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Abstra
t

For a graph G, a fun
tion f : V (G)! f�1; 0;+1g is 
alled a minus-dominating

fun
tion of G if the 
losed neighborhood of ea
h vertex of G 
ontains stri
tly more

1's than �1's. The minus-domination number 


�

(G) of G, as de�ned by Hen-

ning and Slater, is the minimum, over all minus-dominating fun
tions f of G,

of

P

v2V (G)

f(v). As observed by F�uredi and Mubayi, a well-known probabilisti


bound for the size of a transversal of a set system implies that 


�

(G) = O

�

n

r

log r

�

for any graph G on n verti
es of minimum degree r.

We prove that there exist r-regular multigraphs G on n verti
es, in whi
h ea
h

vertex has at least

r

2

distin
t neighbors, and su
h that 


�

(G) � 


n

r

log r for some


onstant 
 > 0. (For a multigraph, the 
losed neighborhood of a vertex is 
onsidered

as a multiset in the de�nition of a minus-dominating fun
tion.)

Keywords: domination in graphs, minus-domination number, regular graph,

probabilisti
 method, hypergeometri
 distribution

1 Introdu
tion

Let G be an (undire
ted) graph on n verti
es. For a vertex v 2 V (G), the 
losed

neighborhood N [v℄ of v is the set 
onsisting of v and all of its neighbors. A minus-

dominating fun
tion of G is any fun
tion f : V (G) ! f�1; 0;+1g su
h that for every

vertex v 2 V (G), we have f(N [v℄) > 0 (here and in the sequel, we use the notation

f(S) =

P

x2S

f(x) for a subset S of the domain of f). The minus-domination number

of G is de�ned as




�

(G) = minff(V (G)) : f is a minus-dominating fun
tion of Gg:

This variant of the usual domination number has re
ently been studied in several papers

(e.g., [?℄, [?℄, [?℄).

One of the main questions related to this notion is the largest possible value of




�

(G) for r-regular n-vertex graphs (or for n-vertex graphs of minimum degree r) in

dependen
e on n and on r. By an easy double-
ounting argument, one 
an see that




�

(G) �

n

r+1

for any r-regular n-vertex graph G. On the other hand, as was observed

by F�uredi and Mubayi [?℄, 


�

(G) = O(

n

r

log r) for any n-vertex graph of minimum

degree r. Indeed, 
onsider the set system with V (G) as the ground set and with the n


losed neighborhoods N [v℄, v 2 V (G), as sets. By a simple and well-known probabilisti


�
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argument, it is possible to pi
k a transversal of size O(

n

r

log r) for su
h a set system.

The verti
es of the transversal are assigned +1's and the other verti
es get 0's, whi
h

de�nes a minus-dominating fun
tion of G. F�uredi and Mubayi [?℄ 
onje
tured that this

bound is asymptoti
ally the best possible.

In this note, we partially 
on�rm their 
onje
ture. Namely, we show the existen
e

of r-regular n-vertex multigraphs with minus-domination number at least 
(

n

r

log r). In

the de�nition of a minus-dominating fun
tion, we 
onsider the 
losed neighborhood of

a vertex as a multiset (where ea
h neighbor o

urs with an appropriate multipli
ity).

That is, if v is 
onne
ted to u by k edges, the value f(u) is 
ounted k times in f(N [v℄).

Of 
ourse, if we do not put any further 
onditions, it is trivial to 
onstru
t an r-regular

multigraph with a large minus-domination number: just partition the verti
es into pairs

and 
onne
t ea
h pair by r edges (then the minus-domination number is

n

2

). To avoid

su
h trivialities, we insist that ea
h vertex has at least

r

2

distin
t neighbors. (Then the

O(

n

r

log r) upper bound using the transversal argument applies.) We prove

Theorem 1.1 There are 
onstants C and 
 > 0 su
h that for all integers r � C and for

all n's that are multiples of 4r, there exists a bipartite r-regular n-vertex multigraph G,

in whi
h ea
h vertex has at least

r

2

distin
t neighbors and su
h that 


�

(G) � 


n

r

log r.

