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Abstra
t

The 
oloring poset C is the 
lass of all (�nite) graphs together with the

ordering given by the existen
e of homomorphism. Based on the study of ex-

tension properties of C we show that any poset 
an be on-line represented in C.

Parti
ularly, this implies that the 
oloring poset C (of all �nite graphs) is uni-

versal for all 
ountable posets, a result obtained by 
ategory theory te
hniques

by Hedrl��n and Ku�
era.

1 Introdu
tion

This is a paper on graph homomorphisms: given graphs G = (V;E) and G

0

= (V

0

; E

0

)

a mapping f : V ! V

0

is said to be a homomorphism if ff(x); f(y)g 2 E

0

whenever

fx; yg 2 E.

All graphs 
onsidered in this paper are 
onsidered undire
ted and �nite. (But

some other obje
ts, like posets, may be 
ountable.) While the �nitness is in a way

ne
essary (see remarks at the end of this paper) the undire
ted graph assumption

should be seen as an indi
ation of the strength of our method (besides the fa
t that

undire
ted graphs present perhaps the most frequently studied 
ombinatorial model).

From a 
ombinatorial point of view the homomorphisms are related to various


oloring problems extending the obvious (yet basi
) observation that a graph G is

homomorphi
 to the 
omplete graph K

n

if and only if its 
hromati
 number �(G) is

at most k. Motivated by this a homomorphism G ! H is also 
alled a H-
oloring.

This notion not only 
overs some frequently studied graph invariants (like 
ir
ular

�
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hromati
 number, multi
oloring, oriented 
oloring, T-
oloring et
., see [24, 28, 22℄)

but also led to an interesting resear
h on the boundary of theoreti
al 
omputer s
ien
e

and 
ombinatori
s, see e.g. [9, 3, 2, 1℄.

This also motivated some pe
uliar terminology when for example the 
lass of all

H-
olorable graphs is 
alled a 
olour 
lass often denoted by C

H

or simply by ! H.

Ea
h 
olour 
lass is determined by the target graph H and thus C

H

is a sub
lass of

C

0

H

if and only if H ! H

0

. It follows that the poset generated by the 
olour 
lasses is


losely related to the quasiordering of all graphs ordered by the in
lusion. This leads

to the following notion: We say that a graph G is a 
ore graph if every homomorphism

G! G is an automorphism. It is easy to see that every �nite graph G 
ontains (up

to an isomorphism) uniquelly determined subgraph G

0

su
h that G ! G

0

and G

0

is

a 
ore. Su
h a graph G

0

is 
alled 
ore of G. (Proof is easy: for a graph G = (V;E)

simply take the homomorphi
 image f(G) = (f(V ); fff(x); f(y)g; fx; yg 2 Eg) of a

homomorphism f : G ! G with the minimal number of verti
es and observe that

any two su
h homomorphi
 images are isomorphi
; see [10℄).

For 
ores the quasi order de�ned by the existen
e of homomorphism be
ames a

Coloring Poset whi
h will be denoted by C, with the ordering denoted by �. Ex-

pli
itely, for graphs G and H we have G � H if and only if G ! H. We shall also

refer to � as homomorphism order.

The study of Coloring Poset C brings somehow a more general perspe
tive and led

to notions of density, homomorphism duality and others, see [13℄ for a re
ent servey.

In fa
t C has been studied intensively even earlier from a di�erent point of view as

a spe
ial 
ategory: every poset is a 
ategory where for every pair of obje
ts we have

at most one morphism between them; su
h 
ategories are 
alled thin (see [21℄ and

[13℄ for introdu
tion to 
ombinatorial aspe
ts of 
ategory theory). Parti
ularly, the

following fundamental result has been proved by Z. Hedrl��n and L. Ku�
era in the

framework of the important proje
t of embedding of 
ategories (see [21℄ for a detailed

a

ount of this):

Theorem 1.1 Every 
ountable poset is an indu
ed subposet of C.

More formally, for every 
ountable poset (X;R) we 
an �nd an inje
tive mapping

whi
h assigns to every x 2 X a �nite graph G

x

su
h that (x; y) 2 R if and only if

G

x

� G

y

.

In the other words C is 
ountable universal poset (for all 
ountable posets).

Thus the poset C plays a similar role as the Rado graph R whi
h is the 
ountable

universal graph. This property (of Rado graph) is easy to prove as the Rado graph

has the graph extension property: for every �nite graph G and any x 2 V (G) holds:

any subgraph of R isomorphi
 to G� x may be extended to a subgraph isomorphi


to G. By the same token we 
an 
onstru
t universal 
ountable poset U : we start
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with the singleton poset and having 
onstru
ted a �nite portition U

n

of U we let U

n+1

be the poset whi
h is formed by all possible singleton extensions of of U

n

. U will be

formed as the union of all U

n

. (This is a bit slet
hy but this is fairly standard, see

e.g. [4℄. The 
lass of all posets has (unbounded) extension property.)

