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Abstra
t. This short le
ture notes are prepared to formulate and

demonstrate so 
alled \dis
harging te
hnique" in 
ombinatorial proofs.

We provide general des
ription of the method, and several easy example

appli
ations. Moreover, we refer some more involved appli
ations, among

them the unavoidability part of the Four 
olor theorem.

1 The dis
harging te
hnique

First we need to de
lare basi
 graph terms. We 
onsider only �nite graphs;

however, we allow loops or parallel edges in general. We say that a graph is

simple if it 
ontains no loops or parallel edges.

1.1 Motivation

Why do we say \dis
harging"? Sin
e we use to say that we set 
harge on elements

of a graph (verti
es, edges, fa
es, et
), and then we dis
harge it.

And how is this useful? Generaly speaking, we sum the total 
harge over

whole graph twi
e, on
e before dis
harging and on
e after that. In one summing

we use some sort of \generi
 formula", in the other summing we use spe
i�


graph properties. Finally, we derive our 
on
lusion from dis
repan
ies we have

found.

The generi
 formula mentioned above is an (un
onditional) equation that

holds for our 
lass of graphs. Usually, Euler's formula is used for embedded

graphs, see below.

The whole dis
harging te
hnique is just a sophisti
ated \bridge" between the

generi
 formula and spe
i�
 graph properties we are interested in.

1.2 Euler's formula

A surfa
e is a 
ompa
t 2-manifold. (However, you do not need to understand

mu
h topology to imagine a surfa
e { like a sphere, torus, proje
tive plane, Klein

bottle, et
.)



A graph G is embedded on a surfa
e S if its verti
es are mapped to distin
t

points of S, and edges are mapped to simple 
urves (simple 
losed 
urves for

loops) in S 
onne
ting its vertex-points. Moreover, no two edge-
urves share a

point in S ex
ept possibly a 
ommon vertex-point in G, and no vertex-point

belongs to an interior of an edge-
urve of G. A fa
e of an embedding of G is a


onne
ted 
omponent of the surfa
e S after deleting the embedding. A graph is

2-
ell embedded on S if all fa
es are homeomorphi
 to open dis
s. (Informally,

the embedding \uses" whole surfa
e.) Any plane graph is 2-
ell embedded.

Let a graph G be 2-
ell embedded on a surfa
e S. Let V (G) be the vertex

set, v = jV (G)j, let E(G) be the edge set, e = jE(G)j, and let F (G) be the set

of fa
es of the embedding, f = jF (G)j. (Noti
e that the graph a
tually needs to

be embedded to speak about Euler's formula!)

Then

v + f � e = �(S);

where �(S) is a 
onstant depending only on the surfa
e S.

(For example, � = 2 for the plane, � = 1 for the proje
tive plane, and � = 0

for the torus and Klein bottle. The value of � is negative for all other surfa
es.)

1.3 Formulation

For our purpose, 
harge is just arbitrary real number (value), it may be positive

or negative, and it 
an be arbitrarily divided. In general, the dis
harging method

makes the following steps:

\Charging phase"

1. Assign initial 
harges to 
ertain elements of a graph (verti
es, edges, fa
es,

et
. . . ).

2. Compute the total 
harge assigned to the whole graph (usually using Euler's

formula).

\Dis
harging phase"

3. Redistribute 
harge in the graph a

ording to a set of dis
harging rules.

(This is a key step that makes all work. It is important that no additional


harge is introdu
ed or lost.)

4. Compute the total 
harge again (usually using spe
i�
 properties of the

graph), and derive a 
on
lusion.

However, keep in mind that what we presented is just a rough skeleton of the

te
hnique. It usually requires a lot of additional ideas to apply the method to our

parti
ular problem. (Think about \dis
harging" as an analogue to \indu
tion"

or to other well know mathemati
al methods.) Also, the above presented steps

may look slightly di�erent in pra
ti
al appli
ations.
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2 Examples of dis
harging

We start with very easy examples to illustrate the dis
harging te
hnique. The

�rst ones do not even use the dis
harging phase, they are here to demonstrate

how initial 
harge is assigned, and how total 
harge 
an be 
omputed in a graph.