To prove the theorem, it suÆ
es to treat the 
ase n = 4r. The larger n's 
an be

handled by putting together the appropriate number of disjoint 
opies of the multigraph

for n = 4r. For a more 
onvenient notation, we will write 2n instead of n, and we will

aim at 
onstru
ting a bipartite r-regular multigraph G with both 
lasses of size n = 2r

and with 


�

(G) = 
(log r). (The 
onstant 2 has no parti
ular signi�
an
e here.)

Remarks. The de�nition of the minus-domination number 
an be naturally extended

to an arbitrary set system � = (X;S). Namely, f : X ! f�1; 0;+1g is a minus-

dominating fun
tion of � if f(S) > 0 for ea
h S 2 S. If � is a system of n sets,

ea
h of size at least r, on n points, then the argument with transversal still gives the

O(

n

r

log r) upper bound for the minus-domination number 


�

(�). Here a more or less

standard probabilisti
 approa
h, whi
h we now outline, gives the mat
hing 
(

n

r

log r)

lower bound.

First, let X be an n-point set, n = 2r, and let R be a system obtained by pi
king

a random r-element subset of X independently 100n-times. For a �xed mapping f :

X ! f�1; 0; 1g, let P

f

denote the probability of f being a minus-dominating fun
tion

for (X;R). Suitable estimates show that

X

f

P

f

! 0

as r ! 1, where the summation is over all mappings f su
h that f(X) � 
 log r with

a suÆ
iently small 
onstant 
 > 0. Consequently, there is a system �

0

of at most 100n

sets of size r on n points with 


�

(�

0

) > 
 log r. The 
onstant 100 
an be made smaller,

but the 
al
ulation doesn't work anymore when the number of sets is the same as the

number of points.

For set systems, one 
an get around this by the following tri
k. Consider a set system

�

0

with 100n sets on n points as above. To get a system of 101n sets of size r on 101n

points, say, add 100n new points to X, partitioned into 200 sets of size r ea
h (and


hoose the remaining n� 200 sets arbitrarily). Clearly, the resulting system still has 


�

at least of the order log r. But this or similar tri
ks don't seem to work for the problem

of minus-domination number for graphs.
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The basi
 idea of the proof of Theorem ?? is the same as in the 
onstru
tion of the

set system �

0

above, i.e. showing that for a suitable random graph, we have

P

f

P

f

! 0,

where, again, P

f

is the probability that f is a minus-dominating fun
tion and the sum

extends over all mappings with at most 
 log r more +1's than �1's. But to make the


al
ulation work, we will need the graph to be r-regular. There are various models of

random r-regular graphs, but all of those I have 
onsidered either produ
e multiple edges

with high probability, or they appear hopelessly 
ompli
ated for 
al
ulations, or they

are not \random enough" for the purposes of the above argument. Thus, the argument


urrently yields multigraphs only.

2 Preliminaries on the hypergeometri
 distribution

Here we will re
all some estimates for hypergeometri
 distributions, following the treat-

ment in [?℄.

Let k, m, and N be positive integers with max(k;m) � N . We have N urns, labeled

1 through N , and we put m balls into m di�erent urns at random (draws without

repla
ement). Some k of the urns are \distinguished," and we let X denote the number

of balls in the distinguished urns.

The random variable X has expe
tation EX =

km

N

and varian
e

VarX =

km(N � k)(N �m)

N

2

(N � 1)

�

km

N

= EX: (1)

By results of [?℄, X has the same distribution as the sum of 
ertain k independent

indi
ator random variables (i.e. attaining only values 0 and 1). Consequently, various

tail estimates like Bernstein's inequality, involving the expe
tation and the varian
e, 
an

be applied for X. Spe
i�
ally, we will need

Pr[ jX �EXj � t ℄ � 2 exp

 

�

t

2

2(VarX + t=3)

!

: (2)

We will also need lower bounds for the tail estimates.

Lemma 2.1 Let X be a sum of independent 0/1 random variables and let � =

p

VarX �

200. Then for any t 2 [0;

�

2

100

℄, we have

Pr[X � EX + t℄ � 
e

�t

2

=3�

2

for a suitable 
onstant 
 > 0.

