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Abstra
t

Motivated by problems from 
al
ulus of variations and partial di�er-

ential equations, we investigate geometri
 properties of D-
onvexity. A

fun
tion f :R

d

! R is 
alled D-
onvex , where D is a set of ve
tors in R

d

,

if its restri
tion to ea
h line parallel to a nonzero v 2 D is 
onvex. The

D-
onvex hull of a 
ompa
t set A � R

d

, denoted by 
o

D

(A), is the inter-

se
tion of the zero sets of all nonnegative D-
onvex fun
tions that are 0 on

A. We provide a little more expli
it des
ription of 
o

D

(A), namely as the

zero set of the D-
onvex envelope of the distan
e fun
tion of A. We give

an example of an n-point set A � R

2

where the D-
onvex envelope of the

distan
e fun
tion is exponentially 
lose to 0 at points lying relatively far

from 
o

D

(A), showing that the de�nition of the D-
onvex hull 
an be very

non-robust. For separate 
onvexity in R

3

(where D is the orthonormal

basis of R

3

), we 
onstru
t arbitrarily large �nite sets A with 
o

D

(A) 6= A

whose all proper subsets are equal to their D-
onvex hull. This implies the

existen
e of analogous sets for rank-one 
onvexity and for quasi
onvexity

on 3� 3 (or larger) matri
es.

1 Introdu
tion

Let X be a �nite-dimensional real ve
tor spa
e (whi
h 
an be identi�ed with

some R

d

), and let D � X be a set of ve
tors, whi
h are thought of as dire
tions.

A fun
tion f :X ! R is 
alled D-
onvex if the restri
tion of f to ea
h line

parallel to a nonzero ve
tor in D is a 
onvex fun
tion. The D-
onvex hull of

a 
ompa
t set A � X, denoted by 
o

D

(A), is de�ned as the interse
tion of the

zero sets of all nonnegative D-
onvex fun
tions f :X ! [0;1) that are 0 on A.

(Later in Se
tion 3, we give a more dire
t 
hara
terization of the D-
onvex hull.

Also, let us remark that this D-
onvex hull is 
alled the fun
tional D-
onvex

hull in [MP98℄, in order to distinguish it from the set-theoreti
al D-
onvex hull .

The latter will not be 
onsidered in the present paper.)

The \usual" notion of 
onvexity is obtained for D = X. Our investigation is

mainly motivated by rank-one 
onvexity , whi
h is a spe
ial 
ase of D-
onvexity,

where X is the spa
e of real n� n matri
es and D is the set of n� n matri
es

of rank 1. In the sequel, this D will be denoted by r
. Rank-one 
onvex hull,

�
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as an inner approximation to the so-
alled quasi
onvex hull , is important in the

theory of partial di�erential equations and in 
al
ulus of variations and it was

studied in a number of papers, among whi
h we mention only a few: [Mor52℄,

[

�

Sve92℄, [BFJK94℄, [DKM

�

S99℄, [M

�

S99a℄, [M

�

S99b℄. The le
ture notes [M�ul98℄


an serve as a ni
e and up-to-date introdu
tion to this area.

Another signi�
ant spe
ial 
ase of D-
onvexity is that with D being the

standard orthonormal basis of R

d

: the separate 
onvexity (this D will be de-

noted by s
). This arises by restri
ting the rank-one 
onvexity on the subspa
e

of diagonal matri
es, and has been 
onsidered in this 
onne
tion [Tar93℄, but it

seems natural and interesting in its own right and was independently studied

e.g. in probability theory [AH86℄.

New results. In the �rst part of this paper, we 
on
entrate on separate


onvexity in R

d

. For the usual 
onvexity, well-known Carath�eodory's theorem

holds: if A � R

d

and x lies in the 
onvex hull of A, then x is in the 
onvex hull

of some at most (d+1)-point subset of A; we say that the Carath�eodory number

for 
onvexity in R

d

is d + 1. In [MP98℄, it was proved that the Carath�eodory

number for separate 
onvexity in R

2

is 5. Here we show that the Carath�eodory

number for separate 
onvexity in dimensions 3 and higher is in�nite. As a


onsequen
e, the Carath�eodory number for rank-one 
onvexity and for quasi-


onvexity on 3 � 3 matri
es is in�nite as well. We also report other results


on
erning minimal nontrivial 
on�gurations for separate 
onvexity, and men-

tion out
omes of 
omputer experiments with separate 
onvexity [Let99℄.

In Se
tion 3, we give a somewhat more dire
t des
ription of the D-
onvex

hull of a set A. While the usual de�nition takes into a

ount all nonnegative

D-
onvex fun
tions vanishing on A, we show that 
o

D

(A) is a
tually the zero

set of the D-
onvex envelope of the distan
e fun
tion of A. (The D-
onvex

envelope of a fun
tion f :X ! R, denoted by C

D

f , is de�ned as the pointwise

supremum of all D-
onvex fun
tions g satisfying g � f on X.)

