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Abstra
t

Possible use of 
ombinatorial maps in graph-topologi
al 
al
ulations are inves-

tigated 
ontinuing [10℄. Some new permutational fun
tions with interesting graph-

topologi
al interpretations are 
onsidered.

1 Introdu
tion

We 
ontinue to investigate the 
ombinatorial maps, see [1, 3, 4, 6℄. We apply the idea

used in [8℄ 
onsidering the 
orners between the edges in the embedding of the graph on

the surfa
e to be the elements on whi
h the permutations a
t. This work is a 
ontinuation

of [8, 9, 10℄.

We use permutation 
al
ulus as a tool for des
ribing graphs on surfa
es.In parti
u-

lar we use the fa
t that there 
an be established a one-one map between permutations

and graphs on surfa
es. A possible way how to do it is shown in [8℄. A way, how to

exploit this fa
t, is to �nd for some 
hosen feature of the graphs on surfa
es the 
orre-

sponding 
hara
teristi
s in permutations. Thus, every permutational formula has some

equivalent operation on graphs. For a 
hosen map that has a graph on the surfa
e in


orresponden
e, any 
omputable in permutations partial map has an obje
t in this graph

in 
orresponden
e. It is interesting to �nd su
h partial maps that has su
h graphi
 obje
ts

in 
orresponden
e that has some graphi
 or graph-topologi
al interpretation. The other

way round, if we 
an �nd for some operations on graphs 
orresponding operations on per-

mutations, then we 
an hope, that some nontrivial manipulations on graphs 
an be done

using some suÆ
iently simple operations on permutations, i.e. multipli
ation of permu-

tations, sele
tion of submaps of maps et
. In this work we prove some simple 
onje
tures

on permutations with less trivial graph-topologi
al 
onje
tures in 
orresponden
e.

We use 
omputer program of permutation 
al
ulus 
he
king our ideas on di�erent series

of [manually entered or randomly generated℄ maps. In future we hope to �nd suÆ
iently

large set of permutational formulas with graph-topologi
al operations in 
orresponden
e

to use them independently for topologi
al 
al
ulus without any other algorithmi
 sup-

port. From 
omputational point of view it is suÆ
iently important that permutational


al
ulus with simplest operations mostly 
an be done linearly with respe
t to the order

of permutations or updated parts of them.
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2 Permutations, 
ombinatorial maps and partial 
om-

binatorial maps

Permutations a
t on a universal set C the elements of whi
h we 
all 
orners be
ause of

their geometri
al interpretation. For a permutation P and 
 2 C 


P

denotes the element

of C in whi
h P maps 
. Permutations we multiply from left to right.

In general we use the same terminology for 
ombinatorial maps as in [8℄.

A pair of permutations (P;Q) we 
all 
ombinatorial map whenever P

�1

�Q is a mat
h-

ing, i.e. involution without �xed elements. The main 
hara
teristi
s of 
ombinatorial map

is its edge-rotation % equal to Q � P

�1

and next-edge-rotation � equal to P

�1

�Q.

Usually we are working with 
lasses of maps with �xed �, that are 
losed under

multipli
ation of maps from left.

Partial 
ombinatorial maps (shorter p-maps) are pairs of permutation without any

restri
tion on their multipli
ation, i.e. their edge rotation 
an be arbitrary permutation.

We use apparatus of permutations 
al
ulation developed in [9℄. If C is divided into C

1

and C

2

, then p =

�

C

1

: A

C

2

: B

denotes a permutation that is 
al
ulated using permutations

A and B that a
t from C

1

into C [in 
ase of A℄ and from C

2

into C [in 
ase of B℄.

3 Cy
les and 
y
le 
overs in 
ombinatorial maps

For a 
ombinatorial map (P;Q), a 
y
li
 sequen
e of elements 


1

; : : : ; 


n

(n > 0) is 
alled


y
le, if for 


i

, (0 < i < n), next element 


i+1

in the sequen
e is equal to 


P

i

or 


Q

i

. Simple


y
le is a 
y
le without repetition of elements. For a 
ombinatorial map simple 
y
les are

transitive permutations on some subsets of C.

