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Abstra
t

We give a simple and elementary proof of K�r���z's lower bound on the


hromati
 number of the Kneser r-hypergraph of a set system S.

1 Introdu
tion

Let S be a system of subsets of a �nite set X. The Kneser r-hypergraph KG

r

(S)

has S as the vertex set, and an r-tuple (S

1

; S

2

; : : : ; S

r

) of sets in S forms an edge

if S

i

\S

j

= ; for all i 6= j. In parti
ular, KG(S) = KG

2

(S) is theKneser graph of

S. Kneser [8℄ 
onje
tured in 1955 that �(KG(

�

[n℄

k

�

)) � n�2k+2, n � 2k, where

�

[n℄

k

�

denotes the system of all k-element subsets of the set [n℄ = f1; 2; : : : ; ng,

and � denotes the 
hromati
 number. This was proved in 1978 by Lov�asz [12℄,

as one of the earliest and most spe
ta
ular appli
ations of topologi
al methods

in 
ombinatori
s. Several other proofs have been published sin
e then, all of

them topologi
al; among them, at least those of B�ar�any [2℄, Dol'nikov [5℄ (also

see [6℄, [7℄), and Sarkaria [13℄ 
an be regarded as substantially di�erent from

ea
h other and from Lov�asz' original proof. Erd}os' generalization of Kenesr's


onje
ture to hypergraphs, dealing with the 
hromati
 number of KG

r

(

�

[n℄

k

�

),

was established by Alon, Frankl, and Lov�asz [1℄.

K�r���z [11℄, [10℄ proved a remarkable lower bound for the 
hromati
 number

of KG

r

(S) for an arbitrary set system S, whi
h easily implies the 
orre
t bound

in the 
ase when S =

�

[n℄

k

�


onsidered by Alon et al. (for r = 2, the result was

obatined earlier by Dol'nikov [5℄).

To state this result, we �rst re
all that a mapping 
:V ! [m℄ is a (proper)


oloring of a hypergraph H = (V;E) if none of the edges e 2 E is mono
hro-

mati
 under 
. The 
hromati
 number �(H) of H is the smallest m su
h that

a proper 
oloring 
:V ! [m℄ exists. We de�ne the r-
olorability defe
t of

H = (V;E) as the smallest number of verti
es that must be removed so that

the edges living 
omletely on the remaining points form an r-
olorable hyper-

graph, i.e.


d

r

(H) = min

n

jY j : �((V n Y; fe 2 E : e \ Y = ;g)) � r

o

:

K�r���z's result 
an be stated as follows.

�
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Theorem 1.1 (Dol'nikov [5℄ for r = 2; K�r���z [11℄,[10℄) For any �nite set sys-

tem (X;S) and any r � 2, we have

�(KG

r

(S)) �

1

r � 1

� 
d

r

((X;S)):

The proof in [11℄ does not work in the generality stated there (as was pointed

out by

�

Zivaljevi�
) but Theorem 1.1 remains valid [10℄. We remark that KG

r

(S)

is denoted by [S; r℄ in [11℄, and 
d

r

(S) is denoted by w(S; r) there and 
alled

the r-width.

In this paper, we present another proof of Theorem 1.1. The basi
 approa
h

is similar to that of K�r���z, but our proof is somewhat simpler and, hopefully, more

a

essible to non-spe
ialists in topology.

We only assume reader's familiarity with a few basi
 topologi
al notions

(su
h as simpli
ial 
omplex and its geometri
 realization); more spe
ial topo-

logi
al notions are reviewed in Se
tion 2, in very 
on
rete form just suitable for

our purposes. We refer to B�orner [3℄ or

�

Zivaljevi�
 [14℄, [15℄ for wider ba
kgroung

and for ni
e ni
e re
ent overviews of topologi
al methods in 
ombinatori
s.

2 Preliminaries

Simpli
ial 
omplexes. For our purposes, a (�nite) simpli
ial 
omplex K

is a hereditary family (in
luding the empty set) of subsets of a �nite set; the

sets in K are 
alled simpli
es. The dimension of a simplex is the number of its

verti
es minus 1. The vertex set of K is denoted by V (K), and the polyhedron

of a geometri
 realization of K is denoted by kKk.

