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We will discuss several more advanced theorems concerning families of simplices or convex
sets in R?%. Some of them can be seen as generalizations of Helly’s theorem, asserting that
under suitable conditions, a “large” subfamily of a given family has a nonempty intersection.
Others claim that a given family can be pierced by few points, where “piercing” means that
each set of the family contains at least one of the points.

Readers who don’t like higher dimensions may want to consider the dimensions 2 and 3
only. The results are usually no less interesting there.

Glossary of some theorems needed in the sequel.

Separation Theorem: Any two disjoint convex sets C, D C R? can be (non-strictly) sepa-
rated by a hyperplane; that is, there is a € R?\ {0} and b € R such that (a,z) < b for all
x € C and (a,z) > b for all z € D. If C' is compact and D is closed then the separation can
be required to be strict (strict inequalities).

Helly’s Theorem: If C1,C,,...,C, is a collection of convex sets in R¢ such that any at most
d + 1 of them intersect, then all of them intersect.

Radon’s Theorem: If A is a set of d + 2 points in R%, then there are disjoint subsets
Ay, Ay C A such that conv(A;) Nconv(Ay) # ().

Carathéodory’s Theorem: If X C R? and z € conv(X) then x € conv(Y) for some at most
(d+ 1)-point Y C X.

Ham-Sandwich Cut Theorem: Any d finite sets in R? can be simultaneously bisected by a

hyperplane. A hyperplane h bisects a finite set A if each of the open halfspaces defined by
h contains at most |[|A|/2] points of A.

1 Fractional Helly Theorem

Helly’s Theorem says that if any at most d + 1 sets of a finite family of convex sets in R?
intersect then all the sets of the family intersect. What if not necessarily all, but a large
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Figure 1: The lexicographically smallest point in the intersection of convex sets, and 2 sets
determining it.

fraction of (d + 1)-tuples of sets intersect? The following theorem says that then a large
fraction of the sets must have a point in common.

1.1 Theorem (Fractional Helly Theorem). Forany « > 0 there exists a # = ((d,«) > 0
with the following property. Let Fy,...,F, be convex sets in R, n > d + 1, and suppose
that for at least a(dil) of the (d+ 1)-point index sets I C {1,2,...,n}, we have N;c; F; # (.
Then there exists a point contained in at least n sets among the F;.

This result holds with = 55
Proof. For asubset I C {1,2,...,n}, let us write F; for the intersection ;c; F;.

First we observe that it is enough to prove this theorem for the case when the F; are
closed and bounded (in fact, even polytopes). Indeed, given some arbitrary Fi,..., F,, we
take all (d+ 1)-tuples I of indices for which the intersection F7 is nonempty, and we fix some
point p; € Fj. Define F! = conv{p;: i € I'}; this is a polytope contained in Fj, and it is easy
to check that if the theorem holds for these F] then it also holds for the original F;. So, in
the rest of the proof, we assume the F;, and hence also all the nonempty Fj, are compact.

Let <., denote the lezicographic ordering of points of R? (by their coordinate vectors).
It is easy to show that any compact subset of R? has a unique lexicographically minimum
point. We need the following consequence of Helly’s Theorem.

1.2 Lemma. Let I C {1,2,...,n} be an index set with F; # (), and let v be the (unique)
lexicographically minimum point of F;. Then there is an at most d-element subset J C [
such that v is the lexicographically minimum point of F; as well. (In other words, the
minimum is always determined by at most d “constraints” F;; see Fig. 1.)

Proof. Define a set C C R, C' = {z € R%: z <j., v}. It is easy to check that
C' is convex. Since v is the lexicographic minimum of F7, we have C' N F; = ().
We have a family of convex sets, consisting of C' plus the sets F; with ¢+ € I, with
empty intersection. Hence by Helly’s theorem there are at most d+ 1 sets in this
family whose intersection is empty as well. The set C' must be one of these sets
since all the others contain v. The remaining at most d sets yield the desired
index set J. a



We can now finish the proof of the Fractional Helly Theorem. For each of the a( dil)
index sets I of cardinality d + 1 with F; # (), we fix a d-element set J = .J(I) C I such that
F; has the same lexicographic minimum as F7j.

The theorem now follows by a double counting. Since we have at most (3) d-tuples

J, one of them, .Jy, appears as J(I) for at least a(dil)/(’;) = a(n — d)/(d + 1) distinct
index (d + 1)-tuples I. Each such I has the form .Jy U {i} for some i € {1,2,...,n}. The
lexicographic minimum of F)y, is thus contained in at least d+a(n—d)/(d+1) > an/(d+1)
sets among the F;. Hence we may set 3 = Frg O
Bibliography and Remarks. The Fractional Helly Theorem is due to Katchalski and Liu
[KL79).
A quantitatively sharper version was proved by Kalai [Kal84], in which f — 1 for « — 1.
The best possible value is
B=1-— (1 _ a)l/(d+1)‘

Exercises

1. Prove the following Colored Helly Theorem (due to Lovéasz): Let Cy,...,Cqy1 be finite families
of convex sets in R? such that for any choice of sets Cy € Cy, ..., Cqy1 € Cyq1, the intersection
CiN...NCyqy1 # 0. Then for some i, all the sets of C; have a nonempty intersection. Apply
a method similar to the proof of Fractional Helly, i.e. consider the lexicographic minima of
the intersections of suitable collections of the sets.

