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1 Formulation

Line-point in
iden
es. Consider a set P of n points and a set L of m lines

in the plane. What is the maximum possible number of their in
iden
es, i.e.

pairs (p; `) su
h that p 2 P , ` 2 L and p 2 `? Denote the number of in
iden
es

for spe
i�
 L and P by I(L;P ), and let I(n;m) be the maximum of I(L;P )

over all 
hoi
es of an n-element L and an m-element P .

A trivial upper bound is I(n;m) � nm, but it is easy to see that it 
an

never be attained unless n = 1 or m = 1. In fa
t, if n has a similar order of

magnitude as m then I(n;m) is asymptoti
ally mu
h smaller than nm. The

order of magnitude is known exa
tly, and is given by the following theorem,


onje
tured by Erd}os and �rst proved by Szemer�edi and Trotter in 1973:

1.1 Theorem (Szemer�edi{Trotter theorem). For all n;m, I(m;n) =

O(n+m+ n

2=3

m

2=3

), and this is asymptoti
ally tight.

The original proof of the upper bound was quite 
ompli
ated. Then a

simpler proof was found, and re
ently a very simple one. We give two proofs in

the sequel (one simpler, and one in
luding important te
hniques useful also in

more general situations). To simplify 
al
ulations, we will mostly 
onsider the


ase m = n, whi
h is the most interesting one (the general 
ase uses no new

ideas, only a bit more 
al
ulation).

Of 
ourse, the problem of line{point in
iden
es 
an be generalized in many

ways. We 
an 
onsider in
iden
es between points and hyperplanes in higher

dimensions, or between points and 
urves of some family in the plane, et
. A

parti
ularly interesting 
ase is that of unit 
ir
les vs. points, whi
h is 
losely

related to so-
alled unit distan
es problem.

Unit distan
es and distin
t distan
es. Let U(n) denote the maximum

possible number of pairs of points with unit distan
e in an n-point set in the

plane. For n � 3 we have U(n) =

�

n

2

�

(all distan
es 
an be 1), but already for

n = 4 at most 5 of the 6 distan
es 
an be 1, i.e. f(4) = 5. Erd}os asked about

the asymptoti
 behavior of the fun
tion U(n) for n!1.

1



This 
an also be re-formulated as an in
iden
e problem. Namely, 
onsider

and n-point set P , and draw a unit 
ir
le around ea
h point of p, thereby obtain-

ing a set C of n unit 
ir
les. Ea
h pair of points at unit distan
e 
ontributes two


ir
le{point in
iden
es, and hen
e U(n) �

1

2

J(n; n), where J(n;m) denotes the

maximum possible number of in
iden
es between n unit 
ir
les and m points.

Unlike to the 
ase of line{point in
iden
es, the 
orre
t order of magnitude of

U(n) is not known. An upper bound of O(n

4=3

) 
an be obtained by modifying

the proofs of the Szemer�edi{Trotter theorem. But the best known lower bound

is U(n) � n

1+


1

=log log n

, for some positive 
onstant 


1

.

A related quantity is the minimum possible number of distin
t distan
es

determined by n points in the plane; formally

g(n) = min

P�R

2

: jP j=n

jfdist(x; y): x; y 2 Pgj :

Clearly g(n) �

�

n

2

�

=U(n), so the above mentioned bound U(n) = O(n

4=3

) gives

g(n) = 
(n

2=3

). This has been improved to a lower bound of 
(n

4=5

). The best

known upper bound is O(n=

p

log n).

Many 
ells in arrangements. A problem related to line{point in
iden
es

is, what is the maximum total number of verti
es of m distin
t 
ells in an

arrangement of n lines in the plane. Let us denote this number by K(n;m).

A simple 
onstru
tion shows that the maximum number of in
iden
es, I(n;m),

is asymptoti
ally upper-bounded by K(n;m); more exa
tly, we have I(n;m) �

K(2n;m)=2. To see this, 
onsider a set L of n lines and a set P of m points

realizing I(n;m), and repla
e ea
h line ` 2 L by a pair of lines `

0

; `

00

parallel to

` and lying at distan
e " from `:

If " > 0 is small enough, then a point p 2 P in
ident to k lines in the original

arrangement now lies in a tiny 
ell with 2k verti
es in the modi�ed arrangement.

It turns out that K(n;m) has the same order of magnitude as I(n;m) does,

and the upper bound 
an be obtained by methods similar to those used for

I(n;m). Generalizations of this \many 
ells problem" to higher dimensions

with, say, bounded-degree algebrai
 surfa
es instead of lines be
omes 
onsider-

ably more diÆ
ult. Even for the 
omplexity of a single 
ell in an arrangement of

bounded-degree algebrai
 surfa
es in R

3

, near-tight bounds have been obtained

only very re
ently.

Exer
ises

1. Let J(n;m) and U(n) be as in the text.
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(a) Prove that J(2n) = O(J(n)).

(b) We have seen that U(n) �

1

2

J(n; n). Prove that J(n; n) = O(U(n)).

2. Show that in dimension 4, an n-point set may determine 
(n

2

) unit distan
es.

[4 points℄

2 Lower Bound for Line{Point In
iden
es

Here we show that the bound I(n; n) = O(n

4=3

) for the maximum number of

in
iden
es of n lines and n points is asymptoti
ally optimal (the lower bound

for I(n;m) with n 6= m is obtained similarly). For simpli
ity, we suppose that

n = 4t

6

for a natural number t, and we putm =

p

n = 2t

3

. For the point set P ,

we 
hoose the m�m grid, i.e. we set P = f(i; j): i; j = 0; 1; 2; : : : ;m� 1g. Let

S denote the set of all pairs (a; b), where a; b = 1; 2; : : : ; t and a; b are 
o-prime

(their greatest 
ommon divisor is 1). For ea
h point p 2 P we 
onsider all lines

passing through p with slope a=b for some pair (a; b) 2 S. For L we take the

union of all the lines thus obtained for all points p 2 P .

