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Abstra
t

We prove that two graphs with isomorphi
 graphi
 matroids have

the same genus. We present a new 
onstru
tive proof of the fa
t that

twisting operation does not e�e
t the genus of a graph.

1 Introdu
tion

Two isomorphi
 graphs 
learly have isomorphi
 graphi
 matroids. But there

are non-isomorphi
 graphs with isomorphi
 matroids. These graphs were


hara
terized by Whitney (see [5℄). Following Whitney we 
all graphs with

isomorphi
 graphi
 matroids 2-isomorphi
.

Gallu

io and Loebl des
ribed in [4℄ the way how to eÆ
iently 
al
ulate

some polynomials asso
iated with a given graph as a linear 
ombination of 4

g

PfaÆans, where g is the genus of the graph. Sin
e these polynomials 
an be

derived from the Tutte polynomial, they do not distinguish the graphs with

isomorphi
 graphi
 matroids. So the question whether 2-isomorphi
 graphs

have the same genus is very natural in this 
ontext.

The positive answer to this question simply follows from results of Battle,

Harary, Kodama and Youngs in [7℄ and [1℄ and results of De
ker , Glover and

Huneke in [2℄, [3℄. In papers [7℄, [1℄ is proved that the genus of a graph is the

sum of genera of its blo
ks. In papers [2℄ and [3℄ De
ker, Glover and Huneke

proved that the genus of 2-amalgamation of G

1

and G

2

depends only on G

1

and G

2

. From this it follows that twisting keeps the genus. In this paper
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we present a new 
onstru
tive proof. We show how to modify some minimal

embedding of a graph G in to an embedding of twisted G of the same genus.

The paper 
ontains a part of my master thesis (see [6℄). After �nishing

it, prof. Ar
hdea
on draw our attention to the papers of De
ker, Glower and

Huneke [2℄ and [3℄.

2 2-Isomorphism

Let G be a graph. Then we will denote by M(G) the 
orresponding graphi


matroid. First we introdu
e three operations on graphs whi
h will be used

to de�ne 2-isomorphism :

De�nition 2.1 Let G be a graph. Then we de�ne the following operations

on G.

(i) Vertex identi�
ation. Let v

1

and v

2

be two verti
es of distin
t 
ompo-

nents of G. We modify G by identifying v

1

and v

2

into a new vertex

v.

(ii) Vertex 
leaving. This is the reverse operation of vertex identi�
ation

so that a graph 
an only be 
left at a 
ut-vertex.

(iii) Twisting. Suppose that G is obtained from two disjoint graphs G

1

and

G

2

by identifying the verti
es u

1

of G

1

and u

2

of G

2

into the vertex u

of G, and identifying verti
es v

1

of G

1

and v

2

of G

2

into the vertex v of

G. Then the twisted G is a graph whi
h is 
onstru
ted by identifying,

instead, u

1

with v

2

and v

1

with u

2

. Graphs G

1

and G

2

are 
alled pie
es

of the twisting and verti
es u and v are 
alled twisting verti
es.

The following �gures show examples of these operations. The �rst one is

an example of vertex identi�
ation and vertex 
leaving operation :

v1

v2

v
(i)

(ii)
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The se
ond �gure shows an example of twisting operation on a graph :

G G2 G2 G’

G1 G1

u v
u1

u2

v1

v2

u1 v1

v2 u2

De�nition 2.2 Graph G is 2-isomorphi
 to graph H if H 
an be transformed

into a graph isomorphi
 to G by a sequen
e of operations (i), (ii) and (iii).

Evidently 2-isomorphism is an equivalen
e relation. Sin
e the operations

(i), (ii) and (iii) don't e�e
t the 
y
les of a given graph, if G is 2-isomorphi


to H, then M(G)

�

=

M(H). The next theorem shows that this impli
ation

from graphs to matroids is the equivalen
e. It was �rst proved by Whitney

in 1933.

Theorem 2.3 (Whitney's 2-Isomorphism Theorem) Let G and H be

graphs without isolated verti
es. Then M(G) and M(H) are isomorphi
 if

and only if G and H are 2-isomorphi
.

3 Embeddings of Graphs

The origin of de�nitions and results des
ribed in this se
tion is in papers of

J. W. T. Youngs [7℄ and Joseph Battle, Frank Harary, Yukihiro Kodama and

J. W. T. Youngs [1℄.

We will use 
ommon topologi
al terminology of manifolds. A two dimen-

sional manifold will be 
alled shortly 2-manifold.