However the situation is far from beeing so simple for poset C. The poset C has

substantially more algebrai
al stru
ture than U (e.g. it is a latti
e with respe
t to

produ
ts and sums; it has also powers; all this will be explained in a greater detail

below) and as a result of this the extension property does not hold for C in a very

strong sense.

The proof of Theorem 1.1 is 
ompli
ated. In fa
t it took several papers (see e.g.

[6℄) to a
hieve it (and the validity of Theorem 1.1 was a long-standing open problem,

see e.g. [7, 21℄). The solution was a
hieved only in the broader 
ontext of embedding

of 
ategories where one introdu
es several (many) intermediate steps. The whole

proof takes 

a 25 pages in the monography [21℄ and it is one of the main results of

this book (and also [21℄ is the only available proof in print).

Here we give an independent and dire
t (and we believe a simpler) proof of The-

orem 1.1 whi
h grew out of the study of extension properties of C.

Perhaps more importantly this proof does not use many ad ho
 ideas and instead

(as we are going to demonstrate, see e.g. Se
tion 2) it is related to some of the

fundamental properties of C - density, produ
t 
onje
ture and extendability of the


lass C. It follows that the 
lass of graphs whi
h represent C 
an be built from

general (\Erd}os-type graphs") whi
h 
an be generated at random.

The paper is organized as follows Se
tion 2 we review the extension properties of

C and relate it to density problems and the produ
t (Hedetniemi - Lov�asz) 
onje
ture.

In Se
tion 3 we de�ne on line representability of posets (by C and show that this is

equivalent to our problem. In Se
tion 2 and 3 we also introdu
e ingredients whi
h

will be needed for our main result (Homomorphism Can
elation Lemma in Se
tion 2

and Hereditary Suspension Graph in Se
tion 3).

In Se
tion 4 we prove the main result (stated there as Theorem 4.1) whi
h has

Theorem 1.1 as its 
orollary. Se
tion 5 
ontains the statement of several remarks and

extensions.

2 Extension and Can
elation Properties of C

A poset P is said to be k-extendable (or to have k-extension property) if any its

subposet P with k elements and for any poset P

0

with k + 1 elements whi
h 
ontain

P as an indu
ed subposet (i.e. P

0

is a single poin extension of P ) one 
an �nd a 
opy

of P

0

in P whi
h 
ontains P (i.e. we 
an get P

0

from P by addition of one element of

P). P is said to be extendable (or to have k-extension property) if it is k-extendable
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for every positive k.

The k-extension properties of 
oloring poset C are interesting already for small

values of k and they were studied under di�erent names extensively. Perhaps the

k-extendability is a 
onvenient 
lassi�
ation for this type of results. However here we

give only examples whi
h are related to our main theme.

Extending any poset given by graphs G

1

; G

2

to a poset with graphs G

1

; G

2

; H

where H is homomorphi
 to both G

1

and G

2

is easy: let H be 
ategori
al produ
t

G

1

�G

2

. Similarly, extending any poset given by graphs G

1

; G

2

to a poset with graphs

G

1

; G

2

; H where both G

1

and G

2

are homomorphi
 to H is easy: let H be the disjoint

union G

1

+G

2

.

However 2-extendability also in
ludes the 
ase of an extension of posetG

2

! G

1

6!

G

1

to a poset with graphs G

1

; G

2

; H where H ! G

1

while there is no homomorphism

between G

2

and H.

H always exists and in fa
t it 
an be 
hosen with arbitrarily large girth. This result

is 
alled Sparse In
omparability Lemma and it was proved in [16℄ (and independently

in [29℄, see [13℄).

Let us 
onsider 2-extendability for the 
ase of an extension of posetG

2

! G

1

6! G

1

to a poset with graphs G

1

; G

2

; H where G

2

! H ! G

1

. This is 
alled density problem

and the answer 
an be negative: 
onsider G

1

= K

1

and G

2

= K

2

. In su
h a 
ase

we say that the pair (G

1

; G

2

) forms a gap. Welzl [27℄ proved that for undire
ted

graphs there are no other gaps. However gaps are abundant for oriented graphs (and

relational stru
tures) and they have been 
ompletely 
hara
terized only re
ently C.

Tardif and the author [18℄, see also [17℄.