First we bound the total number of lines in L. A line with slope a=b, with

(a; b) 2 S, passing through a point (i; j) also passes through all points (i+qa; j+

qb) for all integers q, and from this we see that any line of L passes through

some point (i; j) 2 P with either i 2 f0; 1; : : : ; t � 1g or j 2 f0; 1; : : : ; t � 1g.

These are altogether at most 2tm points, and there are at jSj � t

2

lines passing

through ea
h su
h point. Altogether we get jLj < 2t

3

m = n.

The number of in
iden
es between the points of P and the lines of L equals

jP j � jSj (sin
e exa
tly jSj lines are passing through ea
h point). Hen
e we

need to lower-bound jSj, whi
h is the number of pairs of 
o-prime numbers not

ex
eeding t. Let us remark that with a bit of elementary number theory one


an show that jSj �

6

�

2

t

2

, but we will only do a weaker and easier estimate of

the form jSj � 
t

2

, for a 
onstant 
 > 0, whi
h is enough for our purposes.

The total number of pairs (a; b) is t

2

; we will subtra
t the number of pairs

with a nontrivial 
ommon divisor. The number of pairs divisible by a prime

p � t is bt=p


2

� t

2

=p

2

, and hen
e the number of pairs with a nontrivial 
ommon

divisor is no more than t

2

P

p�t

1=p

2

, where the sum extends over all primes p

not ex
eeding t. We have

X

p�t

1

p

2

�

1

4

+

1

X

n=3

1

n

2

�

1

4

+

Z

1

2

dx

x

2

=

3

4

:

In this way we have proved the promised estimate jSj � t

2

=4, and hen
e

I(n; n) � :t

2

=4 = 
(n

4=3

). 2

3 Lower Bound for the Number of Unit Distan
es

3.1 Theorem. There exists a 
on�guration of n points in the plane with at

least n

1+


1

= log log n

unit distan
es, with 


1

a positive 
onstant.
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A 
on�guration with the largest known number of unit distan
es (asymp-

toti
ally) is a

p

n�

p

n grid (with a suitably 
hosen step). Here unit distan
es

are related to the number of possible representations of an integer as a sum of

two squares. For the proof we need some results from number theory. We begin

with the following 
laim:

3.2 Lemma. Let p

1

< p

2

< : : : < p

r

be primes of the form 4k + 1, and put

M = p

1

p

2

: : : p

r

. Then M 
an be expressed as a sum of two squares of integers

in at least 2

r

ways.

Proof. We need a fa
t from number theory: ea
h prime p

i


an be written

as a sum of two squares, p

j

= a

2

j

+ b

2

j

. In the sequel, we will work with the

ring Z[i℄, the so-
alled Gauss integers, 
onsisting of all 
omplex numbers u+iv,

where u; v 2 Z. We need that ea
h element of Z[i℄ 
an be uniquely fa
tored

into primes. From algebra, we re
all that a prime in the ring Z[i℄ is an element


 2 Z[i℄ su
h that whenever 
 = 


1




2

, with 


1

; 


2

2 Z[i℄, then j


1

j = 1 or

j


2

j = 1. Both existen
e and uniqueness of the prime fa
torization follows from

the fa
t that Z[i℄ is a Eu
lidean ring (see an introdu
tory 
ourse of algebra for

explanation of these notions).

Let us put �

j

= a

j

+ib

j

, and let ��

j

= a

j

�ib

j

be the 
omplex 
onjugate of �

j

.

We have �

j

��

j

= (a

j

+ ib

j

)(a

j

� ib

j

) = a

2

j

+ b

2

j

= p

j

. Let us 
hoose an arbitrary

subset J � I = f1; 2; : : : ; rg and de�ne A

J

+ iB

J

=

�

Q

j2J

�

j

��

Q

j2InJ

��

j

�

.

Then A

J

� iB

J

=

�

Q

j2J

��

j

��

Q

j2InJ

�

j

�

, and hen
e M = (A

J

+ iB

J

)(A

J

�

iB

J

) = A

2

J

+ B

2

J

. This gives one expression of the number M as a sum of two

squares. It remains to show that for two sets J 6= J

0

, A

J

+ iB

J

6= A

J

0

+ iB

J

0

.

To this end, it suÆ
es to show that all �

j

and ��

j

are primes in Z[i℄. Then the

numbers A

J

+ iB

J

and A

J

0

+ iB

J

0

are distin
t sin
e they have distin
t prime

fa
torizations (no �

j

or ��

j


an be obtained from another one by multiplying it

by a unit of the ring Z[i℄ | the units are only the elements 1;�1; i, and �i).

So suppose that, e.g., �

j

= 


1




2

, 


1

; 


2

2 Z[i℄. We have p

j

= �

j

��

j

=




1




2

�


1

�


2

= j


1

j

2

j


2

j

2

. Now j


1

j

2

, j


2

j

2

are both integers, and sin
e p

j

is a

prime, we get that j


1

j = 1 or j


2

j = 1. 2

We still need to know that the primes of the form 4k + 1 are suÆ
iently

dense. We state the relevant result without proof. The proof is not simple, but

it is very ni
e; we 
an only re
ommend the reader to read it in some number

theory textbook.

3.3 Theorem. Let d and a be relatively prime natural numbers, and let �

a;d

(n)

be the number of primes of the form a + kd (k = 0; 1; 2; : : :) not ex
eeding n.

For a 
ertain 
onstant 
 = 
(a; d) > 0 and all suÆ
iently large n, we have

�

a;d

(n) � 
n= log n. 2

The well-known prime number theorem asserts that

�(n) = (1 + o(1))

n

lnn

;
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where �(n) denotes the number of primes not ex
eeding n. The proof is quite


ompli
ated. On the other hand, weaker bounds of the form 


1

n= log n < �(n) <




2

n= log n (for suitable positive 
onstants 


1

; 


2

) have quite simple proofs. The

theorem implies that the distribution of primes in the arithmeti
 progression

(1; 5; 9; 13; : : :) is similar to the distribution of primes in the set of all natural

numbers, and similarly for any in�nite arithmeti
 progression whose members

are not obviously all 
omposite numbers (that is, the �rst term and the di�er-

en
e are relatively prime).