This suggests an algorithmi
 approa
h to 
omputing the D-
onvex hull,

via D-
onvexi�
ation of the distan
e fun
tion. In Se
tion 4, we show that

this approa
h may be quite problemati
 in some 
ases: we exhibit an n-point

set A � R

2

and a point x lying relatively far from 
o

s


(A) but su
h that the

separately 
onvex envelope of the distan
e fun
tion has value exponentially 
lose

to 0 at x. Computational experiments indi
ate bad behavior in this respe
t

(although not as drasti
 as in the example just mentioned) even for random

n-point subsets A of the n� n� n grid in R

3

.

In the remaining se
tions, we establish some general properties ofD-
onvexity.

In Se
tion 5 we show that the D-
onvex envelope of a 1-Lips
hitz fun
tion is

again 1-Lips
hitz; we present an argument due to Kir
hheim, whi
h is similar to

our original proof but simpler. Let us remark that Kir
hheim, Kristensen, and

Ball [KKB99℄ re
ently proved strong results, somewhat related to the Lips
hitz


ondition, 
on
erning the di�erentiability of D-
onvex envelopes (as well as

quasi
onvex envelopes) of di�erentiable fun
tions. Essentially, they show that

if a di�erentiable fun
tion satis�es suitable growth 
onditions at the in�nity,

then the envelopes are di�erentiable as well, while the di�erentiability may fail

without the growth 
ondition.
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In [MP98℄, a result on lo
al behavior of the D-
onvex hull was stated (Corol-

lary 2.9), but, as was pointed out by Kir
hheim, it was not suÆ
iently substan-

tiated. We prove it in Se
tion 6; an independent proof of a somewhat stronger

result was re
ently given by Kir
hheim [Kir99℄.

2 New 
on�gurations for separate 
onvexity

Let us 
all a (�nite) set A � X nontrivial (for some �xed D) if 
o

D

(A) 6= A,

and trivial otherwise. One simple reason for the nontriviality of A is that A


ontains two points x; y su
h that the ve
tor x�y is parallel to a dire
tion in D

(we say that A has a D-
onne
tion); for separate 
onvexity in R

d

, this means

that x and y share d� 1 
oordinates.

As was independently dis
overed by several authors ([S
h74℄, [AH86℄, [Tar93℄,

[CT93℄), a set 
an be nontrivial without possessing a D-
onne
tion. In the

plane, the four-point 
on�guration T

4

= fa

1

; a

2

; a

3

; a

4

g below has separately


onvex hull as indi
ated in the pi
ture (the shaded square and four segments):

a

1

a

2

a

3

a

4

Note that this nontrivial 
on�guration is generi
 nontrivial , meaning that any

suÆ
iently small perturbation of its points again gives a nontrivial set. For

separate 
onvexity inR

d

, a nontrivial 
on�guration in whi
h no two points share

the value of any 
oordinate is ne
essarily generi
 (be
ause the 
ombinatorial

stru
ture of the separately 
onvex hull is determined by the orderings of the

points along the 
oordinate axes; see Se
tion 2.1 below).

For separate 
onvexity in R

2

, the situation is relatively simple: any non-

trivial set without a s
-
onne
tion 
ontains a 
opy of the 
on�guration T

4

or

of its mirror re
e
tion [MP98℄. Moreover, as was mentioned in the introdu
-

tion, the Carath�eodory number is 5, meaning that any point in the separately


onvex hull of A is in the hull of some at most 5 points of A. As we will see

in this se
tion, there is no su
h simple des
ription of nontrivial 
on�gurations

for separate 
onvexity in higher dimensions. In
lusion-minimal generi
 nontriv-

ial 
on�guration 
an be arbitrarily large (and, 
onsequently, the Carath�eodory

number is in�nite), and the number of small 
on�gurations is astronomi
.

In Se
tions 2.1 through 2.4, we will always 
onsider separate 
onvexity unless

expli
itly stated otherwise.

2.1 Preliminaries

Let B � R

d

be a set. A point x 2 B is 
alled s
-extremal in B if x is 
ontained

in no open segment s � B parallel to one of the 
oordinate axes.

3



For reader's 
onvenien
e, we brie
y review an algorithmi
 des
ription of

the separately 
onvex hull of a �nite set A � R

d

derived in [MP98℄. For i =

1; 2; : : : ; d, let x

i

(A) = fx

i

(a) : a 2 Ag, where x

i

(a) denotes the ith 
oordinate

of a, and let grid(A) = x

1

(A) � x

2

(A) � � � � � x

d

(A). For a point x 2 G =

grid(A), let a

i+

(resp. a

i�

) denote the point of G whose all 
oordinates but the

ith 
oin
ide with those of a, and whose ith 
oordinate is the su

essor (resp.

prede
essor) of x

i

(a) in x

i

(G) (thus, a

i+

or a

i�

need not exist for \border"

points of G). Let B � G and a 2 B; we 
all a point a 2 grid(A) grid-extremal

in B if, for ea
h i = 1; 2; : : : ; d, at least one of a

i+

, a

i�

either does not exist or

does not belong to B; intuitively, a is a \lo
al 
orner" of B.