Proof. We use a (mu
h more pre
ise) estimate due to Feller [?℄. Let us write x =

t

�

.

Feller proves (eq. (2.10)) that for X as in the lemma (a
tually, under mu
h more general


onditions) and for 0 � t < �

2

=12,

Pr[X � EX + t℄ =

1

p

2�

�

1

x

� e

�

x

2

2

(1+Q(x))

�

1�

�

x

2

+

p

2� �

x

�

�

; (3)

where � is a quantity (dependent on x) with j�j < 9, � = �(x) 2 (0; 1), and Q(x) =

P

1

�=1

q

�

x

�

, with some q

�

<

1

7

�

12

�

�

�

. For x �

�

100

, we have jQ(x)j �

1

7

P

1

�=1

�

12x

�

�

�

�

1

7

P

1

�=1

�

12

100

�

�

� 0:02.
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First 
onsider the 
ase 2 � x �

�

100

. Then 1 � �=x

2

+

p

2� �

x

�

�

1

2

, and so Pr[X �

EX+t℄ �

1

6x

e

�0:49x

2

. This implies the bound in the lemma for x � 2 (with a suÆ
iently

small 
 > 0), and the 
ase x � 2 follows from the result for x = 2 by monotoni
ity

(perhaps taking 
 still smaller). 2

3 Proof of Theorem ??

As was remarked below Theorem ??, we set n = 2r, and we 
onstru
t an r-regular

bipartite multigraph with both 
lasses of size n. We use the so-
alled 
on�guration

model (see e.g. Bollob�as [?℄) to produ
e su
h a multigraph at random. That is, we take

a set V of n = 2r verti
es v

1

; : : : ; v

n

and a set U of n verti
es u

1

; : : : ; u

n

. We imagine

that ea
h v

i

has r \paws" numbered 1 through r, and similarly ea
h u

j

has r numbered

paws. We 
hoose a random perfe
t mat
hing between the set of the the nr paws of

the v

i

's and the set of the nr paws of the u

j

's, and for ea
h pair of mat
hed paws, we


onne
t the 
orresponding verti
es by an edge. In this way, ea
h v

i

and ea
h u

j

has

degree exa
tly r, but with high probability, multiple edges will arise.

Note that the probability that some vertex of the above random multigraph has at

most

r

2

di�erent neighbors is bounded from above by

4r

 

2r

r=2

!

r

2

2

(

r

2

2

� 1) � � � (

r

2

2

� r + 1)

2r

2

(2r

2

� 1) � � � (2r

2

� r + 1)

� 4r(4e)

r=2

4

�r

� 4r(0:7)

r=2

;

and so, almost surely, ea
h vertex has at least

r

2

distin
t neighbors for r suÆ
iently

large.

Next, we want to \kill" all the potential minus-dominating fun
tions. Let us put

� = 
 log r for a small positive 
onstant 
. For a parameter a, � � 2a + � � n, by an

a-minuses mapping on U we mean a mapping f : U ! f�1; 0; 1g attaining exa
tly a

values �1, a+ � values +1, and the remaining n� 2a�� values 0. Similarly we de�ne

a b-minuses mapping on V . To prove Theorem ??, it suÆ
es to show that

X

f;g

Pr [f [ g is a minus-dominating fun
tion of G℄ ! 0

for r!1, where the sum is over all a-minuses mappings f on U and b-minuses mappings

g on V , � � 2a + � � n, � � 2b + � � n. Indeed, if h : U [ V ! f�1; 0; 1g is any

minus-dominating fun
tion of G, we �rst note that by the r-regularity of G, we have

h(U) � 0 and h(V ) � 0. If we assume h(U [ V ) � �, then h(U) � � and h(V ) � �

too, and we may a
tually suppose that h(U) = h(V ) = � (by 
hanging the appropriate

number of 0's or �1's to +1's). Hen
e, we may assume that h restri
ted to U is an

a-minuses mapping and h restri
ted to V is a b-minuses mapping for suitable a and b.

First, we estimate the number of mappings we have to deal with.