Proof of Theorem 3.1. Let us suppose that n is a square, and for the set

P we 
hoose the points of the

p

n�

p

n grid with step 1=

p

M , where M is the

produ
t of the �rst r � 1 primes of the form 4k + 1, and r is 
hosen as the

largest number su
h that M �

n

4

. It is easy to see that ea
h point of the grid

parti
ipates in at least as many unit distan
es as there are representations ofM

by a sum of two squares of nonnegative integers. Sin
e one representation by

a sum of two squares nonnegative integers 
orresponds to at most 4 represen-

tations by a sum of two arbitrary integers (the signs 
an be 
hosen in 4 ways),

there are at least 2

r�1

=4 representations by Lemma 3.2, and we have at least

2

r�1

n=16 unit distan
es.

By the 
hoi
e of r, we have n < 4p

1

p

2

: : : p

r

, and hen
e p

r

> (

n

4

)

1=r

. Fur-

ther we get by Theorem 3.3, for large enough n, r = �

4;1

(p

r

) � 
p

r

= log p

r

�

p

p

r

� n

1=3r

,and thus r

3r

� n. Taking logarithms, we get 3r log r � log n, and

hen
e r � log n=(3 log r) � n=(3 log logn). The number of unit distan
es is at

least n 2

r�4

� n

1+


1

= log log n

as Theorem 3.1 
laims. Let us remark that for a

suÆ
iently large n the 
onstant 


1


an be made as 
lose to 1 as desired. 2

4 Line{Point In
iden
es via Crossing Numbers

Here we present a very simple proof of the Szemer�edi{Trotter theorem 1.1. The

proof is based on a result 
on
erning graph drawing.

4.1 De�nition. Let G be a graph (possibly with multiple edges). The 
rossing

number of a drawing of G in the plane is the number of (unordered) pairs of

edges that interse
t in the 
onsidered drawing (two edges ending in a 
ommon

vertex is not 
onsidered as an interse
tion|so a drawing is planar if and only

if its 
rossing number is 0). The 
rossing number of the graph G is the smallest

possible 
rossing number of a drawing of G; we denote it by 
r(G).

As is well-known, for n > 2, a planar graph with n verti
es has at most 3n�6

edges. This 
an be rephrased as follows: if the number of edges is � 3n � 5

then 
r(G) > 0. The following theorem 
an be viewed as a generalization of

this fa
t.

4.2 Theorem (Crossing number theorem). Let G be a simple graph (no

multiple edges) with n verti
es and t edges. Then


r(G) � 


 

t

3

n

2

� 100n

!
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where 
 is a positive 
onstant (the proof given below gives an estimate 
 �

4

243

� 0:016.)

Remarks. The lower bound in this theorem is asymptoti
ally tight, i.e. there

exist graphs with n verti
es, t edges and 
rossing number O(t

3

=n

2

) (see Exer-


ise 1). The assumption that the graph be simple 
annot be omitted (but see

Lemma 5.2 below).

For a proof of this theorem, we need a simple lemma:

4.3 Lemma. The 
rossing number of any graph (without multiple edges) with

n verti
es and t edges is at least t� 3n.

Proof. If t � 3n there is nothing to prove; otherwise pro
eed by indu
tion

on t with n �xed. Let G have t > 3n edges, and 
onsider some drawing of G.

This is non-planar, hen
e there exists an edge e 
rossing some other edge. By

deleting e from the 
onsidered drawing we get a drawing of a graph G

0

with n

verti
es and t� 1 edges. By the indu
tive hypothesis, there at least t� 1� 3n

pairs of interse
ting edges in this drawing, and hen
e the original drawing of G

had at least t� 3n su
h pairs. 2

Proof of Theorem 4.2. It 
an be done by indu
tion, but a probabilisti
 proof

seems more elegant. We may assume t �

9

2

n, for otherwise the 
laimed bound

is negative. Consider some drawing of a graph G = (V;E) with n verti
es, t

edges, and 
rossing number x. Let p 2 (0; 1) be a parameter; later on we set it

to a suitable value. Choose a random subset V

0

� V , pi
king ea
h vertex v 2 V

into V

0

independently with probability p. Let G

0

be the subgraph of G indu
ed

by the subset V

0

. Put n

0

= jV

0

j, t

0

= jE(G

0

)j, and let x

0

be the 
rossing number

the graph G

0

in the drawing \inherited" from the 
onsidered drawing of G. The

expe
tation of n

0

is E [n

0

℄ = np. The probability that a given edge appears in

E(G

0

) is p

2

, and hen
e E [t

0

℄ = tp

2

, and similarly we get E [x

0

℄ = xp

4

. At the

same time, by Lemma 4.3 we always have x

0

� t

0

� 3n

0

, and so this relation

holds for the expe
tations as well: E [x

0

℄ � E [t

0

℄ � 3E [n

0

℄. From this we have

xp

4

� tp

2

� 3np. Setting p = 9n=2t (this is valid sin
e we assume t �

9

2

n) and

a simple 
al
ulation yield

x �

4

243

t

3

n

2

:

2

Proof of the Szemer�edi{Trotter theorem 1.1. We 
onsider a set L of n

lines and a set P of m points in the plane realizing the maximum number of

in
iden
es I(n;m). We de�ne a 
ertain topologi
al graph G, that is, a graph

together with its drawing in the plane. The vertex set is P . By deleting

the points of P , ea
h line of L is partitioned into several segments and two

semilines (if a line 
ontains no points of P it 
an be dropped anyway). We

delete the semilines, and ea
h of the remaining segments is an edge 
onne
ting

two points of P , namely its endpoints. So if a line ` 2 L 
ontains k points

of P it 
ontributes k � 1 edges to P , and hen
e I(n;m) = t +m, t being the

number of edges of G. Sin
e the edges are parts of the n lines, at most

�

n

2

�
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pairs may 
ross: 
r(G) �

�

n

2

�

. On the other hand, from Theorem 4.2 we get


r(G) � 
(t

3

=m

2

� 100m). So 
(t

3

=m

2

� 100m) � 
r(G) �

�

n

2

�

, and 
al
ulation

gives t = O(n

2=3

m

2=3

+m). This proves Theorem 1.1. 2

The best known upper bound on the number of unit distan
es, U(n) =

O(n

4=3

), 
an be proved along similar lines; see Exer
ise 2.