Given a �nite A � R

d

, put B

0

= grid(A), and for j = 0; 1; 2; : : :, if B

j


ontains a grid-extremal point b 62 A, set B

j+1

= B

j

nfbg and 
ontinue with the

next j. This pro
edure terminates with a set B

j

0

with all grid-extremal points

lying in A, and this set des
ribes the separately 
onvex hull of A. Namely, let an

elementary box for grid(A) be a Cartesian produ
t of the form I

1

�I

2

� : : :�I

d

,

where ea
h I

i

is either fx

i

g for some x

i

2 x

i

(A) or [x

i

(a); x

i

(a

i+

)℄ for an a 2

grid(A). The box 
omplex of B � grid(A) 
onsists of the elementary boxes

whose all 
orners lie in B. Then, as shown in [MP98℄, 
o

s


(A) is the union of

the box 
omplex of the set B

j

0

obtained by the above algorithm.

As a 
onsequen
e of this algorithmi
 des
ription, we get that if B = 
o

s


(A)

for A �nite, then all s
-extremal points of B belong to A and B is the separately


onvex hull of its extremal points.

2.2 Generi
 nontrivial 
on�gurations in all dimensions

The existen
e of generi
 nontrivial 
on�gurations for separate 
onvexity in R

3

was established in [MP98℄; a 20-point 
on�guration was exhibited. Its nontrivi-

ality was veri�ed by applying the above algorithm. Here we generalize the idea

of that 
onstru
tion and we present a systemati
 indu
tive 
onstru
tion in any

dimension.

Theorem 2.1 For any d � 2, there exists a �nite generi
 nontrivial 
on�gura-

tion A

d

for separate 
onvexity in R

d

.

Proof. We pro
eed by indu
tion on the dimension d. We need a slightly

stronger statement; to state the additional 
ondition, we use the following def-

inition. Let a 2 A be an s
-extremal point of 
o

s


(A), and let u 2 fe

1

, �e

1

,

e

2

, �e

2

; : : :, e

d

, �e

d

g be a dire
tion of some 
oordinate semiaxis. We 
all u an

inward dire
tion at a if an open neighborhood U of a exists su
h that for any

x 2 U , the ray fx+ tu : t � 0g interse
ts 
o

s


(A).

Our indu
tive hypothesis is the 
laim of the theorem with the additional


onditions that the origin 0 lie in the interior of 
o

s


(A

d

) and that every point

a 2 A

d

have an inward dire
tion. The basis of the indu
tion is provided by the


on�guration T

4

in the plane.

Suppose that the 
laim has been proved for d, and we want to 
onstru
t the


on�guration A

d+1

� R

d+1

. Let us refer to the dire
tion of the x

d+1

-axis as

\verti
al", and to hyperplanes perpendi
ular to the x

d+1

-axis as \horizontal".
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As a �rst step, we pla
e 
opies of A

d

into the horizontal hyperplanes x

d+1

=

1 and x

d+1

= �1, and we perturb the points of ea
h 
opy verti
ally. For-

mally, for a = (a

1

; a

2

; : : : ; a

d

) 2 A

d

, we put a

+

= (a

1

; a

2

; : : : ; a

d

; 1 + z

a

) and

a

�

= (a

1

; a

2

; : : : ; a

d

;�1� z

a

), where the z

a

's are pairwise distin
t positive real

numbers, and we set A

+

= fa

+

: a 2 A

d

g and similarly for A

�

.

Next, let us 
hoose pairwise distin
t numbers t

a

2 (�1; 1) for a 2 A

d

. Let

" > 0 be a suÆ
iently small parameter. Let P

a

= ([0; "℄

d

+ a) � ft

a

g be a

small horizontal \plate" lying at height t

a

with 
orner on the verti
al segment


onne
ting a

+

and a

�

(see Fig. 1). Moreover, let A

0

+

= A

+

+ ("; "; : : : ; "; 0) be

a horizontal translate of A

+

, and put

B = A

0

+

[A

�

[

[

a2A

d

P

a

:

We observe that for any horizontal hyperplane h = fx

d+1

= zg with �1 �

a

�

a

0

+

u

a

g

a

U

a


o

s


(M

a

)

P

a

Figure 1: Illustration to the 
onstru
tion of A

d+1

.

z � 1, h \ 
o

s


(B) 
ontains an approximate 
opy A(h) of A

d

with ea
h point

perturbed by at most ". By the stability of the 
ombinatorial stru
ture of


o

s


(A

d

) under suÆ
iently small perturbations, we see that the 
ombinatorial

stru
ture of 
o

s


(A(h)) is the same for all h (if " is suÆ
iently small), and

an inward dire
tion u

a

at a point a 2 A

d

remains an inward dire
tion for the


orresponding point in ea
h A(h) (u

a

is a dire
tion in R

d

, but from now on we

interpret it in R

d+1

by appending a zero x

d+1

-
oordinate).