De�nition 3.1 Let M be an arbitrary 2-manifold. The Euler 
hara
teristi


of M denoted �(M) is de�ned from any 
ellular de
omposition of M by

�(M) = �

0

� �

1

+ �

2

where �

i

is the number of i�
ells in this de
omposition, i = 0; 1; 2. Moreover,

�(M) � 2.
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De�nition 3.2 An orientable 2-manifold without boundary in Eu
lidean spa
e

IE

3

will be 
alled surfa
e. Let S be a surfa
e, then 
(S) = [2 � �(S)=2℄ is


alled a genus of S.

Sin
e the Euler 
hara
teristi
 of any surfa
e S is even, 
(S) is a nonneg-

ative integer. The basi
 example of a surfa
e is the sphere. Genus of the

sphere is zero. Any other 
onne
ted surfa
e is homeomorphi
 to the sphere

with 'handles', where the number of 'handles' is equal to the genus of this

surfa
e. So the torus is homeomorphi
 to the sphere with one 'handle'.

De�nition 3.3 Let X be a general topologi
al spa
e. An ar
 is a homeo-

morphi
 image of the 
losed unit interval. A loop is also an image of the


lose unit interval satisfying that image of any 
losed interval [s

1

; s

2

℄ � [0; 1℄,

[s

1

; s

2

℄ 6= [0; 1℄ is an ar
 but the image of 0 and 1 is the same point of X.

An open ar
 is an ar
 without its two endpoints, images of 0 and 1. The

endpoint of a loop is the point whi
h is the image of 0 and also the image of

1.

De�nition 3.4 Let X be a topologi
al spa
e. Let G be a graph, V (G) = fv

1

;

v

2

; : : : ; v

n

g and E(G) = fe

1

; e

2

; : : : ; e

m

g. Then an embedding of G in X is a

subspa
e G(X) of X su
h that

G(X) =

n

[

i=1

v

i

(X) [

m

[

j=1

e

j

(X)

where

(i) v

1

(X); v

2

(X); : : : ; v

n

(X) are n distin
t points of X

(ii) e

1

(X); e

2

(X); : : : ; e

m

(X) are m open ar
s in X, disjoint in pairs

(iii) v

1

(X) \ e

j

(X) = ;, i = 1; 2; : : : ; n, j = 1; 2; : : : ; m

(iv) if e

j

= fv

i

; v

i

0

g then the open ar
 e

j

(X) has v

i

(X) and v

i

0

(X) as end-

points, j = 1; 2; : : : ; m

Any surfa
e is also a topologi
al spa
e so the embedding of graphs on

surfa
es is de�ned by De�nition 3.4. The fa
t that there exists an embedding

of an arbitrary graph on a surfa
e is easy. We 
an simply get an embedding

of G on a surfa
e of genus jE(G)j. But adding a 'handle' for ea
h edge 
auses

that we have a surfa
e with higher genus than is ne
essary.
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De�nition 3.5 Let G be a graph. Then an embedding G(S) on a surfa
e S

is 
alled a minimal embedding of G if the genus of S is the minimal possible

genus of surfa
es on whi
h G 
an be embedded. The genus of the graph G,

denoted 
(G), is the genus 
(S) of the surfa
e S on whi
h the embedding

G(S) is the minimal embedding of G.

De�nition 3.6 Let G(S) be an embedding of a graph G on a surfa
e S. The

G(S) is 
alled a 2-
ell embedding if ea
h fa
e of G(S) is a 2-
ell. It means

that ea
h fa
e is a homeomorphi
 image of an open unit dis
.

The following relation between minimal and 2-
ell embeddings is proved

in Youngs [7℄.

Theorem 3.7 Let G(S) be any minimal embedding of a 
onne
ted graph G.

Then G(S) is a 2-
ell embedding.

Now, we present important result of [1℄ whi
h enables us to prove our

main theorem later.

Theorem 3.8 Let G be a graph, 
onne
ted or not, and let B

1

; B

2

; : : : ; B

k

be

all blo
ks of G. Then 
(G) =

P

k

i=1


(B

i

).

4 Main Theorem

Now we are ready to answer aÆrmatively the question whether two graphs

with isomorphi
 graphi
 matroids have the same genus.

Theorem 4.1 Let G and H be 2-isomorphi
 graphs. Then both graphs have

the same genus.

Sin
e isolated verti
es do not e�e
t graphi
 matroid nor the genus of

a graph, the Theorem 4.1 immediately implies following.