Exer
ises

1. Show that for any n and t, 5n � t �

�

n

2

�

, there exist graphs with n verti
es, t

edges and 
rossing number O(t

3

=n

2

). [2 points℄

2. In a manner similar to the above proof for line{point in
iden
es, prove the bound

J(n; n) = O(n

4=3

), where J(n;m) denotes the maximum possible number of

in
iden
es between n points andm unit 
ir
les in the plane (be 
areful in handling

possible multiple edges in the 
onsidered topologi
al graph!). [3 points℄

3. Let v

1

; : : : ; v

n

be nonzero ve
tors in R

3

. Prove that the number of pairs (v

i

; v

j

)

su
h that v

i

and v

j

are orthogonal is O(n

4=3

). [3 points℄

4. Using the Szemer�edi{Trotter theorem, show that the maximum possible number

of distin
t lines su
h that ea
h of them 
ontains at least k points of a given

m-point set P in the plane is O(m

2

=k

3

+m=k). [2 points℄

5. Let K(n;m) denote the maximum total number of edges of m distin
t 
ells in

an arrangement of n lines in the plane. Prove K(n;m) = O(n

2=3

m

2=3

+ n+m)

using the method of the present se
tion (it may be 
onvenient to 
lassify edges

into top and bottom ones and bound ea
h type separately). [4 points℄

5 Distin
t Distan
es via Crossing Numbers

Here we present Sz�ekely's proof of the 
urrent best bound on the number of

distin
t distan
es in the plane:

5.1 Theorem (Distin
t distan
es in R

2

). The minimum number g(n) of

distin
t distan
es determined by an n-point set in the plane satis�es g(n) =


(n

4=5

).

First, we need a simple extension of Theorem 4.2 for multigraphs:

5.2 Lemma. Let G be a multigraph with n verti
es, t edges, and maximum

edge multipli
ity k. Then


r(G) = 


 

t

3

kn

2

!

�O(k

2

n) :

Proof. Consider a �xed drawing of G. We 
hoose a subgraph G

0

of G by the

following random experiment. In the �rst stage, we 
onsider ea
h edge of G

independently, and we delete it with probability 1� 1=k. In the se
ond stage,

we delete all remaining multiple edges, and this gives G

0

, whi
h has n verti
es,

t

0

edges, and x

0


rossing pairs of edges. Consider the probability p

e

that a �xed

7



edge e 2 E(G) remains in G

0

. Clearly p

e

� 1=k. On the other hand, if e was

one of k

0

� k parallel edges, then the probability that after the �rst stage it

remains and all other edges parallel to it are deleted is

1

k

�

1�

1

k

�

k

0

�1

�

1

3k

(sin
e (1 � 1=k)

k�1

�

1

3

). We get E [t

0

℄ � t=3k and E [x

0

℄ � x=k

2

. Applying

Theorem 4.2 for the graph G

0

and taking expe
tations, we have

E

�

x

0

�

� 


 

E

�

t

03

�

n

2

� 100n

!

:

By 
onvexity (Jensen's inequality), we have E

�

t

03

�

� (E [t

0

℄)

3

= 
(t

3

=k

3

). Plug-

ging this plus the bound E [x

0

℄ � x=k

2

into the above formula, we get

x

k

2

= 


 

t

3

k

3

n

2

!

�O(n) ;

and the 
laim follows. 2

Proof of Theorem 5.1. Fix an n-point set P , and let g be the number of

distin
t distan
es determined by P .

We may assume g � n=3 log n (otherwise we are done). Around ea
h point

of p, we draw g 
on
entri
 
ir
les whose radii are all the distan
es o

urring

in P . Sin
e all possible distan
es are in
luded, this set of 
ir
les has n(n� 1)

in
iden
es with P .

Next, we delete all 
ir
les 
ontaining at most 2 points of P . This destroys at

most 2n in
iden
es, so still almost n

2

in
iden
es remain. De�ne a multigraph

G similarly as we did in the proof for line{point in
iden
es; that is, the points

of P are verti
es and the ar
s of the 
ir
les are edges. The number of edges of

G equals the number of remaining in
iden
es, i.e. 
(n

2

).

Sin
e any two of the gn 
onsidered 
ir
les interse
t at most twi
e, 
r(G) �

g

2

n

2

. We would like to apply Lemma 5.2 but we have no good bound on edge

multipli
ity. In fa
t, the edge multipli
ity may in prin
iple be as high as g, and

if we substituted this into Lemma 5.2 dire
tly we would only get g = 
(n

2=3

).

To do better, edges with very high multipli
ity have to be handled separately.

Consider two points u; v 2 P and edges e

1

; : : : ; e

k


onne
ting them in our

multigraph G. These edges are 
ir
ular ar
s. The 
enters of these ar
s are

points p

1

; : : : ; p

k

of P , and they all lie on the symmetry axis `

uv

of the segment

uv:

`

uv

u

v

8



Thus multiple edges between u and v produ
e a line `

uv

with many in
iden
es

with the points of P . The idea is now to apply the line{point in
iden
e bound

for these lines.

Claim. For ea
h k, the number of edges in G having at least k edges parallel

to them is at most O(n

2

g=k

2

+ gn log n).

Proof. Let M

i

be the set of pairs fu; vg of verti
es of G su
h that

there are at least 2

i

and fewer than 2

i+1

parallel edges 
onne
ting

u and v in G, and let E

i

be the set of all edges 
onne
ting the pairs

from M

i

. What we are looking for is

P

k�2

i

<n

jE

i

j.

