
On the linear and hereditary dis
repan
ies

Ji

�

r

�

� Matou

�

sek

Department of Applied Mathemati
s

Charles University

Malostransk�e n�am. 25, 118 00 Praha 1

Cze
h Republi


Abstra
t

We exhibit a set system S

0

su
h that any set system 
ontaining

it has linear dis
repan
y at least 2.

Let V be a �nite set and S � 2

V

a system of subsets of V . The

in
iden
e matrix A of (V;S) has rows indexed by the sets of S and


olumns indexed by the points of V . The 
olumn 
orresponding to a

point v 2 V is denoted by a

v

.

A 
oloring of V is a mapping �:V ! f�1;+1g. The dis
repan
y of

S, denoted by dis
(S), is given by

dis
(S) = min

�

dis
(�;S);

where the minimum taken is over all 
olorings � of V and dis
(�;S) =

max

S2S

j�(S)j, with �(S) =

P

v2S

�(v). The hereditary dis
repan
y of

S, denoted by herdis
(S), is

herdis
(S) = max

U�V

dis
(Sj

U

);

where Sj

U

= fS \ U : S 2 Sg. (In the sequel, by saying that a set

system S 
ontains a set system S

0

we mean that S

0

� Sj

U

for some

subset U of the ground set of S.)

The linear dis
repan
y arises in the following \rounding" problem.

Ea
h point v 2 V is assigned a weight w

v

2 [�1; 1℄. We want a 
oloring
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of V for whi
h the sum of the 
olors in ea
h set S 2 S is 
lose to the

total weight of its points. The dis
repan
y of S with respe
t to the given

weights is thus

min

�:V!f�1;1g

max

S2S

j�(S)� w(S)j ;

and the linear dis
repan
y of S is the supremum of this quantity over

all 
hoi
es of the weight ve
tor w 2 [�1; 1℄

V

.

These de�nitions 
an be expressed in terms of the in
iden
e matrix

A of S, and in that form, they 
an be used to de�ne the various dis
rep-

an
ies for arbitrary real matri
es A. Namely, for an m� n matrix A we

have

dis
(A) = min

x2f�1;1g

n

kAxk

1

;

herdis
(A) = max

B

dis
(B)

where B ranges over all submatri
es of A, and

lindis
(A) = max

w2[�1;1℄

n

min

x2f�1;1g

n

kA(x� w)k

1

:

The linear and hereditary dis
repan
ies were 
onsidered by Lov�asz,

Spen
er, and Vesztergombi [3℄ (also see Spen
er [4℄ or [1℄ for ba
kground

on 
ombinatorial dis
repan
y theory). We should remark that they use

0/1 
olorings instead of �1/+1 
olorings, and thus their dis
repan
y

quantities di�er from ours: to translate their notions of dis
repan
y to

our setting, all dis
repan
ies must be multiplied by 2.

They proved that

lindis
(A) � 2 � herdis
(A)

for any matrix A (and 
onsequently for any set system). (Re
ently,

Doerr [2℄ improved this slightly, to the near-tight estimate lindis
(A) �

2(1�

1

2m

) herdis
(A), where m is the number of rows of A.)

Conversely, one 
an ask whether the hereditary dis
repan
y 
an be

bounded by a fun
tion of the linear dis
repan
y. For real matri
es,

this is not the 
ase: Lov�asz et al. [3℄ exhibited matri
es A for whi
h

lindis
(A) � 1 while herdis
(A) is as large as desired; their example is

the single-row matrix (1; 2; 2

2

; : : : ; 2

n�1

).
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Here we 
onsider this question for set systems. That is, do there exist

set systems with linear dis
repan
y bounded by some 
onstant M and

with arbitrarily large hereditary dis
repan
y? In other words, are there

set systems with arbitrarily large dis
repan
y that 
an be exended, by

adding new points, to systems with linear dis
repan
y at most M? If

yes, one 
an further ask whether every set system 
an be extended to

a set system with linear dis
repan
y at most M , or whether there are

set systems that for
e high linear dis
repan
y of any system 
ontaining

them.

It seems tempting to believe that any set system 
an be extended,

by adding enough new points to ea
h of its sets, to a set system of linear

dis
repan
y at most 1. Here we show that this is not the 
ase, by ex-

hibiting a set system for
ing linear dis
repan
y at least 2 for any system


ontaining it. In fa
t, we show it for the \restri
ted linear dis
repan
y"

lindis


1

, for whi
h the weight of ea
h point is restri
ted to be �1, 0, or

+1. By the method of Lov�asz et al. [3℄ (also see Spen
er [4℄), it is easy

to 
he
k that lindis


1

(S) � lindis
(S) � 2 lindis


1

(S).

Theorem. There exists a set system S

0

su
h that lindis
(S) �

lindis


1

(S) � 2 for any S 
ontaining S

0

.