Lemma 3.1 The number of a-minuses mappings on U is bounded by n

3�

for a � �,

and by

�

3n

a

�

3a

for a > �.
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Proof. The number of a-minuses mappings is

�

n

a

��

n�a

a+�

�

. The bound for a � � is

immediate. For a > �, we use the estimate

�

n

k

�

�

�

en

k

�

k

, obtaining

 

n

a

! 

n� a

a + �

!

�

�

en

a

�

a

�

en

a

�

2a

<

�

3n

a

�

3a

:

2

Next, we assume that an a-minuses mapping f on U and a b-minuses mapping g on

V are �xed, and we want to estimate the probability that f [ g is a minus-dominating

fun
tion for the random multigraph G. Put U

+

= f

�1

(+1), U

�

= f

�1

(�1), and

similarly for V

+

, V

�

. Thus, we have jU

�

j = a, jU

+

j = a + �, jV

�

j = b, jV

+

j = b + �.

We distinguish two 
ases: �rst, when both a � K� and b � K�, and se
ond, when

at least one of a; b ex
eeds K�. Here K is a suitable large 
onstant. The 
onstant 
 in

� = 
 log r will be determined in dependen
e on K.

The 
ase a; b � K�. We put V

1

= V n V

+

. We observe that if f [ g is a minus-

dominating fun
tion of G, then any vertex v 2 V

1

must have a neighbor in U

+

.

Therefore, U

+

is a transversal for the neighborhoods of all verti
es in V

1

. We have

jU

+

j � (K + 1)� and jV

1

j � n� (K + 1)� �

n

2

. For te
hni
al 
onvenien
e, we pi
k a

subset V

0

� V

1

of exa
tly

n

2

elements. The following lemma is used to deal with the �rst


ase:

Lemma 3.2 Let U

+

� U be a set of (K + 1)� verti
es, and let V

0

� V be a set of

n

2

= r verti
es. Then the probability that ea
h vertex of V

0

has a neighbor in U

+

is at

most e

�

p

r

(provided that r is suÆ
iently large).

This easy lemma is proved in Se
tion ?? below. To handle the 
ase a; b � K�, we

note that there are at most (K�)

2

n

O(�)

= e

O(log

2

r)


hoi
es for f [ g by Lemma ??, and

therefore the probability that any f [ g with a; b � K� is minus-dominating tends to 0.

The 
ase a > K�. It remains to deal with the 
ase when a > K� or b > K�.

By symmetry, it suÆ
es to suppose a > K� (while losing a fa
tor of at most 2 in the

probability estimate). Unlike to the previous 
ase, here we will only 
onsider the values

of the mapping f and ignore g 
ompletely. Call a vertex v 2 V stri
tly negative if it

has stri
tly more edges going to U

�

than to U

+

. We want to show that the probability

of no vertex being stri
tly negative is overwhelmingly small. This is formulated in the

following lemma (the bounds are far from the truth in some ranges of the parameters

but suÆ
ient for our purposes). For a simpler notation, we will use the same 
onstant

K in distinguishing several more 
ases, although there is no intrinsi
 reason to use the

same 
onstant.

Lemma 3.3 Let jU

�

j = a > K� and jU

+

j = a + K�. Then the probability that there

is no stri
tly negative vertex in V is bounded by

e

�

p

r

for �K < a � K�

2

;

e

�Ær

for K�

2

< a �

r

K

;

"

r

for a >

r

K

;

where Æ > 0 is a spe
i�
 positive 
onstant (independent of K), and " > 0 
an be 
hosen

as small as desired, provided that r > r

0

(") for a suitable r

0

(").