(In typi
al appli
ations we target to \average" initial 
harges around 0.) The

next examples already use both phases, but they are still quite easy to follow

and to play with.

2.1 Degree-5 vertex in the plane

Every planar graph without fa
es of length less than 3 has a vertex of degree at

most 5:

We 
harge vertex of degree d by 6 � d, and fa
e of length l by 2(3 � l).

Total 
harge is

P

v2V

(6 � d

v

) +

P

f2F

2(3 � l

f

) = 6jV j � 2jEj + 6jF j � 4jEj =

6(jV j � jEj+ jF j) = 6 � 2 = 12.

So there must be a vertex v su
h that 6� d

v

> 0, d

v

� 5.

(Why do we set 
harges as above? As noted above, we want to average initial


harge around 0, and a \typi
al graph" in this question has fa
es of length 3 and

verti
es of degree 6. So our 
hoi
e \nulls" 
harge for typi
al verti
es and fa
es.

Of 
ourse, the main point is that our 
hoi
e works ni
ely in Euler's formula!)

2.2 6-regular graphs on torus

If a 6-regular graph is embedded on torus without fa
es of length less than 3,

then it is a triangulation of torus:

Again, 
harge vertex of degree d by 6�d, and fa
e of length l by 2(3�l). Total


harge is now

P

v2V

(6� d

v

) +

P

f2F

2(3 � l

f

) = 6jV j � 2jEj + 6jF j � 4jEj = 0

on torus.

So if 6� d

v

= 0 for all v, and 3� l

f

� 0, all fa
es must be triangles.

(You may see that the 
hoi
e of initial 
harge 6� d and 2(3� l) is pretty typi
al

in appli
ations.)

2.3 Degree + fa
e length in the plane

In any plane graph without verti
es of degree less than 3 and without fa
es of

length less than 3, there is a vertex of degree d in
ident with a fa
e of length l

su
h that d+ l � 8.

(Vertex-fa
e in
iden
e is 
alled a 
orner.)

We 
harge vertex of degree d by 4 � d, and fa
e of length l by 4 � l. Total


harge is

P

v2V

(4� d

v

) +

P

f2F

(4� l

f

) = 4jV j � 2jEj+ 4jF j � 2jEj = 4 � 2 = 8.

Then we dis
harge every vertex and every fa
e equally to all adja
ent 
orners.

Pre
isely, if a vertex of degree d got initial 
harge 4�d, it sends 
harge of

4�d

d

to
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ea
h of d adja
ent 
orners. The result is that this vertex now has no 
harge, and

its former 
harge (positive or negative) is now in the adja
ent 
orners. Similar

rule applies to ea
h fa
e.

Final 
harge of ea
h vertex or fa
e is 0, so some 
orner must have positive


harge. Let the vertex adja
ent to this 
orner have degree d, and let the fa
e

adja
ent to this 
orner have length l. Sin
e we know d � 3 and l � 3, we derive:

4� d

d

+

4� l

l

> 0 :

4l + 4d� 2dl > 0 ;

l <

2d

d� 2

� 6 ; d <

2l

l � 2

� 6 ;

d+ l <

l

2

l � 2

=) d+ l � maxf8; 7; 8g for l = 3; 4; 5.

Noti
e that we a
tually proved something slightly stronger than was required.

(Why have we 
hosen di�erent initial 
harges in this 
ase? In this problem,

there is natural vertex-fa
e duality, so verti
es and fa
es should be 
harged and

dis
harged in the same way. When you try to work that out in Euler's formula,

you dis
over that 4� d and 4� l is a natural 
hoi
e.

This is the �rst example that a
tually uses the dis
harging phase. Here you may

ni
ely see how the dis
harging rules build a \bridge" between the graph elements

involved in Euler's formula { verti
es and fa
es, and the graph elements we are

interested in - 
orners.)