Corollary 4.2 Let G andH be two graphs with isomorphi
 graphi
 matroids.

Then G and H have the same genus.

The same 
orollary holds for 
ographi
 matroids. Using the fa
t that two

matroids are isomorphi
 if and only if their dual are also isomorphi
 we 
an

easy see the following.

5



Corollary 4.3 Let G and H be two graphs with isomorphi
 
ographi
 ma-

troids. Then both graphs have the same genus and their graphi
 matroids are

also isomorphi
.

In order to prove Theorem 4.1 we will show that operations of vertex

identi�
ation, vertex 
leaving and twisting, des
ribed in De�nition 2.1, do

not 
hange the genus of a graph. Hen
e we prove the following.

Theorem 4.4 Let G be 2-
onne
ted graph. Let G

0

denote twisted G. Then


(G) = 
(G

0

).

This theorem and the results of previous 
hapter give us the way how to

prove Theorem 4.1.

Proof of Theorem 4.1. From the de�nition of 2-isomorphism it suÆ
es

to prove that vertex identi�
ation, vertex 
leaving and twisting do not e�e
t

the genus of a graph. The required result for vertex identi�
ation and vertex


leaving follows immediately from the Theorem 3.8.

If a graph is 2-
onne
ted then twisting does not e�e
t its genus by the

Theorem 4.4. Assume now a twisting of a graph, whi
h is not 2-
onne
ted.

If twisting e�e
ts only one of its blo
ks then the genus of this blo
k is not


hanged and also the genus of the whole graph remains the same. The only

remaining 
ase is that both verti
es of twisting are 
ut-verti
es and then

an operation of twisting 
an be repla
ed by a sequen
e of vertex 
leaving and

vertex identi�
ation operations. Hen
e twisting does not 
hange the genus

of a graph.

2

To prove Theorem 4.4 we will 
onsider 2-
onne
ted graph G and we will

usually use the notation u and v for twisting verti
es and G

1

and G

2

for

pie
es of twisting. Also some stru
ture will be needed whi
h enables a 
hange

of some minimal embedding of a graph G into an embedding of G

0

of the same

genus. This stru
ture will be 
alled dividing systems.

5 Dividing Systems

De�nition 5.1 Let G be a 2-
onne
ted graph with de�ned twisting oper-

ation. Let G

1

and G

2

be pie
es of twisting and u; v be twisting verti
es.
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Let G(S) be a 2-
ell embedding of G on a surfa
e S. Then any system

D = f�

1

; �

2

; : : : ; �

k

g of �nite number of 
urves on S is 
alled a dividing

system of G(S) if the following 
onditions hold:

(i) if �

i

2 D then �

i

is an ar
 or a loop with endpoints in fu(S); v(S)g

( �

i

(0); �

i

(1) 2 fu(S); v(S)g, i = 1; 2; : : : ; k )

(ii) the interiors of elements of D are pairwise disjoint

( 8i 6= j, 8s; t 2 (0; 1): �

i

(s) 6= �

j

(t) )

(iii) interiors of 
urves of D have no 
ommon point with G(S)

( 8i, 8s 2 (0; 1): �

i

(s) 62 G(S) )

(iv) 
urves of D divide G

1

and G

2

on S

( 8x

j

2 G

j

(S), j = 1; 2, 8 ar
  su
h that  (0) = x

1

and  (1) = x

2

,

9i 9s; t 2 [0; 1℄:  (s) = �

i

(t) )

De�nition 5.2 The size jDj of a dividing system D is the number of di�er-

ent 
urves in D .

Proposition 5.3 Let D be any dividing system of a 2-
ell embedding G(S).

Then jDj � 2.

Proof. Sin
e G is 2-
onne
ted there exist e

i

2 G

i

, i = 1; 2, both in
ident

with u. We may assume that e

i

(0) = u(S), i = 1; 2. The ar
  = e

1

([0; 0:5℄)[

e

2

([0; 0:5℄) 
onne
ts points of G

1

(S) and G

2

(S). Hen
e it has to interse
t

a 
urve � of D. Sin
e  � G(S), the only point of interse
tion 
an be

the point u(S). Hen
e there is a 
urve in D with endpoint u(S), and using

the same argument, also a 
urve in D with endpoint v(S).