For ea
h a 2 A

d

, let 


a

= (a

1

; a

2

; : : : ; a

d

; t

a

)� u

a

be the point rea
hed from

the 
orner of the horizontal plate P

a

by going one unit against the dire
tion u

a

(in the horizontal hyperplane x

d+1

= t

a

). Previous 
onsiderations show that

there exists an open ball U

a


entered at 


a

, whose radius is independent of "

(provided that " > 0 is suÆ
iently small), su
h that all rays fx + tu

a

: t � 0g

for x 2 U

a

interse
t 
o

s


(B).

Let g

a

be the hyperplane perpendi
ular to u

a

and 
ontaining the point 


a

.

Identify R

d

with g

a

so that 0 is pla
ed into 


a

and axes dire
tions in R

d

remain

parallel to axes dire
tions in R

d+1

, and let M

a

be a 
opy of A

d

in g

a

s
aled by

5



the fa
tor of

p

". In this way, we may assume that M

a

is 
ontained in the ball

U

a

and, moreover, that the union of rays emanating from points of 
o

s


(M

a

) in

the dire
tion u

a


ontains the whole plate P

a

in its interior. As a �nal step of

the 
onstru
tion, shift ea
h point b 2M

a

by �y

b

u

a

, where the y

b

's are pairwise

distin
t positive real numbers. This yields a set

~

M

a

.

Set

C = B [

[

a2A

d

~

M

a

;

and de�ne A

d+1

as the set of all s
-extremal points of 
o

s


(C). By the remark

at the end of Se
tion 2.1, we have 
o

s


(C) = 
o

s


(A

d+1

), and A

d+1


onsists of

points of A

�

[A

0

+

[

S

a2A

d

~

M

a

plus possibly of s
-extremal points of the P

a

's. But

sin
e 
o

s


(C) 
ontains ea
h P

a

in its interior, we get A

d+1

� A

�

[A

0

+

[

S

a2A

d

~

M

a

.

So A

d+1

is �nite, nontrivial with 0 lying in the interior of 
o

s


(A

d+1

), and it is

easily 
he
ked from the 
onstru
tion that no two of its points share a 
ommon


oordinate hyperplane, and hen
e A

d+1

is also generi
. Finally, for the points

of A

�

and A

0

+

, inward dire
tions are (0; 0; : : : ; 0; 1) and (0; 0; : : : ; 0;�1), respe
-

tively (be
ause an open neighborhood of ea
h P

a

is 
ontained in 
o

s


(A

d+1

) ),

and for ea
h b 2

~

M

a

, u

a


an be 
hosen as an inward dire
tion. This �nishes the

proof of Theorem 2.1. 2

2.3 Computer experiments in dimension 3

The algorithm for 3-dimensional separately 
onvex hull reviewed in Se
tion 2.1

was �ne-tuned and implemented by Boris Leto
ha in his M.S
. thesis [Let99℄.

The 
orre
tness of the implementation was 
he
ked by 
omparison of many

results with an earlier, slower implementation by J. Matou�sek. Leto
ha noti
ed

that the generi
 nontrivial 
on�guration 
onstru
ted in [MP98℄ is not in
lusion-

minimal, and an 18-point generi
 nontrivial 
on�guration 
an be obtained from

it by removing suitable 2 points. This is also a smallest generi
 nontrivial


on�guration known so far.

Leto
ha 
ondu
ted extensive 
omputer sear
h for in
lusion-minimal generi


nontrivial 
on�gurations. At ea
h experiment, independent random permuta-

tions �

1

and �

2

of f1; 2; : : : ; ng were generated, and the (generi
) set

A = f(i; �

1

(i); �

2

(i)) : i = 1; 2; : : : ; ng (1)

was 
onsidered. (For example, for n = 100, the 
omputation of the separately


onvex hull for su
h a set took about 0:2s on a Pentium II, 300MHz ma
hine.)

If A turned out to be nontrivial (su

essful experiment), it was 
he
ked for

in
lusion-minimality, and as soon as a point a 2 A with A n fag nontrivial was

found, it was removed. This was repeated until an in
lusion-minimal nontrivial

set was obtained. As noted in [MP98℄, the existen
e of a single generi
 nontrivial


on�guration implies that the probability of su

ess in this experiment tends

to 1 as n!1. However, it turned out that the probability of su

ess is quite

large even for fairly small n; for n = 65 it is (estimated to be) slightly over 0:5,

and for n = 78 it ex
eeds 0:9.

Minimal 
on�gurations with sizes between 18 and 28 were dis
overed by

this method. The 18-point 
on�gurations were most frequent; for n = 66, with

6



about 55% of su

essful experiments, about 36% of the su

essful experiments

led to 18-point 
on�gurations, 33% to 19-point ones, and 19% to 20-point ones.