Let L

i

be the set of lines `

uv


orresponding to the pairs fu; vg 2

M

i

(i.e. the axes of symmetry of all these pairs). As was noted

above, ea
h edge 
onne
ting u and v determines one in
iden
e of

the line `

uv

with P . On the other hand, we note that one su
h

in
iden
e p 2 ` may be determined by at most 2g edges (sin
e there

are g 
ir
les 
entered at p, and ea
h 
ir
le may 
ontribute at most

two edges interse
ting the line `). Therefore, the size of E

i

is at

most 2g-times the number of in
iden
es of L

i

with P .

Ea
h line of L

i

has at least 2

i

in
iden
es with the n points of P ,

and the Szemer�edi{Trotter theorem implies

jL

i

j = O

 

n

2

2

3i

+

n

2

i

!

(see Exer
ise 4 in se
tion 4). So the lines of L

i

have altogether

O(n

2

=2

2i

+ n) in
iden
es with P . Hen
e jE

i

j = O(n

2

g=2

2i

+ ng),

and the 
laim follows by summing over i.

To �nish the proof of Theorem 5.1, we set k = C

p

g for a suÆ
iently large


onstant C, and we delete all edges of multipli
ity larger than k from the

multigraph G. By the 
laim, we have deleted at most O(n

2

=C

2

+ gn log n) �

n

2

=2 edges (re
all that we have assumed g � n=3 log n and that C is 
hosen as

large as needed), so still 
(n

2

) edges remain. The resulting multigraph G

0

has

n verti
es, 
(n

2

) edges, maximum edge multipli
ity k = O(

p

g), and 
rossing

number � g

2

n

2

. Plugging all this into Lemma 5.2 and simplifying, we �nally

obtain g = 
(n

4=5

) as desired. 2

Exer
ises

1. Let

�

J(n;m) be the maximum number of in
iden
es between n arbitrary 
ir
les

and m points in the plane. Try the following approa
h to bounding

�

J(n; n). Let

K be a set of n 
ir
les, C the set of their 
enters, and P a set of n points.

(a) First, assume that the 
enters of the 
ir
les are mutually distin
t, i.e. jCj =

jKj. Remove 
ir
les with � 2 in
iden
es, and let the others de�ne a drawing of a

multigraph G with vertex set P and ar
s of the 
ir
les as edges. Divide the edges

into groups E

0

; E

1

; : : :, where E

i


ontainins edges of multipli
ity at least 2

i

and

smaller than 2

i+1

. Ea
h edge 
onne
ting points u and v de�nes an in
iden
e of

a point 
 2 C with the line `

uv

, the symmetry axis of u and v. Argue that by

9



Szemer�edi{Trotter, jE

i

j = O(n

2

=2

2i

+ n). Use this for large i, and for small i

apply Lemma 5.2; balan
e the threshold suitably. What bound is obtained for

the total number of in
iden
es? [3 points℄

(b) Extend the argument to handle 
on
entri
 
ir
les too. [2 points℄

2. This exer
ise provides another bound for

�

J(n; n), the maximum possible number

of in
iden
es between n arbitrary 
ir
les and n points in the plane. Let P be the

points and K the 
ir
les. Let P

i

be the points with at least d

i

= 2

i

and fewer

than 2

i+1

in
iden
es; we will argue for ea
h P

i

separately.

De�ne the multigraph G on P

i

as usual, with ar
s of 
ir
les of K 
onne
ting

neighboring points of P

i

(
ir
les with � 2 in
iden
es with P

i

are deleted). Let E

be the set of edges of G. For a point u 2 P

i

, let N(u) be the set of its neighboring

points, and for a v 2 N(u), let �(u; v) be the number of edges 
onne
ting u and

v. For an edge e, de�ne its partner edge as the edge following after e 
lo
kwise

around its 
ir
le.

(a) Show that for ea
h u 2 P

i

, jfv 2 N(u): �(u; v) � 4

p

d

i

gj <

p

d

i

=2. [1 point℄

(b) Let E

h

� E be the edges of multipli
ity at least 4

p

d

i

. Argue that for at

least

1

4

of the edges in E

h

, their partner edges do not belong to E

h

, and hen
e

jE nE

h

j = 
(jEj). [3 points℄

(
) Delete the edges of E

h

from the graph, and apply Lemma 5.2 to bound

jE nE

h

j. What overall bound does all this give for

�

J(n; n)? [2 points℄

6 Line{Point In
iden
es via Cuttings

Here we give another proof of the upper bound for line{point in
iden
es, namely

I(n; n) = O(n

4=3

). The te
hnique is quite di�erent, leads to an eÆ
ient algo-

rithm, and 
urrently it seems more generally appli
able.

6.1 Lemma (A worse but useful bound).

I(n;m) = O(n

p

m+m) (1)

I(n;m) = O(m

p

n+ n) : (2)

First proof. We de�ne a suitable bipartite graph. One 
lass of verti
es are

the given points, the se
ond 
lass are the given lines. An edge (p; `) means that

the point p lies on the line `. So the number of in
iden
es is just the number

of edges. Sin
e two distin
t points determine a line uniquely, we get that this

graph 
ontains no K

2;2

as a subgraph (two distin
t lines both 
ontaining the

same two distin
t points). In extremal graph theory, there is a theorem saying

that a bipartite graph with 
lass sizes m and n, respe
tively, and 
ontaining

no K

2;2

has at most O(m

p

n+ n) edges. Sin
e the situation is symmetri
 with

respe
t to m and n, we also get the bound O(n

p

m+m). 2

For arbitrary bipartite graphs without K

2;2

(not ne
essarily 
oming from a

geometri
 situation like the one we dis
ussed above), the just mentioned upper

bound on the number of edges is asymptoti
ally tight. So, to do better for

line-point in
iden
es, one has to use some more geometry.

10



In general, if r and s are 
onstants, it is known that a bipartite graph

with 
lass sizes m and n 
ontaining no K

r;s

(where the r verti
es would sit in

the m-point 
lass and the s verti
es in the n-point 
lass) has no more than

O(min(m

1�1=r

n +m;n

1�1=s

m + n)) edges. Note that for r 6= s, the situation

is not symmetri
 anymore: by forbidding the \reverse" pla
ement of K

r;s

, we

get a di�erent bound in general. This is suspe
ted to be tight, but a mat
hing

lower bound is only known for few spe
ial values of r and s.