If D = f�g where � is an ar
 with endpoints u(S) and v(S), then there

exists a loop in small neighbourhood of u(S) interse
ting � in exa
tly one

point. This loop 
an be drawn around the point u(S) and if it is 
hosen

small enough, it also interse
ts ea
h edge in
ident with u in one point. There

are again edges e

i

2 G

i

in
ident with u, i = 1; 2. They divide the loop

into two ar
s. Exa
tly one of them interse
ts � so the other one 
ontradi
ts

the 
ondition (iv) of dividing systems.

2

Let us denote by S � D the union of open 2-manifolds with boundary

S � (

S

�2D

�).
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Proposition 5.4 Let G(S) be a 2-
ell embedding of G. Let D be a system

satisfying 
onditions (i), (ii) and (iii) from de�nition of dividing system.

Then the 
ondition (iv) is equivalent to the following:

(iv)' there is no 
omponent of S � D 
ontaining points of both G

1

(S) and

G

2

(S).

Proof. Suppose (iv) holds and (iv)' does not. Then there exist points

X

1

; X

2

in the same 
omponent of S � D su
h that X

i

2 G

i

(S), i = 1; 2.

Hen
e there exists an ar
  with endpoints X

1

and X

2

in that 
omponent.

Hen
e  has no 
ommon point with the boundary of the 
omponent of S�D.

So  has no 
ommon point with any � 2 D whi
h 
ontradi
ts (iv).

Now assume (iv)' holds but (iv) does not. There exists an ar
  with

endpoints from di�erent G

i

(S), i = 1; 2, whi
h does not interse
t any 
urve

of D. Sin
e endpoints of  are from di�erent G

i

(S), they are in di�erent


omponents of S �D. Hen
e  has to interse
t the boundary of some 
om-

ponents of S �D. This means  interse
ts a 
urve � from D and (iv) holds

a 
ontradi
tion.

2

With the knowledge of these properties of dividing systems it is now easy

to prove that for any 2-
ell embedding of a graph G on a surfa
e S there

exists a dividing system of G(S).

Proposition 5.5 Let G(S) be a 2-
ell embedding of G on a surfa
e S. Then

there exists a dividing system D of G(S).

Proof. As de
lared in previous se
tion if G(S) is a 2-
ell embedding,

ea
h fa
e of G(S) is homeomorphi
 to an open dis
.

Let � be a fa
e of G(S) whi
h boundary 
ontains edges of both G

1

and

G

2

. Consider the 
ir
uit boundering the image of a homeomorphi
 mapping

of � to an open dis
. We label the points of this 
ir
uit, 
orresponding

to verti
es in
ident with edges from di�erent G

i

, by x

1

; x

2

; : : : ; x

k

in 
lo
k-

wise order. Ea
h x

i

is a 
opy of the vertex u or v. Then verti
es labeled by

x

i

and x

i+1

( indi
es 
omputed mod k ), i = 1; 2; : : : ; k, will be 
onne
ted by

a straight line l

i

in the image of �. Let �

�

1

; �

�

2

; : : : ; �

�

k

be 
urves on S su
h

that homeomorphi
 image of �

�

i

in the open dis
 is the line l

i

.

We de�ne the system of 
urves D by D =

S

�

f�

�

1

; �

�

2

; : : : ; �

�

k

�

g over all

fa
es � of G(S) boundered by edges of both G

i

. If k = 2 then �

�

1

= �

�

2
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and so only one of them is used. Clearly D is �nite set of 
urves satisfying


onditions (i), (ii) and (iii) of dividing system.

To prove thatD satis�es the 
ondition (iv)' we pro
eed by a 
ontradi
tion.

Suppose there is a 
omponent of S�D 
ontaining points of bothG

i

(S). Then

this 
omponent 
ontains a fa
e of G(S) boundered by edges of both G

i

. But

there have to be some 
urves of D 
onstru
ted in this fa
e. Their interiors

are subsets of this fa
e so they are subsets of the 
omponent of S �D. This

is impossible and (iv)' holds.

2

In the next proposition we will prove that any dividing system is 
lose

to the one 
onstru
ted in the previous proof.

Proposition 5.6 Let D be a dividing system of a 2-
ell embedding G(S)

of G on a surfa
e S. Let � 2 D, then there exists unique fa
e � = �(�)

of G(S) su
h that �((0; 1)) � �.

Proof. Let s 2 (0; 1). Then �(s) 62 G(S) so there exist fa
e �

s

su
h

that �(s) 2 �

s

. Suppose that there are s; t 2 (0; 1) su
h that �

s

6= �

t

. We

may assume without loss of generality that s < t. Hen
e �([s; t℄) is an ar


on S whi
h has to interse
t the boundery of �

s

in point �(s

0

), s

0

2 (s; t).