3-extendability in
ludes the following situation: Given graphsG

1

; G

2

; G

3

su
h that

G

i

6! G

3

, i = 1; 2, does there exists a graph H su
h that H ! G

i

, i = 1; 2, while

H 6! G

3

. In the other words we want H ! G

1

, H ! G

2

, and H 6! G

3

. However

H ! G

1

, H ! G

2

implies H ! G

1

�G

2

and thus this is the same as to ask whether

G

1

�G

2

6! G

3

providing that G

i

6! G

3

, i = 1; 2. Su
h graphs G

3

are 
alled produ
tive

[15℄ (as the 
lass of all graphs G whi
h are not homomorphi
 to G

3

is produ
tive;

sometimes the name multipli
ative graphs is used). The expli
ite 
hara
terization

of produ
tive graphs is a very diÆ
ult problem already in the \simplest" instan
es

G

3

= K

k

. This parti
ular 
ase is known as the Hedetniemi - Lov�asz problem, see

e.g. [23℄ for a survey. There are in�nitely many non-produ
tive graphs: these in
lude

of 
ourse graphs G

1

� G

2

where G

1

and G

2

are not homomorphi
 to ea
h other,

but also parti
ular instan
es of Kneser graphs (e.g K

�

3k

k

�

; see [25℄), and in�nitely

many further examples. For example we 
an take graph K

k

� G where G is any

graph vertex 
riti
al graph with �(G) > k. In the graph K

k

� G 
ollapse the set

V (K

k

)�fxg into a single vertex, say x, for all x in an independent set A of the graph

G. Call the resulting graph H. H is not produ
tive. This seem to give the smallest

non-produ
tive (undire
ted) graph (with 23 verti
es).
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Among 3-extension properties the produ
tivity is the only essential problem.

The 
ategori
al (or dire
t) produ
t is denoted by �, the produ
t of more fa
tors

is denoted by

Q

n

i=1

G

i

or

Q

i2I

G

i

. The disjoint union of graphs G and H is denoted

by G +H and for more fa
tors we use

P

n

i=1

G

i

or

P

i2I

G

i

.

Let us 
onsider the following instan
e of (m+ n)-extension property:

Given graphs G

1

; G

2

; : : : ; G

m

; H

1

; H

2

; : : : ; H

n

, G

i

! H

j

while H

j

6! G

i

for every

1 � i � m; 1 � m � n, we want to �nd a graph F su
h that G

i

! F ! H

j

simultaneously fro all 1 � i � m; 1 � m � n.

Clearly for m = n = 1 this is the density problem and thus we 
an 
all the above

problem (m;n)-density problem. The (m;n)-density problem is not possible to redu
e

to (1; 1)-density problem by simply 
onsidering graphs G =

P

n

i=1

G

i

and H =

Q

n

i=1

H

i

(be
ause of the non-produ
tivity properties of graphs H

i

).

However we 
an modify one of the proofs of density (due to Ne�set�ril and Perles)

([14℄ and, impli
itely, [16℄) to yield this. We state the (m;n)-density result expli
itely

as it inspired the proof of the main result (Theorem 4.1) of this paper. (Another

motivation 
ame from unpatien
e that su
h a fundamental result as Theorem 1.1 did

not have an a

essible proof whi
h we badly needed for a forth
omming book with P.

Hell and X. Zhu).

Proposition 1 ((m;n)-density)

Given graphs G

1

; G

2

; : : : ; G

m

; H

1

; H

2

; : : : ; H

n

, G

i

! H

j

while H

j

6! G

i

for every

1 � i � m; 1 � m � n. Then there exists a graph F su
h that G

i

! F ! H

j

and

H

j

6! F 6! G

i

simultaneously fro all 1 � i � m; 1 � m � n.

Proof. Put a =

P

m

i=1

jG

i

j and b =

Q

n

j=1

jV (H

j

)j and let H be any graph with

�(H) > a

b

and without odd 
y
les of length � b.

De�ne F by the following formula:

F = (

m

X

i=1

G

i

) + ((

n

Y

j=1

H

j

)�H) (1)

Then the existen
e of homomorphism G

i

! F ! H

j

is 
lear while H

j

6! F follows by

the girth assumption. F 6! G

i

may be obtained as follows: To the 
ontrary assume

that h : ((

Q

n

j=1

H

j

) � H) !

P

m

i=1

G

i

and de�ne the mappings h

y

: V (

Q

n

j=1

H

j

)) !

V (

P

m

i=1

G

i

) by h

y

(x) = h(x; y). The mapping h

y

need not be a homomorphism

but if we interpret the mapping h

y

as a 
olor of the vertex y we get that there

are verti
es y; y

0

whi
h form an edge in H su
h that h

y

= h

y

0

. However then the

mapping g = h

y

= h

y

0

is ne
essary a homomorphism g :

Q

n

j=1

H

j

!