Let (V;�) be a partially ordered set. The order 
omplex of (V;�) is the

simpli
ial 
omplex with vertex set V and with all 
hains under � (i.e. subsetes

of V linearly ordered by �) as simpli
es. The �rst bary
entri
 subdivision of a

simpli
ial 
omplex K, denoted by sd(K), is the order 
omplex of the set of all

nonempty simpli
es of K ordered by in
lusion. The polyhedra of K and of sd(K)

are 
anoni
ally homeomorphi
.

Let K; L be simpli
ial 
omplexes. A simpli
ial map f : K ! L is a map

V (K)! V (L) su
h that the image of any simplex of K is 
ontained in a simplex

of L. A simpli
ial map indu
es a map kKk ! kLk of topologi
al spa
es.

The join of simpli
ial 
omplexes K and L with V (K) \ V (L) = ; is the

simpli
ial 
omplex with vertex set V (K) [ V (L) and with simpli
es F [ G for

all F 2 K and G 2 L. If V (K) and V (L) are not disjoint then K � L is the join

of K with an isomorphi
 
opy of L whose vertex set is disjoint from V (K). If

K

1

;K

2

; L

1

; L

2

are simpli
ial 
omplexes, V (K

1

)\V (L

1

) = ;, and f :K

1

! K

2

and

g: L

1

! L

2

are simpli
ial maps, then f �g:K

1

�L

1

! K

2

�L

2

is the simpli
ial map

given by (f � g)(v) = f(v) for v 2 V (K

1

) and (f � g)(v) = g(v) for v 2 V (L

1

).

Conne
tivity. LetX;Y be topologi
al spa
es, k � 0 stands for an integer. All

mappings between topologi
al spa
es are impli
itly assumed to be 
ontinuous.

X is k-
onne
ted if for any j = 0; 1; : : : ; k any mapping f of the j-dimensional

sphere S

j

into X 
an be extended to a mapping of the (j +1)-dimensional ball

into X.
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Z

p

-spa
es. A Z

p

-spa
e is a pair (X; �), where � : X ! X is a homeomorphism

X ! X with �

p

= id

X

; � is 
alled a Z

p

-a
tion on X. The Z

p

-a
tion � is 
alled

free if for ea
h x 2 X the points x; �(x); �

2

(x); : : : ; �

p�1

(x) are pairwise distin
t.

For prime p, it suÆ
es to require �(x) 6= x for all x. A simpli
ial Z

p

-
omplex

is a simpli
ial 
omplex K with a Z

p

-a
tion on kKk given by a simpli
ial map

K! K.

For Z

p

-spa
es (X; �), (Y; !), a Z

p

-mapping f : (X; �)! (Y; !) is a mapping

of X into Y whi
h 
ommutes with the Z

p

-a
tions, i.e. f Æ � = ! Æ f .

The Z

p

-index. For integers k and p, we de�ne the simpli
ial 
omplex E

k;p

whose maximal simpli
es are the edges of the 
omplete (k+1)-uniform (k+1)-

partite hypergraph with 
lasses of size p. More formally, the vertex set is [k+1℄�

[p℄ and the simpli
es have the form f(j

1

; i

1

); (j

2

; i

2

); : : : ; (j

q

; i

q

)g, 1 � j

1

< j

2

<

� � � < j

q

� k+1 and i

t

2 [p℄, t = 1; 2; : : : ; q. The mapping !:V (E

k;p

)! V (E

k;p

)

given by (j; i) 7! (j; i+1), where p+1 means 1, is a free simpli
ial Z

p

-a
tion

on E

k;p

. In parti
ular, E

k;2

is the k-dimensional sphere represented as the unit

sphere of the L

1

-norm, and the Z

2

-a
tion is the antipodality x 7! �x. The

important property of E

k;p

is that its polyhedron is a k-dimensional, (k�1)-


onne
ted free Z

p

-spa
e;

1

any (para
ompa
t) k-dimensional (k�1)-
onne
ted

free Z

p

-spa
e would do equivalently in the de�nition below.