Sin
e fa
es of G(S) are 
omponents of S �G(S), �(s

0

) 2 G(S). Hen
e � has


ommon point with G(S) and 
annot be a 
urve of a dividing system.

2

Having these properties of dividing systems it is possible to prove some

important properties of twisting of G.

6 Minimal Dividing System

In this se
tion we 
onsider only minimal embeddings of graphs. By the

Theorem 3.7 we know that minimal embeddings of 
onne
ted graphs are

2-
ell embeddings.

To prove Theorem 4.4 dividing systems of minimal size will be used be-


ause these dividing systems have some useful properties.

De�nition 6.1 Let D be a dividing system of any minimal embedding G(S)

of G on surfa
e S. Then D is 
alled a minimal dividing system if its size jDj

is minimal over all dividing systems of minimal embeddings of G.
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Lemma 6.2 Let D be a dividing system of a 2-
ell embedding G(S). Let

C

1

; C

2

be two di�erent 
omponents of S �D su
h that points of at most one

G

i

(S) are embedded on C

1

[C

2

. Let x be a 
ommon point of boundaries of C

1

and C

2

distin
t from u(S) and v(S). Then there 9� 2 D and 9s 2 (0; 1) su
h

that �(s) = x and �([0; 1℄) � �C

1

\ �C

2

.

Proof. Sin
e x is a point of the boundery of any 
omponent of S � D

there exists � 2 D and s 2 [0; 1℄ su
h that x = �(s). Moreover, x distin
t

from u(S) and v(S) gives s 6= 0 and s 6= 1. the boundery of C

i

is the union

of some 
urves from D. These 
urves have disjoint interiors and x 2 �C

i

,

hen
e �([0; 1℄) � �C

i

.

2

Proposition 6.3 Let G(S) be a minimal embedding of G su
h that there

is a minimal dividing system D of G(S). Then ea
h 
omponent of S � D


ontains points of exa
tly one of G

i

(S), i = 1; 2, and the boundery of two


omponents 
ontaining points of the same G

i

have 
ommon points only from

fu(S); v(S)g.

Proof. Ea
h 
omponent of S �D 
ontains points of at most one G

i

(S),

i = 1; 2. Let C be a 
omponent of S �D 
ontaining no point of G(S). Let

� 2 D be one from bounder 
urves of C. Then it is 
lear that the system

D � f�g satis�es 
onditions (i), (ii) and (iii). Sin
e C does not 
ontain any

point of G(S) there has to be 
urves of D di�erent from � in
ident with

u(S) and v(S). Moreover, there is C

0

, the 
omponent of S � D, su
h that

C [�((0; 1))[C

0

is a 
omponent of S� (D�f�g) and any other 
omponent

of S � (D�f�g) is also a 
omponent of S �D. Sin
e C [ �((0; 1)) does not


ontain any point of G(S), D � f�g also satis�es(iv)' and hen
e D � f�g is

a dividing system of G(S). So D 
annot be minimal.

If C

1

and C

2

are two di�erent 
omponents of S � D 
ontaining points

of the same G

i

(S) and having 
ommon point distin
t from u(S) and v(S)

then by Lemma 6.2, � 2 D 
an be found su
h that �([0; 1℄) � �C

i

, i = 1; 2.

Then system D�f�g is also a dividing system of G(S) and D is not minimal.

2

The proof of Theorem 4.4 will be done by 
hanging a minimal embedding

of G into an embedding of twisted G of the same genus. The 
hange will

use a minimal dividing system D of G(S). If D does not 
ontain a loop,
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an embedding of twisted G 
an be drawn on the same surfa
e as the given

minimal embedding of G. But if D 
ontains a loop we will have to use some

properties of minimal dividing systems.

Lemma 6.4 Let D be a minimal dividing system 
ontaining a loop with end-

point u(S). Then there is no other 
urve in D in
ident with u(S). The same

holds for v(S).

Proof. Suppose �

1

2 D is a loop with endpoint u(S) and there is at

least one other 
urve in D in
ident with u(S). A small neighbourhood N

of u(S) on S 
an be treated as a plane and 
urves representing edges in
ident

with u and 
urves of D in
ident with u(S) 
an be 
onsidered as lines in N .