P

m

i=1

G

i

(as

fg(x); g(x

0

)g = fh

y

(x); h

y

0

(x

0

)g 2 E(F ) for any edge fx; yg 2 E(

Q

n

j=1

H

j

))). ~
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The following result seems to be a usefull generalization of the previous Proposi-

tion 1 and of parti
ular 
ases whi
h appeared in e.g [5, 16, 17, 20℄. A graph G is said

to be pointed for a graph F if for any tho homomorphisms f; f

0

: F ! G and for any

vertex x 2 V (G) holds:

If f(y) = f

0

(y) for every y 6= x then also f(x) = f

0

(x).

We have:

Theorem 2.1 (Homomorphism Can
elation Property)

Let F;G be graphs, let H be any graph with �(H) > jV (H)j

jV (G)j

. Then

i: If there exists a homomorphism h : G �H ! F the there is a homomorphism

g : G! F .

ii: If G is 
onne
ted and pointed for F then the homomorphism g is uniquelly

determined by h.

Proof. The proof of i: is similar to the proof of Proposition 1.

To prove ii: it suÆ
es to prove the following: if h

y

and h

z

are homomorphisms

and fy; zg 2 E(H) then h

=

h

z

.

Thus assume to the 
ontrary that there are homomorphisms h

y

; h

z

: G! F su
h

that h

y

(x

0

) 6= h

z

(x

0

) for a vertex x

0

2 V (G). De�ne mapping h : V (G) ! V (F ) as

h(x) = h

y

(x) for x 6= x

0

and h(x

0

) = h

z

(x

0

). Then h is a homomorphism G! H. (It

suÆ
es to 
he
k edges of G in
ident with x

0

: If fx; x

0

g 2 E(G) then f(x; y); (x

0

; z)g 2

E(G � H) and thus fh

y

(x); h

z

(x

0

)g = fh(x); h(x

0

)g 2 E(F ).) However this is a


ontrary with the fa
t that F is G-pointed. ~

Note that if all degrees of G are > 2 and F has no C

4

then F is pointed for G, so

the 
onditions of Theorem 2.1 are easy to satisfy.

We shall use Homomorphism Can
elation Property (HCP for short) 2.1 many

times in this paper.

Also the following notion and property will be needed in the proof of Theorem

4.1.

A (�nite or in�nite)set fS

i

: i = 1; 2; : : : ; n; : : :g of graphs is said to be inverse

set if for any two distin
t indi
es i; j holds: For i < j there is no homomorphisms

S

i

! S

j

while for j > i here is a homomorphisms S

j

! S

i

.

Proposition 2 For every k and every in
reasing sequen
e (l

i

; i = 1; 2; : : :) of integers

� 3 there exists an inverse set fS

i

: i = 1; 2; : : :g of 
onne
ted graphs and verti
es

s(i) 2 V (S

i

) su
h that ea
h S

i

satis�es:

i: �(S

i

) = k;

ii: The odd girth of S

i

is l

i

;
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iii: For every j > i there exists a homomorphism f : S

j

! S

i

su
h that f(s(j)) =

s(i).

Proof.

We 
onstru
t S

i

on-line as follows.

Let S

1

; S

2

; : : : ; S

n�1

with verti
es s(1); s(2); : : : ; s(n � 1) be already 
onstru
ted

inverse set. Put a =

P

n�1

i=1

jG

i

j and let H be any graph with �(H) > a

a

and without

odd 
y
les of length � a. De�ne S

n

by the formula:

S

n

= S

n�1

�H; (2)

Let s(n) be any vertex in the set fs(n� 1)g � V (H).

Then for i < n there is no homomorphism S

i

! S

n

(by the odd girth assumption)

and for n > j the proje
tion to S

n�1

together with indu
tion assumption gives a

homomorphism S

n

! S

j

. ~

3 On - Line Representations

Whole Ameri
a 
an be On - Line. Our goal is a bit more modest and it is 
aptured

by the following de�niton:

By an on-line representation of a poset P we mean that one 
an 
onstru
t a

representation of P under the 
ir
umstan
es that the elements of P are revealed

one by one (without a priori knowledge about the whole poset P). (The on-line

representability by paths was 
onsidered in [19℄.

The on-line representation of 
an be thought as a game of two players A and B

(with usual names Bob and Ali
e). Bob (as usual - the destroyer) sele
ts P and reveals

the elements of P one by one to Ali
e. Whenever an element x of P is revealed, the

relation among x and previously revealed elements is also revealed. Ali
e is required

to 
ontstru
t a �nite graph G

x

. Ali
e wins if the graphs G

x

whi
h she 
onstru
ted

during the game represent poset P.