For a free Z

p

-spa
e (X; �), the Z

p

-index is de�ned by

ind

Z

p

(X) = minfk : there is a Z

p

-map (X; �) ! (kE

k;p

k; !)g

(the a
tion � is not shown in the notation ind

Z

p

but is understood from 
ontext).

This kind of index, under the name genus, was introdu
ed by Krasnosel'ski�� [9℄

(for Z

2

-spa
es); our presentation follows [14℄.

The key fa
t about Z

p

-index is ind

Z

p

(kEk

k;p

) = k, i.e. there is no Z

p

-map

kE

k;p

k ! kE

k�1;p

k. For p = 2, this is one of the versions of the well-known

Borsuk{Ulam theorem, and for larger p, it is a parti
ular 
ase of a theorem of

Dold [4℄; see e.g. [15℄ for a sket
h of proof using only basi
 homology theory.

Clearly, if there is a Z

p

-map (X; �) ! (Y; !) then ind

Z

p

(X) � ind

Z

p

(Y ).

For a free simpli
ial Z

p

-
omplex, we have ind

Z

p

(kKk) � dim(K) (this 
an be

shown easily using the (k�1)-
onne
tedness of E

k;p

; see, for example, [15℄). For

free simpli
ial Z

p

-
omplexes K and L, we have

ind

Z

p

(K � L) � ind

Z

p

(K) + ind

Z

p

(L) + 1; (1)

where the Z

p

-a
tion on K � L is the join of the Z

p

-a
tions on K and on L. This

is easily derived from the isomorphism of E

k;p

� E

`;p

with E

k+`+1;p

.

3 Proof of Theorem 1.1

First, let r = p be a prime number. Let X = [n℄, and let S be a set system on

X with 
d

p

((X;S)) > `.

1

The (k � 1)-
onne
tedness 
an be derived in several ways, for example by representing

E

k;p

as the (k+1)-fold join [p℄

�(k+1)

, where [p℄ is the p-point dis
rete spa
e, and use the fa
t

that the join of a j-
onne
ted simpli
ial 
omplex and of an `-
onne
ted simpli
ial 
omplex is

(j + `+ 2)-
onne
ted (see e.g. [3℄).
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We de�ne a partial ordering� on the set of all ordered p-tuples (A

1

; A

2

; : : : ; A

p

)

of subsets of X by letting (A

1

; : : : ; A

p

) � (A

0

1

; : : : ; A

0

p

) i� A

i

� A

0

i

for all

i = 1; 2; : : : ; p.

Consider the set of all ordered p-tuples (A

1

; A

2

; : : : ; A

p

) su
h that the A

i

are pairwise disjoint subsets of X whose union 
overs all but at most ` points of

X, and let K = K(X; p; `) be the order 
omplex of this set with the ordering �

de�ned above. A simpli
ial free Z

p

-a
tion � is de�ned on K by the 
y
li
 shift:

�: (A

1

; : : : ; A

p

) 7! (A

2

; A

3

; : : : ; A

p

; A

1

):

Suppose that 
:S ! [m℄ is a proper m-
oloring of the Kneser p-hypergraph

KG

p

(S). This time we 
onsider the set of all ordered p-tuples (C

1

; : : : ; C

p

)

of subsets of [m℄ with

S

p

i=1

C

i

6= ; and

T

p

i=1

C

i

= ;. Let L be the order


omplex this set with the 
omponentwise in
lusion ordering � as above. The

simpli
ial Z

p

-a
tion on L, again given by the 
y
li
 shift of 
oordinates (i.e.

(C

1

; : : : ; C

p

) 7! (C

2

; : : : ; C

p

; C

1

)), is free|here we use that p is a prime.

Using the m-
oloring 
, we are going to de�ne a simpli
ial Z

p

-map f :K! L.