2. Show that the number 8 in Theorem 1.1 cannot in general be taken smaller than 1 — (1 —
o)/ (d+1),

3. Show that any compact set in R¢ has a unique point with lexicographically smallest coordi-
nate vector.

2 Colored Carathéodory Theorem and Tverberg’s The-
orem

Here we present a “colored version” of Carathéodory’s Theorem. In order to have a unified
notation with the proof of Tverberg’s Theorem below, we will work in space of dimension N
(instead of the usual d) for a while.

2.1 Theorem (Colored Carathéodory Theorem). Consider N + 1 finite point sets
My, ..., My, in RY such that the convex hull of each M; contains the point 0 (the origin).
Then there exists an (N +1)-point set S C M;U...UMyy, with |[M;NS| =1 for each i and
such that 0 € conv(S). (If we imagine that the points of M; have “color” i, then we look for
a “rainbow” (N + 1)-point S with 0 € conv(S), where “rainbow”= “containing all colors.)

Here is a planar illustration:



Proof. Call the convex hull of an (N + 1)-point rainbow set a rainbow simplexz. We proceed
by contradiction; suppose that no rainbow simplex contains the origin, and choose a rainbow
set S such that the distance of conv(S) to the origin is the smallest possible. Let = be the
point of conv(S) closest to 0. Consider the hyperplane h containing x and perpendicular to
the segment Oz, as in the picture:

Then all of S lies in the closed halfspace h~ bounded by h and not containing 0. We have
conv(S)Nh = conv(hNS), any by Carathéodory’s Theorem, there exists an at most N-point
subset T'C SN h such that x € conv(T).

Let i be a color not occurring in 7' (i.e. M; NT = ()). If all the points of M; lied in the
halfspace h~, then 0 wouldn’t lie in conv(M;) (which we assume). Thus, there exists a point
y € M; lying in the complement of h~ (strictly, i.e. y & h).

Let us form a new rainbow set S’ from S, by replacing the (unique) point of M; NS by
y. We have T' C ', and so x € conv(S’). Hence the segment zy is contained in conv(S’),
and so conv(S’) also lies closer to 0 than conv(S) — a contradiction. O

This proof suggests an algorithm for finding the rainbow simplex as in the theorem.
Namely, start with an arbitrary rainbow simplex, and if it doesn’t contain 0, switch one
vertex as in the proof. It is not known whether the number of steps of this algorithm
can be bounded by a polynomial function of N. It would be very interesting to construct
configurations where the number of steps is very large.

Tverberg’s Theorem generalizes Radon’s Theorem. It is a nice example of a nontrivial
result about combinatorial properties of finite sets in R¢, and a building block for other
results.

2.2 Theorem (Tverberg’s Theorem). Let d,r be given natural numbers. Let us put
N = (d+1)(r —1). Then for any (N + 1)-point set A C R? there exist r disjoint subsets
Ay, Ag, ..., A, C A such that N]_, conv(A4;) # 0.

The sets Ay, Ag,..., A, as in the theorem are called a Twerberg partition of A (we may
assume that they form a partition of A), and a point in the intersection of their convex hulls
is called a Twerberg point. The following illustration shows what can such a partition look
like for d = 2, r = 3.



XX D

(Are these all Tverberg partitions for this set, or are there more?)

Again, a very interesting open problem is the existence of an efficient algorithm for finding
a Tverberg partition for a given set. There is a polynomial-time algorithm if the dimension
is fixed, but some NP-hardness results for closely related problems indicate that perhaps this
problem might be algorithmically difficult if d is part of input.

Proof of Tverberg’s Theorem. We begin with a re-formulation of Tverberg’s Theorem,
which will be technically easier to handle. For a set X C RY, the conver cone generated by
X is defined as the set of all linear combinations of points of X with nonnegative coefficients;
that is, we set

n
cone(X) = {Zaixi: T,y €X, ..., €ER, ; > 0} :
i=1

Geometrically, cone(X) is the union of all semilines starting in the origin and passing through
a point of conv(X). The following statement is easily checked to be equivalent to Tverberg’s
Theorem:

2.3 Proposition (Tverberg’s Theorem — “cone” version). Let A C R be an
N + 1-point set such that 0 ¢ conv(A) (where d,r, and N are as in Tverberg’s Theorem).
Then there exist r disjoint subsets Ay, As, ..., A, C A such that ;_, cone(A;) # {0}.

Let us verify that this proposition implies Tverberg’s Theorem. Embed R? into R%+!
as the hyperplane z4.; = 1 (this embedding is frequently used if one needs to pass from
an “affine” formulation to a “linear” formulation of a problem). An (N + 1)-point set
A C R thus becomes a subset of R%!; moreover, its convex hull lies in the x4, = 1
hyperplane and thus it doesn’t contain 0. By Proposition 2.3, the set A can be partitioned
into groups Ay,..., A, with N_; cone(A;) # {0}. The intersection of these cones thus
contains a semiline originating in 0. It is easily checked that such a semiline intersects the
hyperplane z,,; = 1 and that the intersection point is a Tverberg point for A. Hence it
suffices to prove Proposition 2.3.

