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Abstra
t

A graph G is 
alled rigid if the identi
al mapping V (G)! V (G) is the only

homomorphism G ! G. In this note we give a simple 
onstru
tion of a rigid

oriented graph on every set.

1 Constru
tion

Let X be an in�nite set and assume that X is an ordinal X = f�; � < �g. Let

X

0

= f�

0

; �

0

< �

0

g be a disjoint 
opy of X. Further let fa; b; 
; a

0

; b

0

; 


0

g be six verti
es

disjoint with X and X

0

. For every ordinal � < � with 
ountable 
o�nality let us


hoose a sequen
e f�

n

g su
h that sup�

n

= �. We de�ne the oriented graph (V;E) by

the following set of ar
s:

(0; a); (a; b); (b; 
); (
; 0); (0; b) and (0

0

; a

0

); (a

0

; b

0

); (b

0

; 


0

); (


0

; 0

0

); (a

0

; 


0

);

(�; 
) and (�

0

; 


0

) for all � < 
 < �;

(�; �

0

) for all � < �;

for every ordinal � < � with 
ountable 
o�nality let � be joined with �

0

n

by an

oriented path of length n + 2. (All these paths are supposed to be vertex disjoint.)

Let V be the set of all verti
es thus obtained. Clearly V is a 
ountable union of

sets of 
ardinality � � and thus V and X are in 1-1 
orresponden
e.

Theorem 1.1 The oriented graph G = (V;E) is rigid.
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2 Proof

Let f : V ! V be a homomorphism. As X and X

0

are transitive orientations

of 
omplete graphs, f restri
ted to both X and X

0

is an inje
tion. The graph G is

a
y
li
 with the ex
eption of verti
es fa; b; 
; 0g and fa

0

; b

0

; 


0

; 0

0

g. The graphs indu
ed

by these sets are isomorphi
, but there is not homomorphism between them whi
h

would preserve verti
es 0 and 0

0

. However the mapping f restri
ted to fa; b; 
; 0g

satis�es either f(0) = 0 or f(0) = 0

0

(as verti
es 0; 0

0

are distinguished by large 
lique

whi
h in
ludes them). This shows that both f(0

0

) = 0 and f(0) = 0

0

are impossible

ant thus f(0) = 0; f(0

0

) = 0

0

. Consequently f restri
ted to the set fa; a

0

; b; b

0

; 
; 


0

g

is the identity. It follows that f maps X to X and X

0

to X

0

. As pairs (�; �

0

) are

the only arrows between X and X

0

we have that (f(�))

0

= f((�)

0

) for every � < �.

Let �(0) be the smallest � for whi
h f(�) 6= �. Then ne
essarily f(�(0)) > �(0) (as

if f(�(0)) < �(0) then f(f(�(0))) < f(�(0)) whi
h violates that �(0) was minimal).

Thus �(0) < f(�(0)). We put f(�(0)) = �(1) and �(n) = f

n

(�(0)) (the n-times

iterated mapping f). Let � = sup�(n). � is also the limit of the sequen
e f�

n

g.

However as the sequen
es �(n) and �

n

are interla
ing and as f maps the set f�(n)g

into a subset we get by monotoni
ity that that the sets f�(n)g and ff(�

n

)g are

interla
ing again and thus by the de�nition of the graphG we get f(�) = � (as � is the

only vertex joined to the set f�

0

n

g by dire
ted paths). But then f(�

n

) = �

n

for every

n (as in our situation the mapping f has to preseve the length of paths between � and

�

0

n

. This is a 
ontradi
tion as if we 
hoose m and n su
h that �(m) < �

n

< �(m+1)

then f(�

n

) > �(m+ 1), a �nal 
ontradi
tion.
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3 Remarks

The existen
e of a rigid graph on every set is an important result whi
h lies in the

heart of several 
ombinatorial and non-
ombinatorial embeddings (see [3℄). It has

been proved by Vop�enka, Hedrl��n and Pultr [4℄ and reproved in [1℄ and [3℄. All these

proofs are modi�
ation of the original proof in that they either use embeddings for

relational systems with 
ountably many relations (as in [1℄) or depend more on the

ordinal arithmeti
 (as in [3℄,p. 63-65). This is not ne
essary as shown by our dire
t


onstru
tion.

Perhaps the importan
e of this result justi�es yet another simpler proof. Let us

remark that all the proofs (in
luding the present one) are using \�xing" ordinals with


ountable 
o�nality (this original idea of [4℄ is 
redited to Vop�enka in [3℄).

Finally let us remark that this is an in�nite problem as all �nite dire
ted paths are

rigid. These simplest �nite rigid graphs serve as building blo
ks of our 
onstru
tion.

It is important that one 
an prove the existen
e of a rigid graph on every set in

ZFC. This is in a sharp (and surprising) 
ontrast with diÆ
ulties when one wants to


onstru
t a proper 
lass of mutually rigid graphs (see [3℄ for a diss
ussion of this).

If we want to 
onstru
t a rigid undire
ted graph (or graphs with some spe
ial

properties) we 
an repla
e ea
h edge by one suitable �nite undire
ted rigid graph. As


an be expe
ted the same is true if we want to get an a
y
li
 or well founded relation

(we use e.g. rigid balan
ed orientation of a path), see [3℄ and [2℄.
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