A 
y
le 
over of the 
ombinatorial map (P;Q) is a permutation a
ting on C, where

ea
h of its orbits is a 
y
le in (P;Q). Cy
les in 
y
le 
overs are always simple 
y
les.

Trivial 
y
le 
overs of (P;Q) are P and Q themselves.

Multipli
ations of 
y
le 
over of some 
ombinatorial map with submaps [8℄ of its next-

edge-rotation � gives all possibly 
y
le 
overs of this 
ombinatorial map.

Two 
y
les �

1

and �

2

in (P;Q) tou
h ea
h other if e

1

belongs to �

1

and e

P

1

or e

Q

1

or e

�P

1

or e

�Q

1

belongs to 
y
le �

2

too.

Let us suppose, that for some 
ombinatorial map (P;Q) with a �xed 
y
le 
over the

elements of C are 
olored in su
h a way, that 1)elements of 
y
les of the 
y
le 
over are


olored with the same 
olor, and 2) 
y
les with equal element 
oloring do not tou
h. Su
h

a 
oloring of elements of 
ombinatorial map we 
all a 
y
le 
over 
oloring.

4 Two-
olorable 
y
le 
overs in 
ombinatorial maps

We 
onsider two-
olorable 
y
le 
overs.

Let for a 
ombinatorial map (P;Q) with 
y
le 
over � elements be 
olored in two


olors in the way that this is also a 
y
le 
over 
oloring. Let an arbitrary edge be with its

(possibly not all distin
t) 
orners 


1

; 


2

; 


3

; 


4

, su
h that 


2

= 


�P

1

, 


3

= 


�

1

and 


4

= 


�Q

1

.

There are three possibilities:

1) 


1

and 


2

have the same 
olor and 


3

and 


4

have the same other 
olor , [we 
all su
h

2



an edge 
ut-edge℄;

2) 


1

and 


4

have the same 
olor and 


2

and 


3

have the same other 
olor, [we 
all su
h

an edge 
y
le-edge℄;

3) all 
orners of the edge are of the same 
olor,[we 
all su
h an edge inner edge℄.

Let for a 
ombinatorial map (P;Q) with 
y
le 
over � elements are 
olored with two


olors, green and red, in su
h a way that this is also a 
y
le 
over 
oloring and there are

not inner edges. Then j C

green

j=j C

red

j, where C

green

[ C

red

= C, and � and % are

one-one mat
hes between C

green

and C

red

.

We 
all a zigzag walk 
over a knot in the 
ombinatorial map [1℄ and [8℄. Zigzag walk

always has orbits of even degree, thus it is naturally to 
onne
t with a zigzag walk a 
y
le


over 
oloring [theorem 3 [10℄℄. Inversely, ea
h 
y
le 
over without inner edges �xes some

knot.

Let for a 
hosen knot � of (P;Q) the 
orresponding 
y
le 
over be � and let us express

it as �

green

� �

red

, where �

green


ontains 
y
les of green elements, and �

red


ontains 
y
les

of red elements.

It holds [theorem 4 [10℄℄

1) � � � = �

altern

, where �

altern

is a 
y
le 
over with alternating 
oloring of its elements;

2) �

�1

� P = �

�1

altern

�Q = �


y
le

, where �


y
le

have all possible 
y
le-edges;

3) �

�1

altern

� P = �

�1

�Q = �


ut

, where �


ut

have all possible 
ut-edges;

4) �


y
le

and �


ut

are 
omplementary involutions: �


y
le

� �


ut

= �.

5 Graphs on surfa
es

In [10℄ we 
onsidered a map [P � P

�1


y
le

; Q℄. It deserves an interest be
ause it may be

interpreted as map [P;Q℄ with 
ut some 
y
les. Let us de�ne some new permutational

fun
tions that may have interesting graph-topologi
al interpretations. Let us de�ne four

following multipli
ations A = P � P

�1


y
le

, B = Q �Q

�1


ut

, C = P � P

�1


ut

and D = Q �Q

�1


y
le

.