Clearly this make sense both for �nite and in�nite poset P. However we are

assuming that in�nite poset P is revealed in su
h a way that at ea
h step the number

of previously revealed points is �nite. Thus we allow at ea
h step only �nite time -

however time may run forever; 
learly this amounts to saying that the points of P

are indexed by natural numbers. It is easy to see that the Density Theorem [27, 17℄

implies that Ali
e 
an win for every linearly ordered set (she just has to avoid sele
ting

the single jump). In fa
t the extension property (more pre
isely, k-extension property

for every k > 0) guarantees that Ali
e 
an win. In fa
t she 
an even let Bob to 
hoose

the �rst graph! In fa
t she 
an win even if Bob is 
hoosing all graphs G

x

providing the


hoi
e is 
onsistent with P; there 
annot be any trap. However, unlike graphs, C does
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not have extension property, and thus this formulation of the on-line representability

(one whi
h gives Ali
e more 
han
es) is justi�ed.

The advantage of on-line representability is that it redu
es the in�nite problem to

�nite 
ase by the following theorem (
ompare [19℄):

Proposition 3 The following three statements are equivalent:

i: Every 
ountable poset is representable by C;

ii: Every 
ountable poset is on-line representable by C;

iii: Every �nite poset is on-line representable by C.

Proof. Obviously ii: implies i:. Also iii: implies ii:, as at ea
h step the revealed part

of C is �nite. Also i: implies iii: by an easy argument: Let U be universal 
ountable

poset (for 
ountable posets). Let us 
onsider a representation x! G

x

of U and we let

Ali
e to play at ea
h step a

ording to the representation of U . As U has k-extension

property for every k this pro
edure 
annot end in a deadlo
k. ~

Advan
ing the proof of Theorem 4.1 we introdu
e the following notation:

We shall deal with dis
onne
ted graphs with many 
omponents. These graphs

will be built re
ursively (\on-line") and we shall have to preserve their hierar
hi
al

stru
ture. We use the following model:

A hierar
hi
al stru
ture of a multiset (G

i

; i 2 I) of graphs is the graph

P

i2I

G

i

together with a system of subsets (I

x

; x 2 S) whi
h satisfy

i: Every i 2 I and I itself belongs to an I(x) for x 2 S;

ii: For every x; x

0

2 S the sets I(x) and I(x

0

) are either disjoint or in the in
lusion

(whi
h means that the sets (I(x); x 2 S) may be visualized by a tree).

Su
h a hierar
hi
al stru
ture will be denoted by ((G

i

; i 2 I);S)

For a vertex x of S we de�ne height h(x) indu
tively as follows: h(x) = i+1 if all

sets I(y) � I(x), y 2 S, satisfy h(y) � i while there is a prede
essor of y of height i.

If ((G

i

; i 2 I);S) and ((G

0

i

; i 2 I

0

);S

0

) are hierar
hi
al stru
tures, then a homo-

morphism from ((G

i

; i 2 I);S) to ((G

0

i

; i 2 I

0

);S

0

) is a pair (f; f

H

) where f is a

homomorphism

X

i2I

G

i

!

X

i2I

0

G

0

i

and f

H

is a mapping f

H

: S ! S

0

whi
h satis�es the following 
ondition:

i: h does not in
rease the heights of verti
es (i.e. h(f

H

(x)) � h(x) for every x 2 S);

ii: For every point x of S f maps

P

i2I(x)

G

i

to the graph

P

i2I(f

H

(x))

G

0

i

.

(In the other words, the homomorphism f preserves the hierar
hi
al stru
ture of

the multiset (G

i

; i 2 I).)

9



It is easy to 
ode a hierar
hi
al stru
ture by suspension graphs and we do this

indu
tively as follows:

First, let for every positive d be give a graph S

d

with a spe
i�ed vertex s(d). (We

already know by Proposition 2 how to 
onstru
t inverse set on-line.)

If S is of height 1 then we let (

P

(G

i

: i 2 I))

HS

denote the graph whi
h arises from

(

P

i2I

G

i

) + S

1

adding disjoint paths of length 2 joining every vertex x 2 [

i2I

V (G

i

)

with the �xed vertex s(1) of S

1

.

If S is of height d > 1 then denote by C

�

the set of prede
essors of I (this is a

deliberately 
lumsy notation; it is in a

ordan
e with the notation whi
h we have to

introdu
e below). We let

(

X

(G

i

; i 2 I))

HS

to denote the graph whi
h arises from (

P

x2C

�

(

P

(G

i

: i 2 I

x

))

HS

) + S

r

by adding

disjoint paths of length 2d joining every vertex x 2 [

i2I

V (G

i

) with the �xed vertex

s(d) of S

d

.

