

0

maps to x and 
olor it white

otherwise. We show that this is a solution of the BW (k; l)-
oloring problem for G.

Consider a partial 
over of path P

ab

into P (a

k

; b

l

) with both ends mapped onto x; y. It

means that ab is a nonnegative linear 
ombination of a and b. The only solutions for the linear


ombination are a+ a+ � � �+ a and b+ b+ � � � + b.

The �rst solution has an even number of summands and therefore the endverti
es of paths


overed by this pattern have the same 
olor, while in the se
ond 
ase the sum has an odd

number of summands and the 
orresponding endverti
es get di�erent 
olors.

Any partial 
overing is lo
ally inje
tive, so among the (k+ l) edges adja
ent to a vertex u

of G

0

a pattern whi
h starts with a is used on k edges, and a b pattern is used on l edges.

To 
on
lude the polynomial redu
tion we show that any solution of the BW (k; l)-
oloring

problem for G 
an be transformed to a partial 
overing proje
tion G

0

! P (a

k

; b

l

).
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Observe that the subgraph of G spanned by edges 
onne
ting the set of white verti
es with

the set of bla
k verti
es is bipartite and l-regular. Therefore its edges 
an be partitioned into

l 1-fa
tors. For ea
h 1-fa
tor use in G

0

a pattern of 
overing P

ab

into P (a

k

; b

l

) that starts and

ends with the same b-path and use di�erent b-paths for di�erent 1-fa
tors.

Then 
onsider the graph spanned by edges 
onne
ting only bla
k verti
es (the subgraph

spanned by the white verti
es is treated similarly). These edges form a k-regular graph. Assign

to every vertex the set f1; :::; kg as the set of feasible 
olors (representing the k distin
t a-paths

of P (a

k

; b

l

)) and ask for a proper halfedge 
oloring. By Lemma 4.11 su
h a 
oloring exists

and as above we assign to ea
h 
olor a unique a-path. Sin
e the number of summands in the


orresponding sum is even, for any pair of distin
t a-paths there exists a 
overing pattern of

P

ab

into P (a

k

; b

l

) su
h that the end segments of P

ab

are mapped onto the sele
ted a-paths.

If l = 1, then we use a redu
tion from the BW (k; 1)-
oloring problem. Repla
e ea
h

edge of graph G by a path of length m = ab + (a � 1)a. We 
onsider only solutions of

the linear 
ombination m = ap + bq satisfying q � p � 1 sin
e no two 
onse
utive b-paths

appear 
onse
utively in a partial 
overing of P

m

. The only solutions are m = a+ a+ � � � + a

(p = a + b � 1; q = 0) with an even number of summands and m = b + a + b + a + � � � + b

(p = a� 1; q = a) with an odd number of summands. Then the proof is �nished similarly.

For k = 1 we redu
e the BW (l; 1)-
oloring problem. As above we repla
e ea
h edge by P

m

where m = ab + (b � 1)b. For a solution of the linear 
ombination m = ap + bq we demand

p � q � 1 and the only solutions are m = b + b + � � � + b and m = a + b + a + b + � � � + a.

In 
ontrary to the previous two 
ases, here b-paths represent edges between verti
es with the

same 
olor and an a-paths 
onne
t verti
es of di�erent 
olors. Finish the proof as above with

a and b (k and l) inter
hanged. 2

D Proof of Propositions 4.8 and 4.9:

Lemma D.1 =4.10 Suppose a; b; 
 are su
h that there exists an integer m with the following

property: All solutions to the equation

x

1

+ x

2

+ : : :+ x

k

= m(1) (2)

su
h that x

i

2 fa; b; 
g and no two 
onse
utive x

i

have the same value, satisfy one of the


onditions

1) k is odd and x

1

= x

k

= a

2) k is even and x

1

= b and x

k

= 
 and vi
e versa

3) k is even and x

1

= x

k

= b or x

1

= x

k

= 
,

4) x

1

= 
 and there exists no solution di�erent from the 
ase 2) with x

1

= b and vi
e versa

and solutions satisfying 1) and 2) exist. Then P (a; b; 
)-partial 
over is NP-
omplete. (Note

that k in (1) is a variable.)

Proof We show a redu
tion from the BW (2; 1)-
oloring problem.