Next theorem shows that these permutations have similar properties:

Theorem 1.

A = P � P

�1


y
le

= � � �

�1


y
le

;

B = Q �Q

�1


ut

= � � �

�1


ut

;

C = P � P

�1


ut

= �

altern

� �

�1

altern


ut

and

D = Q �Q

�1


y
le

= �

altern

� �

�1

altern


y
le

:

Proof.

Theorem 2. The restri
tions of the partial maps

[�; Q℄


ut

;

[�; P ℄


y
le

;

[�

altern

; Q℄


y
le

and

[�

altern

; P ℄


ut

are geometri
 maps.
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Proof. Firstly, � restri
ted on C


y
le

(C


ut

) multiplied by � or �


y
le

(�


ut

) give the same

result. Thus, the dual of the restri
tion 
oin
ide with the restri
tion of its dual. Certainly,

the same is true for �

altern

, P and Q too.

Further, �


ut

�� maps into P �� and Q


ut

�� maps into �

altern

��, thus the map [�; Q℄


ut

is geometri
.

Similarly we 
on
lude for other restri
tions.

�


y
le

� � maps into Q � � and P


y
le

� � maps into �

altern

� �, thus the map [�; P ℄


y
le

is

geometri
.

�

altern


y
le

� � maps into P � � and Q


y
le

� � maps into � � �, thus the map [�

altern

; Q℄


y
le

is geometri
.

�

altern


ut

� � maps into Q � � and Q


ut

� � maps into � � �, thus the map [�

altern

; P ℄


ut

is

geometri
.

Theorem 3.


[�; P ℄ = 
[�; P ℄


y
le

;


[�

altern

; Q℄ = 
[�

altern

; Q℄


y
le

;


[�

altern

; P ℄ = 
[�

altern

; P ℄


ut

;


[�; Q℄ = 
[�; Q℄


ut

:

Proof. Let us prove that 
[�; P ℄ = 
[�; P ℄


y
le

. By previous theorem the restri
tion


[�; P ℄


y
le

is a geometri
 map. As follows, the next edge rotation �

[�;P ℄

is equal to

�


y
le

. It means, that the edge rotation of [�; P ℄ has "normal edges" from �


y
le

and

"half edges"
orresponding to 
ut edges from �


ut

. Eliminating an edge (a; b) from P that

belongs to �


ut

and 
hoosing a new knot that has the same 
oloring of elements [that is

always possible only by eliminating 
ut edges℄ the new value of P has the same �


y
le

and

�


ut

. Thus, the new value of � should be � j

a;b

, i.e. with eliminated elements 
orresponding

to the eliminated edge. It means that genus of [P; �℄ does not 
hange by eliminating a


ut edges.

We have proved that 
[�; P ℄ = 
[�; P ℄


y
le

. Duality gives us that 
[�; Q℄ = 
[�; Q℄


ut

.

To prove that 
[�

altern

; Q℄ = 
[�

altern

; Q℄


y
le

we use 
onje
ture �

�1

altern

�Q = �


y
le

and sim-

ilarly as previously 
onsiderations. Applying duality we get 
[�

altern

; P ℄ = 
[�

altern

; P ℄


ut

.

To the previous theorem we add some new 
onje
tures.

Theorem 4.


[�; P ℄ = 
[�; P ℄


y
le

= 
[B;P ℄;


[�

altern

; Q℄ = 
[�

altern

; Q℄


y
le

= 
[C;Q℄;


[�

altern

; P ℄ = 
[�

altern

; P ℄


ut

= 
[D;P ℄;


[�; Q℄ = 
[�; Q℄


ut

= 
[A;Q℄:

Before to prove this we need a simple theorem.
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Theorem 5. There holds:

� =

�

C


ut

: A

C


y
le

: B

and

�

altern

=

�

C


y
le

: C

C


ut

: D

:

Proof. For the �rst 
onje
ture:

� =

�

C


ut

: A

C


y
le

: B

=

�

C


ut

: � � �

�1


y
le

C


y
le

: � � �

�1


ut

= �:

For the se
ond 
onje
ture:

�

altern

=

�

C


y
le

: C

C


ut

: D

=

�

C


y
le

: �

altern

� �

�1

altern


ut

C


ut

: �

altern

� �

�1

altern


y
le

= �

altern

:

Now we return to the proof of theorem [4℄. First we prove fourth right equation:

Theorem 6. 
[�; Q℄ = 
[A;Q℄.