(We may 
all (

P

(G

i

: i 2 I))

HS

the hierar
hi
al suspension graph, the dependen
e

on the graphs S

d

is supressed as these graphs will be 
lear from the 
ontext.)

The following te
hni
al statement establishes the fa
t that homomorphisms be-

tween hierar
hi
al stru
tures are 
oded by homomorphisms between 
orresponding

hierar
hi
al suspension graphs:

Proposition 4 Let ((G

i

; i 2 I);S) and ((G

0

i

; i 2 I

0

);S

0

) be hierar
hi
al stru
tures,

let every graph in G

i

; i 2 I

x

(or every graph in G

i

; i 2 I

x

) with h(x) = d has odd

girth � 2d + 1. Consider the hierar
hi
al suspension graphs (

P

(G

i

: i 2 I))

HS

and

(

P

(G

0

i

: i 2 I

0

))

HS

. Suppose that there is no homomorphism between any G

i

and S

d

(for i 2 I and d > 0) and any G

0

i

and S

d

(for i 2 I

0

and d > 0) , and suppose that

graphs S

d

,d = 1; 2; : : : form an inverse set. Then for every homomorphism

f : (

X

(G

i

: i 2 I))

HS

! (

X

(G

0

i

: i 2 I

0

))

HS

there exists a mapping f

H

: S ! S

0

su
h that (f; f

H

) is a homomorphism of hierar-


hi
al stru
tures ((G

i

; i 2 I);S)! ((G

0

i

; i 2 I

0

);S

0

).

Proof. The proof is easier than the statement. It follows from the assumption that

the homomorphism f mapps every set [

i2I(x)

V (G

i

) to the set [

i2I

0

(y)

V (G

0

i

) for some

y 2 S

0

. As verti
es of any 
opy of S

d

are mapped to a 
opy of S

0

d

for d

0

� d. This imples

that any suspension graph (

P

(G

i

: i 2 I(x)))

HS

is mapped to a suspension graph

(

P

(G

0

i

: i 2 I

0

(y)))

HS

where x and y are the verti
es of T and T

0

respe
tively. This

de�nes a mapping f

H

: S ! S

0

and it is easy to 
h
ek that (f; f

H

) is a homomorphism

of hierar
hi
al stru
tures ((G

i

; i 2 I);S)! ((G

0

i

; i 2 I

0

);S

0

). ~
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4 Posets On-Line

4.0.1 Constru
tion

Let P be a given poset with points f1; 2; 3; : : :g and relation R. We shall de�ne


onstru
t graphs G

1

; G

2

; : : : ; G

n

; : : : by indu
tion on line. This means that in the


onstru
tion of G

n

we are using only the properties of the poset P restri
ted to the

set f1; 2; 3; : : : ; ng, this poset will be denoted P

n

Put G

0

1

= C

5

�K

k�3

and G

1

= (K

k

)

T

(� denotes the 
omplete join of two graphs).

De�ne graphs G

0

1

; G

0

2

; : : : and G

1

; G

2

; : : : by indu
tion. In the indu
tive step let graphs

G

1

; G

2

; : : : G

n�1

and G

0

1

; G

0

2

; : : :G

0

n�1

be given. Consider the point n 2 P and denote

by C

�

(n) the set of all points i of P

n

whi
h are 
overed by n (i.e. C

(

n) is the set

of all i su
h that (i; n) 2 R and there is no j with (i; j) 2 R; (j; n) 2 R). Similarly,

denote by C

+

(n) the set of all points of P

n

whi
h 
over n.

If both sets C

�

(n) and C

+

(n) are empty (whi
h 
orresponds to the 
ase that the

point n is isolated in P

n

) then let G

0

n

be any graph G whi
h has girth = 3 and with

�(G) = k and for whi
h there are no homomorphisms G

i

! G and G ! G

i

for any

i < n. This is easy to a
hieve, we may take any graph H with both its 
hromati


number and odd girth > maxjV (G

i

)j. We let G = G

0

n

to be the graph H ? (I; a; b)

whi
h arises form H by repla
ing every edge of H by a 
opy of the graph P

3

�K

k�3

.

Thus let jC

�

(n)j+ jC

+

(n)j > 0

Denote by a = jV (G

1

)j � jV (G

2

)j � : : : � jV (G

n�1

)j and put b = a

a

. Let H

n

be

any graph H with the following properties:

1: The odd girth of H is 2n + 1 and every edge of H belongs to an odd 
y
le of

length 2n+ 1;

ii: The 
hromati
 number �(H) > b.

Similarly, let S

n

be any graph with the following properties:

1: The odd girth of S

n

is 2n+ 3;

ii: The 
hromati
 number �(S

n

) = k + 1.