Given these estimates and Lemma ??, the proof of Theorem ?? is now �nished by a

very simple 
al
ulation. 2
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4 Proofs of the lemmas

Proof of Lemma ??. Let P denote the set of the paws of the verti
es of U (ea
h

vertex has r numbered paws), let P

+

be the paws of the verti
es of U

+

, and Q

0

the

paws of V

0

. The mat
hing of the paws 
an be viewed as 
hoosing a random inje
tive

mapping � : Q

0

! P , and we want to estimate the probability of ea
h v 2 V

0

having at

least one paw mapped to P

+

. Let V

0

= fv

1

; v

2

; : : : ; v

r

g, and let A

i

denote the event \at

least one paw of v

i

is mapped to P

+

." We want to estimate

Pr [A

1

\A

2

\ : : : \A

r

℄ =

r

Y

i=1

Pr[A

i

jA

1

\ : : : \A

i�1

℄:

For ea
h of the 
onditional probabilities on the r.h.s., we upper-bound the 
omplemen-

tary probability

Pr

h

A

i

�

�

�

A

1

\ : : : \A

i�1

i

: (4)

We imagine that the random mapping � : Q

0

! P is 
hosen in r stages; at the ith stage,

the r paws of v

i

are mapped to P

i

, the set of the paws in P not used in the previous

i� 1 stages (i.e. by any of the verti
es v

1

; v

2

; : : : ; v

i�1

). Further, let P

+

i

= P

+

\P

i

. We

have jP

i

j � nr� (i�1)r � r

2

and jP

+

i

j � (K+1)�r. Hen
e, the 
onditional probability

(??) that none of the r paws of v

i

gets mapped to P

+

i

is at least

�

r

2

�(K+1)�r

r

�

�

r

2

r

�

=

r

2

�(K+1)�r

r

2

�

r

2

�(K+1)�r�1

r

2

�1

� � �

r

2

�(K+1)�r�r+1

r

2

�r+1

�

 

r

2

� (K + 1)�r � r

r

2

� r

!

r

�

�

1�

2K�

r

�

r

� e

�3K�

= e

�3K
 log r

� r

�1=2

for 
 �

1

6K

. Consequently, we get

Pr [A

1

\A

2

: : : \A

r

℄ �

�

1� r

�1=2

�

r

� e

�

p

r

:

Lemma ?? is proved. 2

Proof of Lemma ??. For te
hni
al reasons, we will only 
onsider half of the verti
es

in V , i.e. the set V

0

= fv

1

; v

2

; : : : ; v

r

g. Let A

i

denote the event \v

i

is not a stri
tly

negative vertex." Thus, we want to upper-bound the probability of A

1

\A

2

\ : : : \A

r

.

In the proof, we will need to distinguish two 
ases, namely a �

r

K

and a >

r

K

. We

begin with the �rst 
ase (of not too large a). The se
ond 
ase, when a is 
lose to r, will

be treated similarly, but we will need an extra tri
k to get a suÆ
iently good estimate.

So, for the time being, we assume a �

r

K

.

As in the previous lemma, we let Q

0

be the paws of V

0

, and let P , P

+

, P

�

be

the paws of U , U

+

, U

�

, respe
tively. As before, we 
onsider a random inje
tive map

� : Q

0

! P , and we imagine that it is 
hosen in r stages, the r paws of v

i

being mapped

at the ith stage. We also use the notation P

i

, P

+

i

, P

�

i

for the paws of P , P

+

, P

�

not

used at stages 1 through i� 1, respe
tively.

Essentially, we want to estimate the probability of A

i


onditioned on A

1

\ : : :\A

i�1

.

Note that under the 
ondition A

1

\ : : :\A

i�1

, we have jP

+

i

j� jP

�

i

j � jP

+

j� jP

�

j � r�.

But the estimates would go wrong if the paws of P

�

were exhausted too qui
kly during

the �rst stages.
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Thus, we introdu
e the auxiliary event B

i

, standing for \jP

�

i

j �

1

4

ar and jP

+

i

j �

1

4

ar." We have Pr[B

i

℄ � Pr[B

r

℄; let us denote the latter probability by q. The random

variable jP

�

n P

�

r

j has hypergeometri
 distribution with N = nr = 2r

2

urns, m = r

2

balls, and k = ar distinguished urns (see Se
tion ??). Its expe
tation is km=N =

1

2

ar,

the varian
e is O(ar), and 
onsequently, the probability Pr[jP

�

r

j <

1

4

ar℄ = Pr[jP

�

n

P

�

r

j >

3

4

ar℄ is bounded by e

�
(ar)

= e

�
(r log r)

using (??). Similar 
onsiderations apply

to the size of P

+

r

. Thus, Pr[B

i

℄ � q � e

�
(r log r)

.