Two of these lines, say l

1

and l

2

, are parts of �

1

. There also exists a 
urve

�

2

in
ident with u(S) su
h that the angle A in N , boundered by a line


orresponding to �

2

and l

1

or l

2

, 
ontains only lines 
orresponding to 
urves

representing edges of G. Denote the set of edges whose lines belong to A by

E

0

.

Let � be a fa
e of G(S) su
h that �

1

((0; 1)) � �. Now delete parts

of 
urves representing edges of E

0

in N and draw them along �

1

into u(S)

'from another side'. This gives a new embedding of G on S su
h that in

the angle A there is no other 
urve. Let D

0

= D�f�

1

; �

2

g[f�

3

g where �

3

is

the 
urve obtained from �

1

[ �

2

so that the ends of �

1

and �

2


orresponding

to the lines boundering the angle A are deleted inN and repla
ed by an ar
 in

A 
onne
ting the remaining parts of �

1

and �

2

. More pre
isely, let  be a loop

boundering N . Let �

1

(s

1

) =  (t

1

) and �

2

(s

2

) =  (t

2

) be 
ommon points of  

and �

1

, resp. �

2

su
h that they divide  into two ar
s and the interior of one

of them ( whi
h belongs to the angle A ) is not interse
ted by any 
urve of D

or any 
urve representing an edge of G. Call this ar
  

1

. Also �

1

and �

2

are divided into two ar
s and one of them is 
ontained in the 
losure of N

boundered by  . We may assume these parts are �

1

([s

1

; 1℄) and �

2

([0; s

2

℄).

Also without lost of generality 0 � t

1

< t

2

� 1 and  

1

=  ([t

1

; t

2

℄). Then we

let �

3

= �

1

([0; s

1

℄) [  ([t

1

; t

2

℄) [ ([s

2

; 1℄).

It is 
lear that ea
h 
urve of D

0

= D � f�

1

; �

2

g [ f�

3

g is a loop or

an ar
 with endpoints in fu(S); v(S)g. Their interiors do not 
ontain points

of G(S) sin
e the 
urves of D hold this 
ondition and  

1

also does. Let

C be a 
omponent of S � D 
ontaining the angle A. Let C

1

and C

2

be


omponents of S � D su
h that they are neighbours of C in N ( maybe

C

1

= C

2

). Then 
omponents of S � D

0

are the same as the 
omponents

11



of S � D ex
ept of the following 
ase. There are two new 
omponents,

one obtained from C as C

0

1

= C �N and another obtained from C

1

and C

2

as C

0

2

= C

1

[C

2

[((N\A)[�

1

((s

1

; 1))[�((0; s

2

))). Without loss of generality

we 
an assume that C 
ontains points of G

1

(S) and hen
e C

0

1

also 
ontains

points of G

1

(S) and no point of G

2

(S). Sin
e (N [ A) does not 
ontain any

point of G(S), and C

1

and C

2

are both neighbours of C, C

0

2


ontains points

of G

2

(S) and no point of G

1

(S). Hen
e 
ondition (iv)' of dividing systems

holds and D

0

is the dividing system of size jDj � 1. Hen
e D 
annot be

the minimal dividing system.

The pro
ess of loop redu
tion 
an be seen on following �gures :

u(S)

E’

φ1

φ2

Φ

12



u(S)

φ1

φ2
u(S) φ3

2

Proposition 6.5 Let D be a minimal dividing system 
ontaining a loop.

Then jDj = 2 and both 
urves of D are loops, one with endpoint u(S) and

the se
ond with endpoint v(S).

Proof. Let �

1

2 D be a loop with endpoint u(S). Then by Lemma 6.4

there is no other 
urve from D in
ident with u(S). Sin
e jDj � 2, there have

to be a 
urve �

2

2 D. Hen
e �

2

is a loop with endpoint v(S). By Lemma 6.4

there is no other 
urve of D in
ident with v(S). Hen
e D = f�

1

; �

2

g.

2

7 The Proof of Theorem 4.4

In previous se
tions we proved some properties of graph embeddings whi
h

enable us now to present the proof of Theorem 4.4.

Proof of Theorem 4.4. Let G be a 2-
onne
ted graph. Let G

1

and G

2

be pie
es of twisting and let u and v be twisting verti
es. Denote twisted G

by G

0

. Suppose G(S) is a minimal embedding ofG and the dividing system D

of G(S) is a minimal dividing system of G. We will 
onstru
t an embedding

of G

0

on S or on a surfa
e of the same genus. It will imply that 
(G) � 
(G

0

).