We do not try to optimize at this point. However note that one 
an 
onstru
t

easily examples of graphs H

n

and S

n

(for example by the iteration of oriented line

graphs - so 
alled shift graphs).

De�ne graphs G

0

n

by the formula:

G

0

n

=

0

�

(

X

i2C

�

(n)

G

0

i

) + (

Y

j2C

+

(n)

G

0

j

)�H)

1

A

(3)

In order to 
onstru
t G

n

we visualize the formula de�ning G

0

n


omponentwise

(as indeed G

0

n

has many 
omponents) as multi-set (K

i

; i 2 I) (i.e. K

i

are all the
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omponents of G

0

n

). This set has two parts: I = I

0

+ I", where I

0

=

P

i2C

�

(n)

I

0

(i).

Denote by (K

i

; i 2 I

0

(i);S

0

) the hierar
hi
al stru
ture inherited from the graph G

i

; i 2

C

�

(n).

The hierar
hi
al stru
ture of G

n

will be de�ned as disjoint sum of hierar
hi
al

stru
tures ((K

i

; i 2 I

0

(i));S

0

) and further by the set I (at height n). We let s(n) 2

V (S

n

) be joined by disjoint paths of length 2n to every vertex of (

Q

j2C

+

(n)

G

0

j

)�H.

This �nishes the 
onstru
tion of the graph G

n

.

Symboli
ally, this 
an be written as

G

n

=

0

�

X

i2C

�

(n)

G

i

+ (

Y

j2C

+

(n)

G

0

j

)�H)

1

A

HS

(4)

This single formula expresses the on-line de�nition of G

n

and ends this 
onstru
tion.

We shall prove the following

Theorem 4.1 Let graphs G

1

; G

2

; : : :G

n�1

represent a poset P

n�1

= (f1; 2; : : : ; n �

1g; R

0

). Let P

n

= (f1; 2; : : : ; ng; R) be any poset whi
h extends P

0

(i.e. for whi
h

P

n

�fng = P

n�1

). Then the graph G

n

together with the graphs G

1

; G

2

; : : : G

n

represent

the poset P

n

.

Proof.

Before diss
ussing the representability of P let us �rst remark that it follows from

the properties of the graph S

i

that S

i

6! G

0

j

for every 1 � i; j < n (by ii:). We have

also G

0

j

6! S

i

for every 1 � i; j < n; this follows for j � i by the girth assumption

and for j > i by Homomorphisms Can
elation Property of graphs H

i

: If G

0

j

6! S

i

for

j > i then take that 
omponent of G

0

j

whi
h has form G

0

l

�H

l+1

�H

l+2

� : : : � H

j

and then by HCP applied 
onse
utively for j; j � 1; : : : ; l we obtain that there exists

a homomorphism G

0

l

! S

i

whi
h a 
ontradi
tion with the girths assumption on G

0

l

and S

i

(the graph G

0

l

was 
hosen at the moment when both sets C

�

(l) and C

+

(l) were

empty and thus G

0

l

has girth 3.

This means that any homomorphism f : G

i

! G

j

, 1 � i; j � n maps verti
es of

the graph G

0

i

to verti
es of the graph G

0

j

and all suspension graphs isomorphi
 to S

l

for l � i in the hierar
hi
al stru
ture of the graph G

i

to those suspension graphs in

the hierar
hi
al stru
ture of G

j

whi
h are isomorphi
 to the graphs S

l

for l � i (this

follows from the fa
t that suspension graphs form an independent family). As the

homomorphism f when restri
ted to the suspension graphs maps a graph isomorphi


to S

l

to a graph isomorphi
 again to S

l

, we see that the homomorphism f preserves

the hierar
hi
al stru
ture of (
omponents of) G

0

i

.

After these preparations we prove that the graphs G

1

; G

2

; : : :G

n�1

; G

n

represent

P.
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Obviously G

i

! G

n

for every i 2 C

�

(n) and thus also G

i

! G

n

for every i with

(i; n) 2 R.

Similarly G

n

! G

i

for every i 2 C

+

(n) and thus also G

n

! G

i

for every i with

(n; i) 2 R.

Now suppose G

�{

! G

n

. As H

n

has odd girth > 2n+ 1 and as every edge of G

�{

is

in an odd 
y
le of length < 2n� 1, we know that no edge of G

0

�{

maps to

(

Y

i2C

+

(n)

G

0

i

)�H

and thus

G

0

�{

!

X

i2C

�

(n)

G

i

But then by the hierar
hi
al suspension property (Proposition 4) we have that (�{; i) 2

R for some i 2 C

�

(n) and thus (i; n) 2 R.