In the sequel, we will be able to upper-bound the probabilities p

i

= Pr[A

i

jA

1

\ : : :\

A

i�1

\ B

i

℄ for all i. We need to 
he
k that the additional 
onditioning on B

i

doesn't

hurt. By indu
tion, we show that

Pr[A

1

\ : : : \A

i

℄ � iq +

i

Y

j=1

p

j

:

We have

Pr[A

1

\ : : : \A

i

℄ � Pr[A

1

\ : : : \A

i

\B

i

℄ + Pr[B

i

℄

� Pr[A

i

jA

1

\ : : : \A

i�1

\B

i

℄ Pr[A

1

\ : : : \A

i�1

\B

i

℄ + q

� p

i

�

(i� 1)q +

i�1

Y

j=1

p

j

�

+ q

� iq +

i

Y

j=1

p

j

:

Hen
e,

Pr[A

1

\ : : : \A

i

℄ � e

�
(r log r)

+

r

Y

j=1

Pr[A

j

jA

1

\ : : : \A

j�1

\B

j

℄: (5)

Next, we want to upper-bound the 
onditional probability Pr[A

i

jA

1

\: : :\A

i�1

\B

i

℄.

Sin
e this probability is 
lose to 1, we will a
tually lower-bound its 
omplement. So we

have a set P

i

with two disjoint subsets P

+

i

and P

�

i

, and we know that

r

2

� jP

i

j � 2r

2

1

4

ar � jP

�

i

j � ar

1

4

ar � jP

+

i

j � ar + �r:

We 
onsider a random inje
tive mapping of the r paws of v

i

to P

i

, and we want to

lower-bound the probability that more paws are mapped to P

�

i

than to P

+

i

.

First, we want to restri
t the problem to P

+

i

[P

�

i

. Let X denote the number of paws

mapped into P

+

i

[P

�

i

. This 
orresponds to the urn s
heme in Se
tion ?? with N = jP

i

j

urns, k = jP

+

i

[P

�

i

j distinguished urns, and m = r balls. We get EX = km=N 2 [

a

4

; 3a℄

and VarX � EX � 3a. By the tail estimate (??) in Se
tion ??, we see that with

probability at least e

�
(a)

�

1

r

, X is within

a

8

of its expe
tation. Consequently, if C

ij

denotes the event of exa
tly j paws of v

i

going to P

+

i

[ P

�

i

, we have

Pr[A

i

jA

1

\ : : : \A

i�1

\B

i

℄ �

1

r

+ max

jj�EXj�a=8

Pr[A

i

jA

1

\ : : : \A

i�1

\B

i

\ C

ij

℄: (6)

With the number of paws going to P

+

i

[ P

�

i

�xed to some j,

a

8

� j � 4a, we 
an

restri
t our attention to the random variable Y , whi
h is the number of paws going to
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P

�

i

for a random inje
tive mapping of j paws into P

+

i

[ P

�

i

. This again 
orresponds

to the urn s
heme, this time with N = jP

+

i

[ P

�

i

j � 2jP

�

i

j + r� urns, k = jP

�

i

j �

1

4

ar

distinguished urns, and m = j balls. This time we have

EY =

km

N

�

km

2k + r�

>

m

2

�

�r

2k

�

m

2

�

2�m

a

�

m

2

� 8�:

We are interested in lower-bounding the probability Pr[Y >

m

2

℄. This means a positive

deviation from the expe
tation by no more than 8�. Sin
e m = o(N), k = O(ar), and