To prove this 
onje
ture we need additional lemma.

Lemma 7. If 
[Y; Z℄ = 0 and X

C

�

= i then


[

�

C

�

: X

C

�

: Y

; Z℄ = 
[X;Z℄:

A

ording theorem 5 � =

�

C


ut

: A

C


y
le

: B

. We must prove that 
[B;Q℄ = 0 and

A

C


y
le

= i.

The �rst equation is proven by the following lemma.

Lemma 8. 
[B;Q℄ = 
[Q �Q

�1


ut

; Q℄ = 0.

Proof.

The se
ond equation is proven by the following trivial lemma.

Lemma 9.

�

C

�

: i

C

�

: X �X

�1

alpha

= i.

Indeed, A

C


y
le

=

�

C


ut

: i

C


y
le

: P � P

�1


y
le

= i. This 
ompletes the proof of the theorem.

Now the �rst right equation from theorem 4:

Theorem 10. 
[�; P ℄ = 
[B;P ℄.
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Proof. From theorem 5

� =

�

C


y
le

: B

C


ut

: A

:


[A; P ℄ = 
[Q �Q

�1


ut

; Q℄ = 0

by lemma 8 applied dually.

B

C


ut

=

�

C


y
le

: i

C


ut

: Q �Q

�1


ut

= i

by lemma 9.

Now the se
ond right equation from theorem 4:

Theorem 11. 
[�

altern

; Q℄ = 
[C;Q℄.

Proof. From theorem 5

�

altern

=

�

C


y
le

: C

C


ut

: D

:


[D;Q℄ = 
[Q �Q

�1


y
le

; Q℄ = 0

by lemma 8 applied dually.

C

C


y
le

=

�

C


ut

: i

C


y
le

: P � P

�1


y
le

= i

by lemma 9.

Now the third right equation from theorem 4:

Theorem 12. 
[�

altern

; P ℄ = 
[D;P ℄.

Proof. From theorem 5

�

altern

=

�

C


ut

: D

C


y
le

: C

:


[C; P ℄ = 
[P � P

�1


ut

; P ℄ = 0

by lemma 8.

D

C


y
le

=

�

C


ut

: i

C


y
le

: Q �Q

�1


y
le

= i

by lemma 9.

We have ended the proof of the theorem 4.

In [10℄ in theorem 6 (Main theorem) inequality is too strong.There are maps that rea
h

equality. We give this theorem in a new appearan
e.

Theorem 13.




(P;Q)

� 


(P;�)

+ 


(Q;�)

and




(P;Q)

>= 


(P;�

altern

)

+ 


(Q;�

altern

)

6



Proof.

To prove this theorem we must prove a lemma.

Lemma 14.

k�k � 


[P;�℄

+ 


[Q;�℄

� 


[P;Q℄

;

k�

altern

k � 


[P;�

altern

℄

+ 


[Q;�

altern

℄

� 


[P;Q℄

:

Let us add a theorem without proof.

Theorem 15. For 
ubi
 maps [P;Q℄ there hold:


[P; �℄ = 
[P; �℄


y
le

= 
[P; �

altern

℄ = 
[P; �

altern

℄


ut

= 0;


[B;P ℄ = 
[D;P ℄ = 
[A;D℄ = 0;


[A;D℄ = 
[B;C℄ = 0:

Partial maps [A;Q℄ and [B;C℄ are of parti
ular interest be
ause the �rst 
ontains all


ut-edges and the se
ond - all 
y
le-edges and they are two 
ut parts of [P;Q℄ together


omprising all [P;Q℄.