2.4 Covering graph K

3;5

Let G be a planar bipartite simple graph with vertex partition V (G) = V [W ,

the verti
es of V having degrees 5, and the verti
es of W having degrees 3.

Let � : V (G) ! f1; 2; : : : ; 8g be a labelling of verti
es of G su
h that: Ea
h

vertex of V has label one of 1; 2; 3, and its neighbors are labeled by 4; 5; 6; 7; 8.

Ea
h vertex of W has label one of 4; 5; 6; 7; 8, and its neighbors are labeled by

1; 2; 3. We show that a graph G of these properties 
annot exist. (This ellegant

result was dis
overed independently by several people, among them Fellows and

Ar
hdea
on.)

We 
harge vertex of degree d by 3(4 � d), and fa
e of length l by 3(4 � l).

Total 
harge is

P

v2V

3(4�d

v

)+

P

f2F

3(4� l

f

) = 3(4jV j�2jEj+4jF j�2jEj) =

12 � 2 = 24. (We multiply all 
harge by 3 to avoid fra
tions later.)

The �rst dis
harging rule sends 
harge of 1 from every vertex of W to ea
h of

its three neighbors. (Sin
e a vertex w 2 W had initial 
harge 3, this rule makes


harge 0.) The se
ond dis
harging rule sends 
harge of 2 from every vertex of V

to ea
h adja
ent fa
e of length 6 or more. (Of 
ourse, this rule applies only to

verti
es v 2 V that have some of the �ve adja
ent fa
es of length 6 or more.)

As was already noted, �nal 
harge for every vertex w 2 W is 0. If f is a

fa
e of length 4, it starts with 
harge 0, and no dis
harging rule 
on
erns f . If
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f is a fa
e of length l � 6, then it starts with 
harge 3(4 � l), and f re
eives


harge of at most 2(l=2) from verti
es of V in
ident with f . So �nal 
harge of f

is 3(4� l)+ l = 12�2l � 0. (Re
all that G is bipartite and simple!) Every vertex

v 2 V starts with 
harge of �3, then it re
eives 
harge of 5 in total by the �rst

dis
harging rule, and sends 
harge of 2 to ea
h adja
ent fa
e of length at least 6.

Therefore, if every vertex v 2 V has an adja
ent fa
e of length at least 6, then

v ends up with �nal 
harge of at most 0.

The fa
t that every vertex v 2 V must have an adja
ent fa
e of length

at least 6 is left to reader. (Just draw a pi
ture and try to assign labels to

neighboring verti
es.)

So what is the 
on
lusion? The total initial 
harge assigned to G was 24,

whi
h is a positive number. However, the total �nal 
harge over whole G is non-

positive. We have got a 
ontradi
tion showing that a graphG of these properties


annot exist.

(This is another illustration of a simple dis
harging pro
ess. It is worth to

mention that the dis
harging rules are all applied at on
e, there is no pro
ess

in the formal appli
ation. However, we often speak about the rules like if there

was some step-by-step pro
ess sin
e that makes our ideas easier to follow. Look

again at the text above.

Another suggestion is the following: Always design dis
harging rules to be lo
al

{ i.e. that 
harge is moved between adja
ent graph elements, like from a vertex

to its neighbors, to adja
ent fa
es, or to adja
ent edges. Otherwise you would

have very hard work to 
ompute �nal 
harges in the graph. That is why our

dis
harging rules �rst send \ex
ess" 
harge from verti
es of W to verti
es of V ,

and then from verti
es of V to adja
ent large fa
es.)

2.5 Adja
ent low-degree verti
es

This last example is more involved than the previous ones, and it is designed as

an ex
er
ise for readers. We want to �nd in a given planar graph two adja
ent

verti
es su
h that the sum of their degrees is minimized. (History of this question

goes ba
k to Kotzig many year ago. . . )

Of 
ourse, to be able to prove any upper bound, we must restri
t our attention

to plane graphs G with no verti
es of degree less than 3, and no fa
es of length

less than 3. If e is an edge of a graph G, we 
all the sum of degrees of endverti
es

of e the weight of e. It is a good idea to look �rst at graphs with \heavy" edges.