13



Using the fa
t that double twisting gives the same graph ( twisted G

0

is graph

isomorphi
 to G ), it will follow that 
(G) = 
(G

0

).

A

ording to Proposition 6.5 D 
onsists of two loops with di�erent end-

points or D 
ontains no loop.

Two loops 
ase. Let D = f�

u

; �

v

g su
h that �

u

is a loop with endpoint

u(S) and �

v

is a loop with endpoint v(S). Let �

u

be a fa
e of G(S) 
ontaining

points of �

u

((0; 1)) and �

v

the fa
e 
ontaining points of �

v

((0; 1)).

The graph G is 2-
onne
ted so G

1

and G

2

are 
onne
ted graphs. Hen
e

the union of 
omponents of S �D 
ontaining G

i

in
luding their boundaries

is a 
onne
ted 2-manifold, i = 1; 2.

Sin
e D 
onsists of two loops, S�D 
an have at most three 
omponents.

If S � D would have exa
tly three 
omponents then two of them 
ontain

points of the same G

i

, assume G

1

. Sin
e �

u

and �

v

have no 
ommon point,

the union of those 
omponents 
ontaining points of G

1

is not 
onne
ted.

Hen
e the number of 
omponents of S�D is exa
tly two. Call them C

1

and

C

2

su
h that C

i


ontains points of G

i

, i = 1; 2.

The boundary 
urves of ea
h C

i

are some loops. Sin
e S is "
utted" only

along loops �

u

and �

v

, the boundary of ea
h C

i


an be formed by these loops

only. If C

1

has a boundary 
onsisting from only one loop, say �

u

, then v(S)

have to be an inner point of C

1

be
ause v(S) 62 �

u

but G

1


ontains edges

in
ident with the vertex v. This is a 
ontradi
tion. Hen
e the boundery of C

1

is formed by both �

u

and �

v

. The same property holds for C

2

.

Let C

0

i

= C

i

[ �

u

[ �

v

. Then G

i

(S) � C

0

i

. Denote u

i

(S) and v

i

(S)

the points u(S) and v(S) of C

0

i

, i = 1; 2.

Now let a new surfa
e S

0

be 
reated from C

0

1

and C

0

2

by identifying

the boundary 
urve �

u

of C

0

1

with the boundary 
urve �

v

of C

0

2

su
h that

the points u

1

(S) and v

2

(S) are identi�ed, and identifying the boundery 
urve

�

u

of C

0

2

with the boundery 
urve �

v

of C

0

1

su
h that the points u

2

(S) and

v

1

(S) are identi�ed.

This operation is very 
lose to the twisting operation. It is 
lear that

the embedding of G

1

on C

0

1

and the embedding of G

2

on C

0

2


reate the em-

bedding of G

0

on S

0

. The only remaining thing to prove is that 
(S) = 
(S

0

).

Sin
e G and G

0

have the same number of verti
es and edges it is enough

to 
ompute the number of fa
es of G(S) and G

0

(S

0

). If these numbers are

the same and if G

0

(S

0

) is 2-
ell embedding, the proof is 
ompleted be
ause

both surfa
es have the same euler 
hara
teristi
.

The fa
es of G(S) di�erent from �

u

and �

v

are not e�e
ted by the oper-
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ation des
ribed above. If �

u

6= �

v

then they are both divided by D into two

parts. Sin
e �

u


an be map by a homeomorphism to the open unit dis
, im-

age of �

u

((0; 1)) is an open ar
 in this mapping. So we 
an assume the image

of �

u

((0; 1)) is a line su
h that it is a diameter of the unit dis
. So �

u

\ C

i

is a homeomorphi
 image of the open half-dis
 for both i = 1; 2. The same

thing holds for the fa
e �

v

.

Combining C

0

1

and C

0

2

gives one new fa
e 
reated from one part of �

u

and

one part of �

v

and the se
ond new fa
e from the remaining parts of �

u

and

�

v

. Ea
h of these new fa
es is a 2-
ell be
ause is 
ombined from two parts

ea
h homeomorphi
 to an open half-dis
. Hen
e the number of fa
es remains

the same and both new fa
es are open 2-
ells.

If �

u

= �

v

= �, D divides this fa
e into three parts. the 
onstru
tion

of S

0


ombines these parts of � into one new fa
e ofG

0

(S

0

). Hen
e the number

of fa
es of G(S) and G

0

(S

0

) is the same and this fa
e is also an open 2-
ell.