From su
h data, one 
an estimate from below the number of distin
t minimal

nontrivial 
on�gurations of the \
anoni
al" form (1). For example, for n = 40,

an 18-point 
on�guration was observed in about 0:12% of the 
ases (in 10

6

ex-

periments). Thus, up to the small statisti
al un
ertainty, we get that the prob-

ability P (40; 18) of a random set (1) 
ontaining a minimal nontrivial 18-point


on�guration as a subset is at least 0:0012. A random 40-point set (1) 
ontains

�

40

18

�

18-point subsets, ea
h of whi
h 
an be regarded as a random 18-point set of

the form (1). These random subsets are not independent, but 
ertainly we have

P (40; 18) �

�

40

18

�

P (18), where P (18) is the probability of a random 18-point

set (1) being minimal nontrivial. Sin
e the total number of 18-point sets (1) is

(18!)

2

, we 
an 
on
lude that the number of distin
t 18-point minimal generi


nontrivial 
on�gurations is at least about (18!)

2

P (40; 18)=

�

40

18

�

� 4� 10

17

.

Generi
 nontrivial 
on�gurations of 17 or fewer points were never en
oun-

tered in the experiments, and they must be mu
h more rare than those with 18

points, if they exist at all.

2.4 Arbitrarily large minimal 
on�gurations

First we exhibit an arbitrarily large in
lusion-minimal nontrivial set inR

3

whi
h

is not generi
. For n = 1; 2; : : :, the set A

n

has 3n+3 points d; e; f and a

i

; b

i

; 


i

,

i = 1; 2; : : : ; n. The 
onstru
tion for n = 3 is drawn in Fig. 2. The 
ube drawn

x

y

z

a

1

a

2

a

3

b

1

b

2

b

3




1




2




3

d

e

f

Figure 2: The minimal nontrivial set A

3

and its s
-hull.

by thin line is in
luded solely for better visualization; the points are drawn by

dots and the set B

3

= 
o

s


(A

3

) by thi
k lines. For other n, the 
onstru
tion

is analogous, but the \stairs" produ
ed by a

i

; b

i

; 


i

are made smaller and n of

them are put in. Using the algorithm in Se
tion 2.1, it is not diÆ
ult to 
he
k

that B

n

= 
o

s


(A

n

). (The in
lusion B

n

� 
o

s


(A

n

) is espe
ially easy, sin
e all

s
-extreme points of B

n

lie in A

n

.) If we remove, for example, the point 


3

7



from A

3

, the algorithm allows us to remove the segment of B

3

ending in 


3

, and

then, su

essively, the segments ending in b

3

, a

3

, 


2

, b

2

,. . . ,e, and d. The set

A

3

n f


3

g is trivial, and the situation with removing any other point is entirely

analogous.

Proposition 2.2 The Carath�eodory number for the separate 
onvexity in R

d

,

for d � 3, is in�nite. In fa
t, arbitrarily large (�nite) in
lusion-minimal non-

trivial 
on�gurations exist.

Re
ently, M�uller proved that if R

d

is identi�ed with the spa
e Diag

d

of d�d

diagonal matri
es in the obvious manner ((x

1

; x

2

; : : : ; x

d

) be
omes the matrix

with x

1

; x

2

; : : : ; x

d

on the diagonal and 0's elsewhere), and if f :Diag

d

! R is

any separately 
onvex fun
tion, then for any " > 0 and a 
ompa
t set K �

Diag

d

, a quasi
onvex fun
tion g on the spa
e M

d�d

of all d� d matri
es exists

with jf(x) � g(x)j < " for all x 2 K ([M�ul99℄ deals with the 
ase d = 2 and

announ
es the result for an arbitrary d). Consequently, for 
ompa
t A � Diag

d

,

the separately 
onvex hull of A within Diag

d

equals the quasi
onvex hull, and

also the rank-one 
onvex hull, of A in M

d�d

. (Let us remark that the just

mentioned result is not obvious even for rank-one 
onvexity.) Therefore, we get

Corollary 2.3 The Carath�eodory number for quasi
onvexity, as well as for

rank-one 
onvexity, on d � d matri
es, d � 3, is in�nite, and arbitrarily large

(�nite) in
lusion-minimal nontrivial 
on�gurations exist.

The 
on�guration A

n


onstru
ted above is not generi
, but an arbitrarily

large minimal generi
 nontrivial 
on�guration for separate 
onvexity 
an be

obtained as well (for rank-one 
onvexity or quasi
onvexity, the existen
e of

su
h 
on�gurations is open at present). The idea is to repla
e ea
h point of

A

n

by a small (perturbed) 
opy of the planar 
on�guration T

4

. We �rst note

that if the horizontal re
tangle R as in Fig. 3 lies in the hull of some set, and

the four points a

1

; : : : ; a

4

are in the set, then also the re
tangle R

1

lies in the

hull. Then, su
h re
tangles (and the 
orresponding fourtuples) 
an be arranged

R

R

1

a

1

a

2

a

3

a

4

Figure 3: Suitable 4 points and R generate the re
tangle R

1

.


y
li
ally, similar to the segments in Fig. 2, as depi
ted in Fig. 4 (the position

8



x

y

z

Figure 4: Constru
ting arbitrarily large generi
 nontrivial 
on�guration.

of the 4-tuples is indi
ated s
hemati
ally by thi
k segments). The resulting


on�guration is generi
 nontrivial. It is not minimal (it turns out that 2 points

suÆ
e at ea
h turn of the \stairs"; Fig. 5 shows a minimal sub
on�guration

obtained for n = 3), but if we delete any of the 4-tuples, we get a trivial


on�guration, and hen
e any minimal nontrivial subset has at least 3(n + 1)

points.