N � k +

1

4

ar, from the expression (??) for the varian
e of a hypergeometri
 random

variable we get

Var Y �

km

N

�

N �m

N

�

N � k

N

�

km

N

� 
(1) = 
(m) = 
(a);

where the 
onstant hidden in the 
 notation is absolute (independent of K). We now

use Lemma ?? with t = 8� and � = 
(

p

a). Sin
e a > K�, the assumption t � �

2

=100

holds. For a > K�

2

, we have t=� < 1 and hen
e Pr[Y � EY + t℄ is at least a

small 
onstant. For K� < a � K�

2

, we have t=� �

p

�, and so Pr[Y � EY +

t℄ = 
(e

�t

2

=3�

2

) = 
(e

��

) � r

�1=2

, say (for r large). In both 
ases, the additional


ontribution of

1

r

in (??) is negligible. Finally, plugging the resulting estimates for

Pr[A

i

jA

1

\ : : : \ A

i�1

\ B

i

℄ into (??), we get the assertions of Lemma ?? for the 
ase

a �

r

K

.

It remains to deal with the 
ase a >

r

K

. Here we would need to bound the quantity p

i

in the previous part of the proof, i.e. the 
onditional probability of v

i

not being stri
tly

negative, by a very small 
onstant (at least that is what we need for a � r). But su
h

a bound doesn't hold in general, sin
e for a � �

2

, the probability of v

i

being stri
tly

negative is 
lose to

1

2

.

We 
ir
umvent this as follows. If Y denotes, as above, the number of paws of v

i

going to P

�

i

, we observe that Y has standard deviation mu
h larger than �, and hen
e

the probability of Y deviating from its expe
tation by 
onsiderably more than � is fairly


lose to 1. A positive deviation, whi
h is what we need, has probability 
lose to

1

2

only.

But the deviation 
annot be large and negative all the time sin
e we only have �r more

paws in P

+

than in P

�

.

To make this pre
ise, 
all an index i 2 f1; 2; : : : ; rg restri
ted if the number of paws

of v

i

going to P

+

i

is by at most K� larger than the number of those going to P

�

i

. If no

v

i

is stri
tly negative, then there are at most

r

K

indi
es that are not restri
ted.

Let I � f1; 2; : : : ; rg be a �xed set of

r

K

indi
es. For i 62 I, let A

I

i

be the event \A

i

o

urs and i is restri
ted," and for i 2 I, let A

I

i

= A

i

. In other words, for i 62 I, A

I

i

means

m

2

�K� � Y �

m

2

, where Y is the number of paws of v

i

going to P

�

i

and m is

the number of paws of v

i

going to P

+

i

[ P

�

i

.

We now do the 
onsiderations of the previous part of the proof with the A

I

i

's instead

of the A

i

's. To get a suÆ
iently good resulting bound, it is enough to show that for

i 62 I,

Pr[A

I

i

jA

I

1

\ : : : \A

I

i�1

\B

i

℄ = o(1): (7)

As before, we may restri
t ourselves to the 
ases when m, the number of v

i

's paws going

to P

+

i

[P

�

i

, is �xed and it is 
lose to its expe
tation (and 
onsequently m = �(a)). Then,

as above, Var Y = 
(a). To prove (??), it suÆ
es to show that the probability of Y

falling into any given interval of length K� = o(�) is o(1), where � =

p

Var Y = 
(

p

a).

By the Central Limit Theorem, the appropriately normalized distribution fun
tion of

Y 
onverges to the distribution fun
tion of the normal distribution N(0; 1) for r !1.
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For the normal distribution N(0; 1), any interval of length o(1) only 
ontains o(1) of

the total probability, and hen
e an interval of length o(�) 
ontains o(1) of the total

probability of Y . (Quantitative bounds 
an be obtained from the results of Feller [?℄

mentioned in Se
tion ??.)

Thus, we have proved that (??) holds for all i 62 I, and from this we get Pr[A

I

1

\

: : : \ A

I

r

℄ � o(1)

r

. We know that if A

1

\ : : : \ A

r

o

urs, then A

I

1

\ : : : \ A

I

r

o

urs

too for some 
hoi
e of the set I of at most

r

K

indi
es. The number of 
hoi
es of I is

�

r

r=K

�

� O(K)

r

, and so we �nally get that Pr[A

1

\ : : :\A

r

℄ � o(1)

r

. This 
on
ludes the

proof of Lemma ?? for the 
ase a >

r

K

. 2
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