Se
ond proof of Lemma 6.1. There are

�

n

2

�


rossing pairs of lines in total.

On the other hand, a point p

i

2 P with d

i

in
iden
es \
onsumes"

�

d

2

�


rossing

pairs (their interse
tions all lie in p

i

). Therefore

P

m

i=1

�

d

i

2

�

�

�

n

2

�

.

We want to upper-bound

P

d

i

, whi
h 
an be done in various ways. For

instan
e, we may assume d

i

� 1 for all i, and then we have

�

d

i

2

�

� (d

i

� 1)

2

=2.

By Cau
hy{S
hwarz, we get

m

X

i=1

(d

i

� 1) �

v

u

u

t

m

m

X

i=1

(d

i

� 1)

2

�

v

u

u

t

2

 

n

2

!

m;

and hen
e

P

d

i

= O(n

p

m+m). The other inequality 
an be proved similarly

by looking at pairs of points on ea
h line, or by noting that I(n;m) = I(m;n)

by geometri
 duality.

What we did in this se
ond proof was just a dire
t geometri
 interpretation

of the usual proof of the bound for the number of edges of K

2;2

-free graphs used

in the �rst proof. So both proofs are really the same, more or less. 2

The bound from Lemma 6.1 is weaker than the tight Szemer�edi{Trotter

bound, but it is tight if n

2

� m or m

2

� n.

Proof of Theorem 1.1 for n = m. The idea is to 
onvert the \balan
ed"


ase (n points, n lines) into a 
olle
tion of \unbalan
ed" subproblems, for whi
h

the above lemma is good enough. We apply the following important result:

6.2 Lemma (Cutting lemma). Let L be a set of n lines in the plane, and

let r be a parameter, 1 < r < n. Then the plane 
an be subdivided into t gen-

eralized triangles (this means, interse
tions of three halfplanes) �

1

;�

2

; : : : ;�

t

in su
h a way that the interior of ea
h triangle �

i

is interse
ted by at most n=r

lines of L, and we have t � Cr

2

for a 
ertain 
onstant C.

A proof will be dis
ussed later, now we 
ontinue the proof of the Szemer�edi{

Trotter theorem.

Let P be the 
onsidered n-point set, L the set of n lines, and I(P;L) the set

of their in
iden
es. We �x a \magi
" value r = n

1=3

and by the 
utting lemma

we divide the plane into t = O(r

2

) = O(n

2=3

) generalized triangles �

1

; : : : ;�

t

,

su
h that the interior of ea
h is interse
ted by at most n=r = n

2=3

lines of L.

Let P

i

denote the points of P lying inside �

i

or on its boundary but not at

the verti
es of �

i

, and let L

i

be the set of lines of L interse
ting the interior of

�

i

. We have

jI(L;P )j �

P

t

i=1

jI(L

i

; P

i

)j (A)

+I(n; 3t) (B)

+I(3t; n) : (B

0

)

11



The term (B) subsumes the 
ases of points of P lying at verti
es of some of the

triangles �

i

, whi
h were in
luded in no P

i

. These are at most 3t points whi
h


ontribute no more than I(n; 3t) in
iden
es with the lines of L. The term (B

0

)


overs all 
ases when a line of L 
ontains an edge of a triangle �

i

(but does

not interse
t its interior, so it is not in
luded in L

i

). There are at most 3t lines


ontaining edges, and these lines have no more than I(3t; n) in
iden
es with

the points of P . By Lemma 6.1, the terms (B) and (B

0

) are both bounded by

O(t

p

n+ n) = O(n

7=6

)� n

4=3

.

It remains to estimate the main term (A). We have jL

i

j � n=r = n

2=3

and

P

t

i=1

jP

i

j � 2n (sin
e ea
h point of P goes into at most two P

i

). Using the

bound (1) for ea
h I(L

i

; P

i

) we get

t

X

i=1

jI(L

i

; P

i

)j �

t

X

i=1

I(n

2=3

; jP

i

j) =

t

X

i=1

O(jP

i

jn

1=3

+ n

2=3

) =

O(n

1=3

)

�

t

X

i=1

jP

i

j

�

+O(tn

2=3

) = O(n

4=3

) :

This �nally shows jI(n; n)j = O(n

4=3

). 2

Exer
ises

1. In this exer
ise we aim at bounding K(n;m), the maximum total number of

edges of m distin
t 
ells in an arrangement of n lines in the plane. Let L be a

set of n lines in general position.

(a) Prove the bound K(n;m) = O(n

p

m+m). [3 points℄

(b) Prove K(n; n) = O(n

4=3

) using the 
utting lemma. [4 points℄

2. Let J(n;m) be the maximum number of in
iden
es between n unit 
ir
les and m

points in the plane. Prove J(m;n) = O(m

p

n+n) by the method of Lemma 6.1.

[2 points℄

3. Let

�

J(n;m) be the maximum possible number of in
iden
es between n arbitrary


ir
les and m points in the plane. Prove

�

J(n;m) = O(n

p

m+ n) and

�

J(n;m) =

O(mn

2=3

+ n). [2 points℄

7 A Weaker Cutting Lemma

In order to express ourselves more e
onomi
ally, we introdu
e the following

de�nition. A 
utting is a �nite 
olle
tion of generalized triangles with disjoint

interiors 
overing the plane. A given 
utting is a

1

r

-
utting for a set L of n lines

if the interior of ea
h triangle of the 
utting is interse
ted by at most n=r lines

of L.

A lower bound. First let us 
onsider a lower bound for the number of

(generalized) triangles whi
h are ne
essary to form a

1

r

-
utting for a set of n

lines. Consider n lines in general position. Their arrangement has, as we know,

�

n

2

�

+ n + 1 � n

2

=2 
ells. On the other hand, if we 
onsider a triangle �

i

whose interior is interse
ted by k � n=r lines (k � 1), we see that the interior

12



of �

i

is divided into at most

�

k

2

�

+ k + 1 � 2k

2


ells. Sin
e ea
h 
ell of the

arrangement has to show up in the interior of at least one triangle �

i

, we get

that the number of triangles is at least n

2

=4k

2

= 
(r

2

). Hen
e the 
utting

lemma is asymptoti
ally best possible.