Proof. As we will see below, any S

0

with the following properties will

do:

(i) Ea
h set of S

0

has an even size.

(ii) The number of sets is stri
tly larger than the number of points.

(iii) The dis
repan
y of S

0

is nonzero (and thus at least 2), and this

holds not only for 
olorings of points by �1, but also for 
olorings

by arbitrary odd integers.

(iv) The system S

0

is 
losed on real linear 
ombinations of points ; that

is, the real ve
tor spa
e generated by the 
olumns of the in
iden
e

matrix A

0

of S

0


ontains no 0/1 ve
tor distin
t from the 
olumns

of A

0

.
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A simple example of su
h an S

0

is the system of all nonempty subsets

of f1; 2; : : : ; 5g of even 
ardinality. Che
king (iii) is straightforward. As

for (iv), let a

1

; : : : ; a

5

be the 
olumn ve
tors of the in
iden
e matrix, and

suppose that

P

5

i=1

�

i

a

i

is a 0/1 ve
tor. For any i < j � 5 there is a row

with 1s in 
olumns i and j and 0s elsewhere, and so �

i

+ �

j

2 f0; 1g.

Similarly we get that �

i

+ �

j

+ �

k

+ �

`

2 f0; 1g for any four distin
t

indi
es i; j; k; `. Hen
e if, say, �

1

+ �

2

= 1 then �

3

= �

4

= �

5

= 0 and

either �

1

= 0 or �

2

= 0. This shows that S

0

is 
losed on real linear


ombinations of points.

It remains to prove that lindis


1

(S) � 2 for any S 
ontaining an S

0

satisfying (i) through (iv). Let V be the ground set of S and V

0

� V

the ground set of S

0

. We suppose that jSj = jS

0

j = m > jV

0

j.

We de�ne suitable weights of the points of V . We �rst 
hoose a

ve
tor y 2 R

m

with the following property: for any ve
tor a 2 f0; 1g

m

,

y

T

a = 0 holds if and only if a is one of the 
olumns of the in
iden
e

matrix A

0

of S

0

. Su
h an y must be perpendi
ular to the subspa
e of

R

m

generated by the 
olumns of A

0

, whi
h has dimension smaller than

m by (ii). Sin
e this subspa
e 
ontains no other 0/1 ve
tor by (iv), y


an be 
hosen in su
h a way that it is perpendi
ular only to the 
olumns

of A

0

.

Having 
hosen y, we de�ne the weight ve
tor w = (w

v

: v 2 V ). For

v 2 V

0

, we put w

v

= 0, and for v 2 V n V

0

, we let

w

v

=

�

1 if y

T

a

v

� 0

�1 if y

T

a

v

< 0;

where a

v

is the 
olumn of v in the in
iden
e matrix of S.

Let x 2 f�1; 1g

V

be a ve
tor 
orresponding to a 
oloring of V . Sin
e

the 
omponents of x � w 
orresponding to points in V n V

0

are even

integers and sin
e ea
h set of S

0

has even size, the entries of A(x � w)

are even integers. Hen
e it suÆ
es to show that A(x� w) 6= 0.

Supposing for 
ontradi
tion that A(x � w) = 0, we 
al
ulate

0 = y

T

A(w � x) =

X

v2V

y

T

a

v

(x� w)

v

:

By the de�nition of w, one 
an 
he
k that all the addends on the right-

hand side are � 0, and therefore all of them are 0.
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Consequently, (x � w)

v

= 0 for all v 2 V n V

0

, where V

0

= fv 2 V :

a

v

= a

u

for some u 2 V

0

g. Thus, the ve
tor x � w 
an be viewed as a


oloring of V

0

by odd integers, where v 2 V

0

re
eives the 
olor

x

v

+

X

u2V

0

nV

0

: a

v

=a

u

(x

u

� 1):

By the property (iii) of S

0

, some set has nonzero dis
repan
y under this

odd-integer 
oloring, and so A(x� w) 6= 0. This �nishes the proof. 2

Remarks. The behavior of the linear dis
repan
y exhibited by the

Theorem doesn't look very ni
e. Maybe a more natural notion of \round-

ing" dis
repan
y would be the analogoue of the linear dis
repan
y with

the weights restri
ted to the interval [�

1

2

;

1

2

℄ instead of [�1; 1℄. In this

way, there is always room for 
hanging the value in both dire
tions by

rouding. It is easy to show that for this modi�ed linear dis
repan
y, any

set system 
an be extended to a system with modi�ed linear dis
repan
y

at most 1 by adding enough new points.

Can the 
onstant 2 in the Theorem be in
reased? I believe that the

following question is 
ru
ial for understanding this problem: What is

the linear dis
repan
y of the set system dual to (X; 2

X

), i.e. of the \full

Venn diagram" of n sets? Does it be
ome arbitrarily large as jX j ! 1?
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