In order to illustrate all 
hara
teristi
s that we have 
onsidered we give an example of

a 
ombinatorial map 
orresponding to K

5

.

P = (1 7 5 3)(2 10 18 16)(4 12 20 17)(6 14 15 19)(8 13 11 9)

Q =(1 8 14 16)(2 9 7 6 13 12 19 5 4 11 10 17 3)(15 20 18)

% = (1 9)(2 11)(3 16)(4 13)(5 17)(6 8)(7 19)(10 20)(12 15)(14 18)

�= (1 2 11 12 15 16 3 4 13 14 18 17 5 6 8 7 19 20 10 9)

� = (1 8 14 11 10 17 16 19 5 4)(2 7 13 12 9 18 15 20 6 3)

� = (1 7)(2 3)(4 5)(6 19)(8 14)(9 11)(10 17)(12 13)(15 20)(16 18)

�


ut

= (1 2)(3 4)(11 12)(13 14)(17 18)(19 20)

�


y
le

= (5 6)(7 8)(9 10)(15 16)

A : (1 5 3)(2 16)(4 12 20 17)(6 14)(8 13 11)(10 18)(15 19)

B : (1 8)(2 9 7 6)(5 19)(10 11)(14 16)(15 18)

C : (1 7 5)(2 10)(6 19)(8 11 9)(14 15)(16 18)

D : (1 16)(2 10 17 3)(4 11 5)(6 13 12 19)(8 14)(15 20 18)

�

[A;D℄

: (1 2)(3 4)(5 16 10 15 6 8)(11 12)(13 14)(17 18)(19 20)

�

[C;B℄

: (1 19 2 11)(5 6)(7 8)(9 10)(14 18)(15 16)

[�; P ℄


y
le

=(5 7)(6 15)(8 9)(10 16)

=(5 8 10 15)(6 16 9 7)

[�

altern

; P ℄


ut

=(1 3)(2 18)(4 12 20 17)(11 13)(14 19)

=(1 4 11 14 20 18)(2 17 3)(12 19 13)

[�; P ℄


y
le

=(1 14)(2 13 12 19 4 11 17 3)(18 20)

=(1 13 11 18 19 3)(2 14)(4 12 20 17)

[�

altern

; Q℄


y
le

=(5 10 9 7 6)(8 16)

=(5 9 8 15 16 7)

� =(1 8 13 11 10 18 15 19 5 3)(2 9 7 6 14 16)(4 12 20 17)

�

altern

=(1 7 5 4 11 9 8 14 15 20 18 16)(2 10 17 3)(6 13 12 19).
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Figure 1: Combinatorial map [P;Q℄ 
orresponding to K

5

. [P; �℄ is drawn bold. [P; �

altern

℄


an be seen 
hanging 
ut-edges to 
y
le-edges and 
y
le-edges to 
ut-edges

1

2

16

9

7

6

8

13

11

10

18

15

19

3

5

4

12

20

17

14

1

2

14

13

12

19

4

11

17

3

20

18

Figure 2: Cy
le dual submap [�; Q℄


ut

and partial map [A;Q℄. Orbits of � are easy seen

as 
y
les in [A;Q℄.
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Figure 3: Cy
le submap [�; P ℄


y
le

and partial map [B;P ℄. Orbits of � are easy seen as


y
les in [B;P ℄.

10

2

3

17

6

19

13

12

5

7 1

16

148

9

11

18

15

20

15

8

16

5

10

9

7

6

Figure 4: Cut dual submap [�

altern

; Q℄


y
le

and partial map [C;Q℄. Orbits of �

altern

are

easy seen as 
y
les in [C;Q℄.
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Figure 5: Cut submap [�

altern

; P ℄


ut

and partial map [D;P ℄. Orbits of �

altern

are easy seen

as 
y
les in [D;P ℄.
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Figure 6: Partial maps [A;D℄ and [B;C℄. [A;Q℄ have all 
ut-edges and [B;C℄ have all


y
le-edge.
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