Proof of a weaker version of the 
utting lemma 6.2. Here we prove

a weaker version of the 
utting lemma, namely that for any given n lines a

1

r

-
utting 
onsisting of O(r

2

log

2

n) triangles exists. This would give us 
orre-

spondingly weaker results in appli
ations of the 
utting lemma. For instan
e, we

would only get the bound I(n; n) = O(n

4=3

log

2=3

n) for line{point in
iden
es.

Let us sele
t a random sample S � L of the given lines; we make s indepen-

dent random draws, drawing a random line from L ea
h time. These are draws

with repla
ement: one line 
an be sele
ted several times, so S may have fewer

than s lines.

Consider the arrangement of the lines in S. Partition the 
ells that are

not triangles into triangles by adding some suitable diagonals, as is illustrated

below:

This 
reates (generalized) triangles �

1

;�

2

; : : : ;�

t

where t = O(s

2

) (sin
e we

have a drawing of a planar graph with

�

s

2

�

verti
es; see also Exer
ise 2).

7.1 Lemma. For s = 6r lnn, the following holds with a positive probability:

The �

i

form a

1

r

-
utting for L; that is, the interior of no �

i

is interse
ted by

more than n=r lines of L.

This implies the promised weaker version of the 
utting lemma: sin
e the

probability of the sample S being good is positive, there exists at least one good

S whi
h yields the desired 
olle
tion of triangles.

Proof of Lemma 7.1. Let us say that a triangle T is dangerous if its interior

is interse
ted by at least k = n=r lines of L. We �x some arbitrary dangerous

triangle T . What is the probability that no line of the sample S interse
ts the

interior of T ? We sele
t a random line s times. The probability that we never

hit one of the k lines interse
ting the interior of T is at most (1� k=n)

s

. Using

the well-known inequality e

x

� 1 + x, we 
an upper-bound this probability by

e

�ks=n

= e

�6 lnn

= n

�6

.
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Call a triangle T interesting (for L) if it 
an appear in a triangulation for

some sample S � L. Any interesting triangle has verti
es at some three verti
es

of the arrangement of L, and hen
e there are fewer than n

6

interesting triangles.

Therefore, with a positive probability, a random sample S interse
t the interiors

of all the dangerous interesting triangles simultaneously. In parti
ular, none of

the triangles �

i

appearing in the triangulation of su
h a sample S may be

dangerous. This proves Lemma 7.1. 2

The proof just shown 
an be generalized to deal with hyperplanes in R

d

. In

su
h a situation, we want to partition R

d

into \generalized simpli
es", the inte-

rior of ea
h being interse
ted by at most n=r hyperplanes. The minimum ne
-

essary number of simpli
es is of the order r

d

, and this 
an a
tually be a
hieved,

although the simple approa
h just outlined only gives O(r

d

log

d

n). A further

generalization of the problem is possible; hyperplanes may be repla
ed by more

general surfa
es, typi
ally by algebrai
 surfa
es of 
onstant-bounded degree

(then we do not partition into simpli
es, but into suitable more 
ompli
ated

\elementary 
ells"). This more general problem is not yet solved satisfa
torily;

only some partial results and weaker bounds are known.

Returning to our spe
i�
 situation (lines in the plane), how 
an a better

bound than the O(r

2

log

2

n) given above be proved? A more sophisti
ated

probabilisti
 reasoning (e.g., the so-
alled "-net theorem) shows that it is in

fa
t suÆ
ient to 
hoose s = 
onst � r log r in Lemma 7.1, instead of 
onst �

r

2

log

2

n, and still no interesting dangerous triangle will be missed by S. This

improvement is important for small r (say 
onstant); it shows that the number

of triangles in a

1

r

-
utting 
an be bounded independent of n.

To prove the asymptoti
ally tight bound O(r

2

) seems 
onsiderably more


ompli
ated. Currently, there are two methods, both based on random sam-

pling, that a
hieve this tight bound and that generalize for hyperplanes in R

d

.

For the 
ase of lines in the plane, there is one more method, deterministi
 and

quite elementary, whi
h we demonstrate next.

Exer
ises

1. Cal
ulate the exa
t expe
ted size of S, a sample drawn from n elements by s

independent random draws with repla
ements. [3 points℄

2. Cal
ulate the number of (generalized) triangles arising by triangulating an ar-

rangement of n lines in the plane in general position. (First, spe
ify how exa
tly

are the unbounded 
ells triangulated.) [2 points℄

3. (Cutting lemma for 
ir
les) Consider a set K of n 
ir
les in the plane. Sele
t a

sample S � K by s independent random draws with repla
ement. Consider the

arrangement of S, and 
onstru
t its verti
al de
omposition, that is, from ea
h

vertex extend a verti
al segment upwards and downwards until it hits some 
ir
le

of S. Similarly draw verti
al segments from the leftmost and rightmost point of

ea
h 
ir
le.

(a) Show that this partitions the plane into O(s

2

) \
ir
ular trapezoids" (shapes

bounded by at most two verti
al segments and at most two 
ir
ular ar
s).

[2 points℄
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(b) Show that for s = Cr lnn for a suÆ
iently large 
onstant C, there is a

positive probability that the sample S interse
ts all dangerous interesting 
ir
ular

trapezoids, where \dangerous" and \interesting" are de�ned analogously to the

above proof of the weaker version of the 
utting lemma. [3 points℄

4. Using Exer
ises 3 and 6.2, show that the number of unit distan
es determined

by n points in the plane is O(n

4=3

log

2=3

n). [3 points℄

5. Using Exer
ises 3 and 6.3, show

�

J(n; n) = O(n

7=5

log




n) (for some 
onstant 
),

where

�

J(n;m) is the maximum possible number of in
iden
es between n arbitrary


ir
les and m points in the plane. [3 points℄

8 Cutting Lemma: a Tight Bound

Here we give a simple and elementary proof of the 
utting lemma (Lemma 6.2),

whi
h does not seem to generalize to higher-dimensional situations.