Let G be a 
ubi
 graph. Repla
e every edge of G by a path of length m. We 
laim that

this new graph G

0

partially 
overs P (a; b; 
) if and only if G allows a BW (2; 1)-
oloring.
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Suppose f : V (G

0

) ! V (P (a; b; 
)) is a partial 
overing proje
tion. The verti
es of degree

3, i.e., the verti
es whi
h belong both to G

0

and G, must map onto x or y, the only verti
es

of degree 3 in P (a; b; 
). Consider a path of length m whi
h joins two of su
h verti
es. The

restri
tion of f to this path is a partial 
overing proje
tion to P (a; b; 
). Let v

1

; v

2

; : : : ; v

k+1

be

the verti
es on this path (in 
onse
utive order) whi
h also map onto x or y (hen
e v

1

and v

k+1

are the endpoints of the path). The segment between v

i

and v

i+1

must fully 
over one of the

paths of P (a; b; 
), and two 
onse
utive segments must be mapped onto di�erent paths. Let x

i

be the length of the segment between v

i�1

and v

i

, then the x

i

's provide a solution to equation

(1). Sin
e in a partial 
overing proje
tion every vertex u of degree 3 has its neighborhood

mapped bije
tively onto the neighborhood of f(u) 2 fx; yg, exa
tly one path leaving u starts

with segment x

1

= a, exa
tly one starts with segment x

1

= b and exa
tly one starts with

segment x

1

= 
. Given the properties 1) and 2) of the solutions of (1), and given the fa
t that

f(v

k+1

) = f(v

1

) if k is even and f(v

k+1

) 6= f(v

1

) if k is odd, we see that exa
tly two paths

leaving u end in a vertex whi
h is mapped onto the same vertex as u, and exa
tly one path

ends in a vertex mapped onto the other one. Thus 
oloring a vertex u of G bla
k if f(u) = x

and white if f(u) = y, we get a BW (2; 1)-
oloring.

The solution of type 3) des
ribes that a path with �rst segment x

1

= b or 
 leads to a

vertex of the same 
olor.

The fourth 
ase is not used in the partial 
overing s
hemes, sin
e if the only solution with

x

1

= b is of type 2), then at ea
h vertex one path starts with segment x

1

= 
 and the other

end of the path supplies ea
h vertex with segment x

k

= b.

The 
onverse is now almost trivial, a partial 
overing proje
tion from G

0

to P (a; b; 
) 
an be


onstru
ted from a BW (2; 1)-
oloring using the assumed existen
e of solutions of type 1) and

2) of equation (1). The paths whi
h 
orrespond to edges between bla
k and white verti
es will

be 
overed a

ording to the pattern given by solution of type 1), the paths whi
h 
orrespond

to edges with equally 
olored endpoints form 
y
les, and along these 
y
les a partial 
overing

proje
tion will be 
onstru
ted by repeating a solution of type 2). 2

Proposition 4.8 The P (a; b; 
)-partial 
over is NP-
omplete problem if 
 is divisible by a+b.

Proof Suppose a + b divides 
. Then m = 
 works for Lemma 4.10, the only solutions to

equation (1) being


 = 
 (k odd)


 = a+ b+ a+ b+ : : : + a+ b,


 = b+ a+ b+ a+ : : : + b+ a (k even). 2

Proposition 4.9The P (1; 2; 
)-partial 
over problem is NP-
omplete for every 
.

Proof Again use Lemma 4.10. First dis
uss the 
ase 
 odd. For 
 = 3h, m = 
 allows the

following solutions to equation (1)


 = 
 (k odd)


 = 1 + 2 + 1 + : : : + 2 = 2 + 1 + 2 + : : :+ 1 (k even).

For 
 = 3h+ 1, m = 
+ 1 allows the following solutions to equation (1)


+ 1 = 2 + 1 + 2 + : : :+ 1 + 2 (k odd)
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+ 1 = 1 + 
 = 
+ 1 (k even).

For 
 = 3h+ 2, m = 
+ 2 allows the following solutions to equation (1)


+ 2 = 1 + 2 + 1 + : : :+ 2 + 1 = 1 + 
+ 1 (k odd)


+ 2 = 2 + 
 = 
+ 2 (k even).

For even 
, m = 
+ 2 allows the following solutions to equation (1)


+ 2 = 1 + 
+ 1 (k odd).


+ 2 = 2 + 
 = 
+ 2 (k even).

Note that the following solutions do not a�e
t the appli
ation of Lemma 4.10. For 
 =

3h+ 2 : 
+ 2 = 1 + 2 + 1 + : : :+ 2+ 1 (k odd) and 
 = 3h+ 1 : 
+ 2 = 1 + 2 + 1 + : : :+ 2. 2
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