For example, adding a degree-5 vertex to ea
h fa
e of a regular dode
ahedron


reates a graph with all edges of weight at lest 11. Can you �nd even \heavier"

graphs?

Now try to apply some dis
harging method to obtain an upper bound (in

the sense that one 
an always �nd an edge in G of weight at most D for some


onstant D). First try a method analogous to Se
tion 2.3 { dis
harge every vertex

of G equally to all in
ident edges, and then look at the edge with positive �nal


harge. Do you get anything useful? Unfortunately not. . .

Then analyze reasons why the previous simple method did not work. (Hint:

It is useless to dis
harge high-degree verti
es to heavy edges, sin
e then su
h an
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edge gets very low negative 
harge { we may say that su
h an edge is \vasted".)

Try to design more sophisti
ated dis
harging rules that take the stru
ture of the

neighborhood of a vertex into a

ount. Also, it is useful to 
onsider separately

the 
ases when minimal degree in G is 3; 4 or 5. Good lu
k!

3 Appli
ations of the te
hnique

3.1 Planar 
overs of graphs

This se
tion presents few 
omments to the paper

http://www.fields.utoronto.
a/~phlineny/temp/
ov2dis
h.ps.gz

that was prepared for these notes. So �rst obtain and print the paper, and look

at the related de�nitions.

Now go ba
k to Se
tion 2.4, and see that the statement presented there is

a
tually a proof that the graph K

3;5

has no planar 
over. The paper presents

proofs of nonexisten
e of a planar 
over for another two graphsK

4;4

�e and E

2

.

Both proofs use the dis
harging te
hnique, and both of them have surprisingly

simple dis
harging rules, yet proving rather sophisti
ated statements.

When reading the proofs, fo
us on the dis
harging parts, and noti
e what

all is needed to make the dis
harging method work. The �rst proof uses pretty

standard dis
harging method, a
tually similar (in form) to Se
tion 2.4. On the

other hand, the se
ond proof looks 
ompletely di�erent from what we have seen

so far here, and it respe
ts little from the above written suggestions. Why? In

fa
t, that is hard to say, the only 
omment we 
an say is that a \standard

dis
harging te
hnique" does not work well in this parti
ular 
ase.

3.2 Four 
olor theorem

This is probably the best known appli
ation of the dis
harging te
hnique. The

history of the four 
olor problem started already in the last 
entury. The question

is whether every planar graph (plana map) 
an be properly 
olored using just

four 
olors. Nowadays, this is not longer a problem, but a theorem.

The �rst proof of the Four 
olor theorem by Appel and Haken appeared in

1976. However, the proof was 
ompli
ated and un
lear, and so it was not widely

a

epted. That is why a new proof by Robertson, Sanders, Seymour and Thomas

appeared several years later. Read more about history of the problem and its

proofs on

http://www.math.gate
h.edu/~thomas/FC/four
olor.html:

The reason to mention Four 
olor theorem here is that one part (\unavoid-

ability") of both proofs uses dis
harging te
hnique. We will fo
us on the newer

proof of the theorem. It is best to start by reading the above web page. Then,

we do not suggest to read the formal paper that appeared in [N. Robertson, D.

P. Sanders, P. D. Seymour and R. Thomas, The four 
olour theorem, J. Combin.
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Theory Ser. B. 70 (1997), 2{44℄, due to its 
omplexity. It is better to read the

survey version

http://www.math.gate
h.edu/~thomas/update.ps

whi
h appeared in AMS Noti
es in 1998, sin
e it gives better understanding of

the dis
harging method used in the proof.

Do not be afraid of the length of the proof, the dis
harging method is quite

standard, it only uses (too) many 
on�gurations and rules. Noti
e one thing in

the proof { there is no use of 
harge on fa
es. The reason is very simple; the

problem is formulated on planar triangulations, and so every fa
e would get


harge 2(3 � l) = 2(3 � 3) = 0.

This arti
le was pro
essed using the L

A

T

E

X ma
ro pa
kage with LLNCS style
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