For simpli
ity, suppose that the given set L of n lines is in general position.

(If not, perturb it slightly to get general position, 
onstru
t the

1

r

-
utting, and

perturb ba
k; this gives a

1

r

-
utting for the original 
olle
tion of lines | we

omit the details.) First we need some de�nitions and observations 
on
erning

levels.

Levels and their simpli�
ations. Re
all that the level of a point in the

plane is the number of lines of L lying stri
tly below it. Consider the set E

k

of all edges of the arrangement of L having level k (where 0 � k < n). These

edges form a monotone polygonal line (monotone means that ea
h verti
al line

interse
ts it at exa
tly one point). This polygonal line makes a turn at ea
h

endpoint of its edges; s
hemati
ally, it looks as follows:

Let e

0

; e

1

; : : : ; e

t

be the edges of E

k

numbered from left to right; e

0

and e

t

are

the unbounded rays. Let us �x a point p

i

in the interior of e

i

. For an integer

parameter q � 2, we de�ne the q-simpli�
ation of level k as the monotone

polygonal line 
ontaining the part e

0

up to the point p

0

, the segments p

0

p

q

,

p

q

p

2q

,. . . , p

b(t�1)=q
q

p

t

, and the part of e

t

from p

t

on. Thus, the q-simpli�
ation

has at most t=q + 2 edges. Here is an illustration for t = 9, q = 4:

p

0

p

1

p

2

p

3

p

4

p

8

p

9

e

0

e

9

(We 
ould have de�ned the q-simpli�
ation by 
onne
ting every qth vertex of

the level, but the present way simpli�es some future 
onsiderations a bit.)
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8.1 Lemma.

(i) The portion � of the level k (
onsidered as a polygonal line) between

the points p

j

and p

j+q

is interse
ted by at most q + 1 lines of L.

(ii) The segment p

j

p

j+q

is interse
ted by at most q + 1 lines of L.

(iii) The q-simpli�
ation of level k is 
ontained in the strip between levels

k � dq=2e and k + dq=2e.

Proof. Part (i) is obvious: ea
h line of L interse
ting � 
ontains one of

the edges e

j

; e

j+1

; : : : ; e

j+q

. As for (ii), � is 
onne
ted, and hen
e all lines

interse
ting its 
onvex hull must interse
t � itself as well. The segment p

j

p

j+q

is 
ontained in 
onv(�).

Con
erning (iii), imagine walking along some segment p

j

p

j+q

of the q-

simpli�
ation. We start at an endpoint, whi
h has level k. Our 
urrent level

may only 
hange as we 
ross a line of L. Moreover, having traversed the whole

segment we must be ba
k to level k. Thus, to get from level k to k+ i and ba
k

to k we need to 
ross at least 2i lines on the way. From this and (ii), 2i � q+1,

and hen
e i � b(q + 1)=2
 = dq=2e. 2

Proof of the 
utting lemma 6.2. Let r be the given parameter. If r = 
(n)

then it suÆ
es to produ
e a 0-
utting of size O(n

2

) by simply triangulating the

arrangement of L. Hen
e we may assume that r � n.

Set q = dn=10re. Divide the levels E

0

; E

1

; : : : ; E

n�1

into q groups: the ith

group 
ontains all E

j

with j 
ongruent to i modulo q (i = 0; 1; : : : ; q�1). Sin
e

the total number of edges in the arrangement is n

2

, there is an i su
h that the

ith group 
ontains at most n

2

=q edges. We �x one su
h i; from now on, we will

only 
onsider the levels i; q+i; 2q+i; : : :, and we 
onstru
t the desired

1

r

-
utting

from them.

Let P

j

be the q-simpli�
ation of the level jq + i. If E

qj+i

had m

j

edges

then P

j

has at most m

j

=q + 3 edges, and the total number of edges of the P

j

,

j = 0; 1; : : : ; b(n� 1)=q
, 
an be estimated by n

2

=q

2

+ 3(n=q + 1) = O(n

2

=q

2

).

We note that the polygonal 
hains P

j

never interse
t properly: if they did, a

vertex of some P

j

, whi
h has level qj + i, would be above P

j+1

, and this is

ruled out by Lemma 8.1(iii). Form the verti
al de
omposition for the P

j

; that

is, extend a verti
al segments from ea
h vertex of P

j

upwards and downwards,

until it hits P

j�1

and P

j+1

:

This subdivides the plane into O(n

2

=q

2

) = O(r

2

) trapezoids.

We 
laim that ea
h su
h trapezoid is interse
ted by at most n=r lines of

L, and hen
e that the desired

1

r

-
utting 
an be obtained by subdividing ea
h

trapezoid into two triangles (or, for most appli
ations of

1

r

-
uttings, trapezoids
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are as good as triangles). So we look at some trapezoid in the strip between

P

j

and P

j+1

. By Lemma 8.1, it lies between levels qj + i � dq=2e and q(j +

1) + i+ dq=2e, and therefore ea
h of its verti
al sides is interse
ted by no more

than 3q lines. The bottom side is a part of an edge of P

j

, and 
onsequently it

is interse
ted by no more than q+1 lines; similarly for the top side. Hen
e the

number of lines interse
ting the 
onsidered trapezoid is 
ertainly at most 10q �

n=r. (A more 
areful analysis shows that one trapezoid is in fa
t interse
ted by

at most 2q +O(1) lines.) 2

Exer
ises

1. (a) Verify that ea
h trapezoid arising in the des
ribed 
onstru
tion is interse
ted

by at most 2:5q + O(1) lines. Setting q appropriately, show that the plane 
an

subdivided into 12:5r

2

+O(r) trapezoids, ea
h interse
ted by at most n=r lines,

assuming 1� r � n. [2 points℄

(b) Improve the bounds from (a) to 2q + O(1) and 8r

2

+ O(r), respe
tively.

[4 points℄
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