Let us remark that by applying this 
onstru
tion with n = 1 and sele
ting

a minimal nontrivial subset, we arrive at the ni
ely symmetri
 18-point 
on-

�guration (the smallest known size) shown in Fig. 6. The pi
ture displays the

separately 
onvex hull as the appropriate box 
omplex; the 2-dimensional ele-

mentary boxes are shown semi-transparent. It is also remarkable that, unlike

to the usual 
onvex hulls, the separately 
onvex hulls in dimension 3 need not

be 
ontra
tible.

3 Envelope of the distan
e fun
tion de�nes the hull

Theorem 3.1 Let D � R

d

be a set of dire
tions 
ontaining a basis of R

d

. Let

A � R

d

be a 
ompa
t set. Let Æ

A

be the fun
tion giving distan
e from A; that

is, Æ

A

(x) = inf

y2A

kx� yk. Let Z be the zero set of C

D

Æ

A

. Then Z = 
o

D

(A).

Proof. The in
lusion 
o

D

(A) � Z is 
lear. To prove the opposite in
lusion,


onsider a point x

0

62 
o

D

(A). This means that a nonnegative D-
onvex fun
-

tion f exists with f(x

0

) > 0 and f(A) = 0. Our goal is to produ
e a D-
onvex

fun
tion g with g(x

0

) > 0 and satisfying g � Æ

A

everywhere. Then we will also

have that the D-
onvex envelope of Æ

A

majorizes g, and in parti
ular it 
annot

be 0 at x

0

.

Choose the 
oordinate system so that 0 2 A. Let B(0; R), R � 1, be a

(
losed) ball 
ontaining both x

0

and A. Set

� =

1

4

inf

�

Æ

A

(x)

max(Æ

A

(x); f(x))

: x 2 B(0; 2R) n A

�

:

9



Figure 5: A minimal 30-point generi
 nontrivial 
on�guration and its s
-hull.

We want to prove that � > 0. We re
all that the fun
tion f , being D-
onvex, is

lo
ally Lips
hitz ([MP98℄, Observation 2.3), and hen
e Lips
hitz on any 
om-

pa
t set. Let C be the Lips
hitz 
onstant of f on B(0; 2R). If x 2 B(0; 2R) lies

at distan
e t > 0 from A, then there is a point a 2 A at distan
e t from x, and

sin
e f(a) = 0 we have f(x) � Ct. From this we get � �

1

4C

.

Now we know that �f is a D-
onvex fun
tion nonzero at x

0

satisfying �f �

Æ

A

everywhere on the ball B(0; R); we still need to extend it on the whole R

d

so that it remains below Æ

A

everywhere. To this end, we use a standard tri
k

from 
onvex analysis for extending a 
onvex fun
tion de�ned on a ball.

De�ne a fun
tion g by setting

g(x) =

(

max(�f(x); kxk �R) for kxk � 2R

kxk �R for kxk > 2R:

First we note than on B(0; R), g 
oin
ides with �f , and hen
e g(x

0

) > 0. We

also have g � Æ

A

everywhere (be
ause �f � Æ

A

on B(0; 2R) and kxk � R �

Æ

A

(x)). It remains to show that g is D-
onvex. Clearly it is D-
onvex on

B(0; 2R), being a maximum of two D-
onvex fun
tions there. We note that for

all x with

3

2

R � kxk � 2R we have

�f(x) �

1

4

Æ

A

(x) �

1

4

kxk �

1

2

R � kxk �R :

10



Figure 6: An 18-point generi
 
on�guration with its s
-hull.

This means that in the annulus

3

2

R � kxk � 2R, g(x) 
oin
ides with kxk � R,

and from this it is routine to 
he
k the D-
onvexity of g on the whole R

d

. 2

4 Non-robustness of the D-
onvex hull

For separate 
onvexity, there is a simple exa
t algorithm for 
omputing the

s
-hulls of �nite sets, but for rank-one 
onvexity (or for any D with more

than d dire
tions in R

d

), no su
h algorithm is known so far. In view of Theo-

rem 3.1, it seems natural to try to approximate the D-
onvex hull by approx-

imately 
omputing the D-
onvex envelope of the distan
e fun
tion and taking

the \near-zero" set. But even for separate 
onvexity in the plane, this is gen-

erally unrealisti
, be
ause enormous a

ura
y would be required.