Hen
e 
(G) � 
(G

0

).

No loop 
ase. Let D = f�

1

; �

2

; : : : ; �

k

g be a minimal dividing sys-

tem whi
h elements are only ar
s. The ar
 �

i

will be 
alled oriented from

u to v if �

i

(0) = u(S) and �

i

(1) = v(S) and will be 
alled oriented from v

to u otherwise. Repla
ing any 
urve �

i

of D by a 
urve �

i

0

(t) = �

i

(1 � t)

does not e�e
t the properties of D but only the orientation on �

i

. Curves

of D 
an be 
onsidered as lines in a neighbourhood of the point u(S). We

may assume that they are indexed in the 
lo
k-wise order in this neigh-

bourhood. The angles between two neighbouring lines representing 
urves

of D 
an be labeled by G

1

or G

2

due to the pertinen
e to the 
omponent

of S � D and due to the in
iden
y of points of G(S) in this 
omponent.

Then two angles having the 
ommon boundary line are labeled by di�erent

G

i

from Lemma 6.2. In the neighbourhood of v(S) the lines 
orresponding

to the 
urves of D appear in an unknown order but again, two angles having


ommon boundary belong to 
omponents of S �D labeled by di�erent G

i

.

Note that G

0

is the same graph as G, only the edges of G

2

in
ident with u

are drawn to v and the edges in
ident with v are drawn to the vertex u.

Hen
e the embedding of G(S) in whi
h edges of G

2

in
ident with u be
ome

edges in
ident with v and edges in
ident with v be
ome in
ident with u gives

an embedding of G

0

.

The orientation of �

i

( from u to v or 
onversally ) does not e�e
t the em-

bedding of �

i

. Hen
e we will 
hoose the orientation of 
urves of D su
h that

ea
h angle in the neighbourhood of u(S) and v(S) labeled by G

2

is boundered
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by one line 
orresponding to the ar
 oriented from u to v and another one

oriented from v to u.

This is possible for example by the following 
onstru
tion. We start with

D 
ontaining "non-oriented" 
urves.

φ1

φ2

φ3

φ4

φ5

φ6

φ1

φ2

φ3

φ4
φ5

φ6

G1

G2

G2

G2G2

G1

G1

G1

G1

G1

G2G2

G2

v(S)

u(S)
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In ea
h step we orient one of these 
urves. Let �

1

be oriented from u

to v. Let �

i

2

be the se
ond boundary line of the angle boundered by �

1

and

labeled by G

2

, in the neighbourhood of v(S). We will orient this ar
 from v

to u.

φ1

φ1

φ4

φ4
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Also �

i

2

is one boundary of an angle in the neighbourhood of u(S).

the se
ond boundary of this angle 
all �

i

3

. If �

i

3

6= �

1

we will orient �

i

3

from u to v. Then we will 
ontinue by indu
tion alternately in the neigh-

bourhoods of u(S) and v(S).

φ3

φ3

φ2

φ2
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If we stop before orienting all 
urves of D, sin
e the se
ond boundary

in an angle boundered by last oriented 
urve of D ( this se
ond boundary


urve have to be �

1

), we will 
hoose an arbitrary non-oriented 
urve of D

and start with this 
urve as with �

1

in the begining of the 
onstru
tion.

φ6

φ6

φ5

φ5

The 
onstru
tion will be �nished when all 
urves of D are oriented. It

is 
lear that the orientation of the 
urves of D have the property des
ribed

above.
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Now an embedding of G

0

(S) derived from G(S) will be 
onstru
ted.

u(S)

G2

G1

G2

G1

v(S)

G1

G2

G2

G1

G(S)

Let E

0

be the set of edges of G

2

in one angle in the neighbourhood of u(S).

They will be deleted in this neighbourhood and will be extended to point

v(S) along the 
urve of D 
orresponding to that line boundering that angle,

whi
h is oriented from u to v. It 
an be done su
h that the new edges do

not interse
t the ar
s representing edges of G, ar
s from D and also do not

interse
t themselves.
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u(S)

v(S)

If it is done for all angles labeled by G

2

in the neighbourhood of u(S)

and then also in the neighbourhood of v(S), all edges of G

2

in
ident with

u be
ome in
ident with v and 
onversally. Hen
e we obtain an embedding

of G

0

on S.

21



u(S)

v(S)

G’(S)

Hen
e 
(G) � 
(G

0

).
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