For a subset A � X, let

g(A) = f
(S) : S � A; S 2 Sg

and for a vertex (A

1

; A

2

; : : : ; A

p

) of K, put

f((A

1

; A

2

; : : : ; A

p

)) = (g(A

1

); g(A

2

); : : : ; g(A

p

)):

If 
 is a proper 
oloring, then no p pairwise disjoint sets of S 
an have the same


olor, and it follows that

T

p

i=1

g(A

i

) = ;. Sin
e we assume 
d

p

((X;S)) > `,

for any ordered p-tuple (A

1

; : : : ; A

p

) 2 V (K), there are i 2 [p℄ and S 2 S with

S � A

i

. Therefore,

S

p

i=1

g(A

i

) 6= ;, so f((A

1

; : : : ; A

p

)) 2 V (L) and and it is

easy to see that f is a simpli
ial Z

p

-map K! L.

It remains to bound the indi
es ind

Z

p

(K) and ind

Z

p

(L). As for the latter,

we have ind

Z

p

(L) � dim(L) = m(p�1). Indeed, supposing that (C

1

; : : : ; C

p

) is

the largest element in a 
hain of verti
es of L, ea
h j 2 [m℄ is in at most p�1 of

the C

i

, and ea
h time we pass to a smaller element of the 
hain, some j 2 [m℄

is omitted from at least one of the sets; thus, the 
hain has at most m(p�1)+1

elements.

The Z

p

-index of K 
an be bounded from below in several ways (homology


omputation, indu
tive argument showing an appropriate 
onne
tivity, shelling

argument); we use a simple approa
h inspired by Sarkaria's papers.

First we 
onsider the larger 
omplex K

0

= K(X; p; n�1), with all p-tuples

of pairwise disjoint subsets of X, not all of them empty, as verti
es. It is

well-known that ind

Z

p

(K

0

) = n�1 (for those familiar with deleted joins, we

remark that we remark that K

0

is the �rst bary
entri
 subdivision of the p-fold

2-wise deleted join of the (n�1)-simplex|see e.g. [13℄). In fa
t, K

0

is Z

p

-

isomorphi
 to sd(E

n�1;p

): the isomorphism ':V (sd(E

n�1;p

)) ! V (K

0

) is given

by f(j

1

; i

1

); (j

2

; i

2

); : : : ; (j

q

; i

q

)g 7! (A

1

; A

2

; : : : ; A

p

), where A

i

= fj

t

: i

t

= i; t =

1; 2; : : : ; qg.

Let K

1

be the sub
omplex of K

0

with V (K

1

) = V (K

0

) n V (K) and with

simpli
es inherited from K

0

. The verti
es of K

1

are p-tuples (A

1

; : : : ; A

p

) of

4



disjoint sets with j

S

p

i=1

A

i

j � n�`�1, and ind

Z

p

(K

1

) � dim(K

1

) = n�`�2. We

have K

0

� K � K

1

, and so by (1)

ind

Z

p

(K) � ind

Z

p

(K

0

)� ind

Z

p

(K

1

)� 1 = n� 1� (n� `� 2)� 1 = `:

Sin
e we have 
onstru
ted the Z

p

-map f :K ! L, we have ` � ind

Z

p

(K) �

ind

Z

p

(L) � m(p�1). This proves Theorem 1.1 for all prime r.

The non-prime 
ase is handled by a simple 
ombinatorial argument, whi
h

is given in [10℄ and whi
h we omit. 2

Remark. As we have seen, the simpli
ial 
omplex K

0

is the subdivision of

E

n�1;p

; in parti
ular, for p = 2, it is an (n�1)-sphere. The sub
omplex K

1

is the

subdivision of the (n�`�2)-skeleton of E

n�1;p

. For p = 2, the simpli
ial 
omplex

K also has a ni
e interpretation (noted by G. Ziegler): it 
an be regarded as the

subdivision of the `-skeleton of the 
ube [0; 1℄

n

i(nterpreted as a 
ell 
omplex,

with fa
es being the usual fa
es of the 
ube, i.e. 
ubes of various dimensions).

Indeed, a vertex (A;B) of K 
an be en
oded by a sequen
e v 2 f0; 1; �g

X

, where

v

x

= 0 if x 2 A, v

x

= 1 if x 2 B, and v

x

= � otherwise. Ea
h su
h v spe
i�es a

fa
e of the n-
ube.
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