Proposition 4.1 For ea
h n � 1, there exist: an (n + 1)-point set A � R

2


ontained in the m � m integer grid with m = O(n) and with 
o

s


(A) = A,

and two points b

0

and b

n

, both at distan
e 1 from A, su
h that any separately


onvex fun
tion f that is 0 on A satis�es f(b

n

) � n

�n

f(b

0

).
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a

0

a

1

a

2

a

3

a

4

a

5

a

6

a

7

a

8

a

9

a

10

b

3

b

1

b

2

b

4

b

5

b

6

b

7

b

8

b

9

b

10

b

0

n

Figure 7: A 
on�guration with non-robust hull

Proof. The 
onstru
tion is shown in Fig. 7. There is an auxiliary gray square

with side n in the middle, and the points a

0

, a

1

,. . . , a

n

are pla
ed in a spiral-like


on�guration around the square; the s
aling is su
h that the distan
e of a

0

and

b

0

is 1, as well as ea
h of the distan
es a

i

b

i

. Sin
e f(a

1

) = 0 and the distan
e

b

0

a

1

is at least n, the 
onvexity of f on the line b

0

a

1

implies f(b

1

) �

1

n

f(b

0

),

and indu
tion (along the indi
ated lines) yields f(b

i

) � n

�i

f(b

0

). Finally, the

triviality of A is easy (one 
an 
he
k that there is no T

4


on�guration, or apply

the algorithm). 2

Of 
ourse, one 
an hope that 
on�gurations with this bad behavior are ex-


eptional and that we suÆ
e with mu
h smaller pre
ision for 
omputing the D-


onvex envelope for \usual" examples. Computational experiments, des
ribed

next, indi
ate that one has to be 
areful even with not too large random 
on-

�gurations.

For various values of n, random n-point sets A � R

3

of the form (1) were

generated. Re
all that they are subsets of the grid G = f1; 2; : : : ; ng

3

. For su
h

an A, the fun
tion f

A

:G ! f0; 1g, with f

A

(x) = 0 for x 2 A and f

A

(x) = 1

otherwise, was 
onsidered. As shown in [MP98℄, the points of G \ 
o

s


(A) are

exa
tly the zero set of the separately 
onvex envelope of f

A

on G (where the

separately 
onvex envelope on G is the largest fun
tion G ! R that is below

f

A

and satis�es the 
onvexity 
ondition for any triple of points of G lying on a

line parallel to a 
oordinate axis). The fun
tion f

A

was separately 
onvexi�ed

12



on the grid G by a straightforward iterative algorithm: 
onvexify along the

lines parallel to the x-axis, then along the y-axis, then along the z-axis, and

repeat until the maximum 
hange of the fun
tion's value in a single iteration

drops below a small threshold (
hosen as 10

�13

for double-pre
ision arithmeti
).

Up to small rounding errors, this algorithm provides an upper bound on the

values of C

s


f

A

on G (and, hopefully, should provide good approximation to

the a
tual values of the separately 
onvex envelope, but no error bound seems

to be available).

A measure of the a

ura
y required for 
orre
t 
omputation of 
o

s


(A) by

this method is the smallest value of C

s


f

A

(x) for x 2 Gn
o

s


(A) (where 
o

s


(A)

was determined by the exa
t 
ombinatorial algorithm). In the experiments, this

value was typi
ally quite small even for moderate values of n. For example,

while it was typi
ally between 10

�3

and 10

�4

for n = 20, already for n = 40

it was usually below 10

�7

and values as small as 2 � 10

�11

appeared in a few


ases. For n = 50, the values were often below 10

�13

and 
annot be 
onsidered

reliable anymore with the double-pre
ision 
omputations.

Still, knowing that the value of the D-
onvex envelope of the distan
e fun
-

tion of A (or of some other suitable fun
tion) is reasonably large at some point

x, we 
an 
on
lude that x 62 
o

D

(A). Approximate 
omputation of D-
onvex

envelopes might thus yield at least a reasonable outer approximation of the

D-
onvex hull. But even here, there is a problem with 
ontrolling the error

of the approximation of the envelope. The most natural method of 
omputing

the D-
onvex envelope (employed above for separate 
onvexi�
ation on a grid),

namely iterative one-dimensional 
onvexi�
ations along the dire
tions in D, is

likely to provide an upper bound on the values of the envelope. But 
ontrolling

the error, and getting a reliable bound from below, appears 
hallenging. As

was remarked above, no error bounds seem to be available even for separate


onvexi�
ation on a grid.

5 Lips
hitz 
onstant is preserved by the D-
onvex

envelope

Re
all that for a fun
tion f :R

d

! R and a dire
tion ve
tor v, C

fvg

f denotes

the 
onvex envelope of f taken in dire
tion v; that is, f is 
onvexi�ed (inde-

pendently) along ea
h line parallel to v. For simpli
ity, we write only C

v

f for

C

fvg

f .

Lemma 5.1 Let v 2 R

d

be a nonzero dire
tion ve
tor. Let f be a real 1-

Lips
hitz fun
tion de�ned on R

d

. Then C

v

f is 1-Lips
hitz as well. Here \1-

Lips
hitz" may be taken with respe
t to an arbitrary translation-invariant met-

ri
 on R

d

.