Finally suppose that G

n

! G

�{

. Put C

+

(n) = fi

+

1

< i

+

2

< : : : < i

+

s

g and let

i

j

< �{ < i

j+1

(we allow j = s to 
over the 
ase i

s

< �{ and j = 0 to 
over the 
ase

�{ < i

1

).

By HCP 2.1 (as jV (G

�{

)j < a and �(H) > b) we get that

(

Y

i2C

+

(n)

G

0

i

)�H ! G

0

�{

implies

Y

i2C

+

(n)

G

0

i

! G

0

�{

.

Now if j = s then we are done as i

s

< �{ and thus the odd girth of

Q

i2C

+

(n)

G

0

i

is

less than the odd girth of the graph G

0

�{

and we get a 
ontradi
tion.

If j < s then we pro
eede similarly. We shall illustrate it on the 
ase j = s � 1:

We have

Y

i2C

+

(n)

G

0

i

! G

0

�{

(and jV (G

�{

)j < a

s

) Now we apply HCP for graphs G

0

i

) to the produ
t

Q

i2C

+

(n)

G

0

i

=

Q

s

i=1

G

0

i

and we obtain

s�1

Y

i=1

G

0

i

! G

0

�{

.

13



If s� 1 < �{ we are done as we get a 
ontradi
tion as above. If s � 1 > �{ we 
an


ontinue in the same way for k = s� 1; s� 2; :::; j all the time applying HCP to the

produ
t

Q

k

i=1

G

0

i

), �nally obtaining

s�1

Y

i=1

G

i

! G

0

�{

whi
h is a 
ontradi
tion with the girth assumption. (If �{ < i

1

then we get a 
ontra-

di
tion of G

i

1

! G

�{

and odd girth.

Note that every edge of the graph G

0

n

belongs to an odd 
y
le of length � 2n+1.

This proves the Theorem 4.1. ~

Corollary 1 The 
oloring poset C is universal (for 
ountable posets).

5 Con
luding Remarks

The above proof of the universality of �nite graphs and homomorphism order 
an be

modi�ed to get the following:

Theorem 5.1 C 
ontains universal poset R (R for rigid) su
h that for any two

graphs G;G

0

2 R there exists at most one homomorphism G! G

0

.

Proof. (a sket
h) We want to proof that all our graphs G

n

(in the notation of

Theorem 4.1) 
an be made rigid and there is at most one homomorphism between

them. However, the inverse family S

i

; i = 1; 2; : : : 
an be assumed to be rigid (and

this was proved in [16℄) and the uni
ity of homomorphisms S

j

! S

i

is 
laimed by

HCP. Also our starting building blo
ks (i.e. graphs G

i


orrespnding the 
ase C

�

(n) =

C

+

(n) = ; 
an be made rigid (providing we take a rigidH then the graph H?(I; a; b),

I = P

3

�K

k�3

, is also rigid. The graphs G

i

�H 
an be made rigid (by suspension)

The uni
ity of mappings between G

i

and G

j

is taken 
are by HCP and rigidity of S

i

.

This is all using we known te
hniques and the details will appear elsewhere. ~

Corollary 2 Every thin 
ategory may be represented by the 
ategory of graphs and

homomorphisms.

Our proof of the universality of C does not use any spe
ial (ad ho
) 
onstru
tions.

The building blo
ks are graphs with high 
hromati
 number and with large odd girth

(whi
h 
an be 
hanged to the large girth), and these building blo
ks 
an be 
hosen

arbitrarily at random. (This yields that one 
an prove the universality of the 
oloring

poset C for many restri
ted families of graphs.) In fa
t presently when proving some

steps in the proof of Theorem 5.1 one relies on the probabiliti
 method.

14



For example it is not known how to 
onstru
t uniquelly H-
olorable graph with

a large girth (see [29, 20℄.

However it is possible that even very simple families of graphs (su
h as bounded

degree graphs, or even oriented paths; 
ompare [19℄) 
ould represent every 
ountable

posets. Presently, there are no negative results in this dire
tion.

Another related resear
h is motivated by M�uller's Theorem [12℄ where one tries to


ontrol homomorphism into all small graphs. This approa
h to [12℄ is taken in [20℄.

Finally, let us remark, that the problem of representing of in�nite posets (of

arbitrary 
ardinality) by in�nite graphs and their homomorphisms has a positive

solution only under 
ertain set-theoreti
 axioms. Even the existen
e of a proper 
lass

of independent graphs (i.e. a representation of the dis
rete poset indexed by ordinals)

is unknown, say, in ZFC. (See [21℄ for a diss
ussion of this.) Our method has also

some impli
ations for representation by in�nite graphs. However this is a paper on

�nite 
ombinatori
s and we leave it at that.
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