The following simple proof was 
ommuni
ated to me by Kir
hheim; my

previous formulation was more 
ompli
ated.
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Proof. For brevity, denote the fun
tion C

v

f by g. Let x; y 2 R

d

be two

arbitrary points; it suÆ
es to prove

g(x) � g(y) + �(x; y); (2)

where � is the 
onsidered translation-invariant metri
. Let " > 0 be arbitrary,

and let `

y

be the line parallel to v 
ontaining y. Sin
e the point (y; g(y) + ") is

above the 
onvex envelope of f restri
ted to `

y

, there are two points y

1

; y

2

2 `

y

su
h that y lies between y

1

and y

2

and g(y)+" > tf(y

1

)+(1�t)f(y

2

), t 2 [0; 1℄.

Then we have

g(x) = g(y + (x� y))

� tf(y

1

+ (x� y)) + (1� t)f(y

2

+ (x� y)) (
onvexity of g on `

x

)

� tf(y

1

) + (1� t)f(y

2

) + �(x; y) (as f is 1-Lips
hitz)

< g(y) + "+ �(x; y):

Sin
e " > 0 was arbitrary, (2) is proved. 2

Corollary 5.2 Let f be a 1-Lips
hitz real fun
tion de�ned on R

d

. Then C

D

f

is 1-Lips
hitz as well.

Proof. Set

�

f = inffC

v

1

C

v

2

: : : C

v

n

f : v

1

; v

2

; : : : ; v

n

2 D; n = 1; 2; 3; : : :g

(a pointwise in�mum). Clearly C

D

f �

�

f , and it is straightforward to verify that

�

f is a D-
onvex fun
tion, hen
e

�

f = C

f

. At the same time, all the fun
tions

C

v

1

C

v

2

: : : C

v

n

f are 1-Lips
hitz by Lemma 5.1, and hen
e C

D

f is 1-Lips
hitz as

well. 2

There is an interesting 
onsequen
e for D-
onvex envelopes of distan
e fun
-

tions to sets.

Corollary 5.3 Let A � R

d

be a set and let B = 
o

D

(A). Then C

D

Æ

A

= C

D

Æ

B

,

where Æ

X

denotes the distan
e fun
tion of a set X.

Proof. Sin
e A � B, we have Æ

A

� Æ

B

and hen
e also C

D

Æ

A

� C

D

Æ

B

.

To see the opposite inequality, we note that C

D

Æ

A

is a D-
onvex fun
tion and

hen
e it is 0 on B. Moreover, it is 1-Lips
hitz by Corollary 5.2, and therefore

C

D

Æ

A

� Æ

B

. Taking D-
onvex envelopes on both sides of the last inequality

yields C

D

Æ

A

� C

D

Æ

B

. 2

6 A lo
ality result

The following result was 
laimed in [MP98℄ as Corollary 2.9:

Proposition 6.1 Let A � R

d

be 
ontained in a (fun
tionally) D-
onvex set

C, whi
h is a disjoint union of 
ompa
t sets C

1

; : : : ; C

k

. Then 
o

D

(A) =

S

k

i=1


o

D

(A \ C

i

).
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As was pointed out by Bernd Kir
hheim (private 
ommuni
ation, 1998), this

is probably not an immediate 
onsequen
e of the previous theorem in [MP98℄

(whi
h states that if C

1

; C

2

� R

d

are disjoint 
ompa
t sets with C

1

[C

2

being

D-
onvex then C

1

and C

2

are D-
onvex as well). Here we give a full proof. The

result was independently proved, together with some other related properties

of D-
onvex hulls, by Kir
hheim [Kir99℄.

Proof. It suÆ
es to prove the following statement: Let B;C � R

d

be disjoint


ompa
t sets whose union is D-
onvex, and let K � B; then B \ 
o

D

(K [

C) = 
o

D

(K). Indeed, in the situation of Proposition 6.1, we set B = C

1

,

C = C

2

[ � � � [ C

k

, K = A \ C

1

, and we use the monotoni
ity of the D-
onvex

hull.

Put f = C

D

Æ

B[C

. Fix � > 0 su
h that B

2�

\C = ; (where B

"

denotes the

"-neighborhood of B), and let S = B

2�

n B

�

. By Theorem 3.1, f is positive on

S, and so it is bounded away from 0 there, by the 
ompa
tness of S.

Let f

K

= C

D

Æ

K

. This f

K

is positive on the 
ompa
t set S (sin
e 
o

D

(K) �

B). Choose � > 0 so that �f

K

� f on S. De�ne a fun
tion g as follows:

g =

(

max(�f

K

; f) on B

2�

f elsewhere.

Sin
e f = 0 on B [C, the zero set of g 
ontains C, and its interse
tion with B

equals the zero set of f

K

, i.e. 
o

D

(K). It remains to 
he
k that g is D-
onvex.

On B

2�

, g is D-
onvex as the maximum of two D-
onvex fun
tions. Outside of

B

�

, we have g = f . If a line ` interse
ts both B

�

and the 
omplement of B

2�

,

it shares a segment of length at least � with S; 
onsequently, g is D-
onvex

everywhere on R

d

. 2
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