Proof of Proposition 2.3. First we define r linear maps ¢; : R — R, The image
space has N = (d+1)(r—1) coordinates; we group them into r—1 groups by d+1 coordinates
each. For j =1,2,...,r —1, p,(x) is the vector having the coordinates of = in the jth group
and zeros in the other groups; symbolically
pj(x) = (0[0]---[0O[z[0]---]0).
—_

(-1)x

The last mapping, ¢,, has —z in all groups: ¢, (z) = (—z| —z|---| —x).



We note the following property of these maps: For any r vectors ui,...,u, € R we
have .
> ¢j(u;) =0 holds if and only if u; =up=-++=u,. (1)
7j=1

Indeed, this can be easily seen by expressing
r
Z%‘(Uj) = (v —up fug —up |-+ |up g —up).
j=1

Next, let A ={ai,...,an;1} C R be a set as in Proposition 2.3. We consider the set
M =@ (A)Upe(A)U...Up,(A) in RY consisting of r copies of A. The first  — 1 copies are
placed into mutually orthogonal subspaces of RY, and the last copy of each a; sums up to 0
with the other » — 1 copies of a;. Then we color the points of M by N + 1 colors; all copies
of the same a; get the color i. In other words, we set M; = {¢1(a;), pa(ai), ..., pr(a;)}. As
we have noted, the points in each M; sum up to 0, which means that 0 € conv(M;) and thus
the assumptions of the Colored Carathéodory Theorem 2.1 hold for My, ..., Myy;.

Let S C M be a rainbow set (containing one point of each M;) with 0 € conv(S).
For each i, let j(i) be the index of the point of M; contained in S; that is, we have S =

{goj(l)(al), ©ie)(az),. .., SOj(N+1)(CLN+1)}- Then 0 € conv(S) means that

N
> aipji(ai) =0
=1

for some nonnegative reals o, ..., ayy1 summing up to 1. Let I; be the set of indices 7 with
j(i) = j, and set A; = {a;: © € I;}. The above sum can be rearranged to

Z Oéﬂz’)

iEIj

r

> cipila) = é:l%(

j=1i€l;

(the last equality follows from the linearity of each ;). Write u; = Y/, aza;. This is a
linear combination of points of A; with nonnegative coefficients, hence u; € cone(A;). Above
we have derived Y7_, ¢;(u;) = 0, and so by the condition (1) we get u; = uz = ... = u,.
Hence the common value of all the u;’s is a common point of all the cones cone(A4;).

It remains to check that u; # 0. Since we assume 0 ¢ conv(A), the only nonnegative
linear combination of points of A equal to 0 is the trivial one, with all coefficients 0. On
the other hand, since not all o; are 0, at least one u; is expressed as a nontrivial linear
combination of points of A. This proves Proposition 2.3. O

Bibliography and Remarks. The Colored Carathéodory Theorem is due to Bardny
[Bar82]. Tverberg’s Theorem was proved by Tverberg (really!) [Tve66]. His original proof was
quite complicated. The idea is simple, though: start with some point configuration for which
the theorems is valid, and convert it to a given configuration by moving one point at a time.
During the movement, the current partition may stop working at some point, and it must be
shown that it can be replaced by another suitable partition.

Later on, Tverberg found a simpler proof [Tve81]. The main idea of the proof presented in
the text above is due to Sarkaria [Sar92], and our presentation is based on a simplification by
Onn (see [BO97]). The perhaps simplest proof, also due to Tverberg (published in a paper by
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Tverberg and Vredica [TV93]) and inspired by the proof of the Colored Carathéodory theorem,
goes roughly as follows. Let m = (A1, Ag,. .., A;) be some partition of the given N+1 points into
r disjoint nonempty subsets. Consider a ball intersecting all the sets conv(4;), 7 =1,2,...,r,
whose radius p = p(w) is the smallest possible. By a suitable general position assumption, it
can be assured that the smallest ball is always unique for any partition. If p(7) = 0 then 7 is
a Tverberg partition. Supposing that p(m) > 0, it can be shown that 7 can be locally changed
(by moving one point) to another partition 7’ with p(7') < p(m). The reader may want to try
to complete this proof.

Algorithmic aspects of the Colored Carathéodory Theorem were investigated by Barany and
Onn [BO9Y7].

A conjecture of Sierksma says that the number of Tverberg partitions for a set of (r —

1)(d + 1) + 1 points in R? in general position is at least ((r — 1)!)¢. A lower bound of

1 (z)((r—l)(d-i-l))/?
(r—1)! \2

Zivaljevi¢ [VZ93] by an ingenious topological argument.

, provided that » > 3 is a prime number, was proved by Vuci¢ and

Exercises

1. Prove that Tverberg’s Theorem 2.2 implies Proposition 2.3. Why is the assumption 0 ¢
conv(A) necessary in Proposition 2.37

2. Show that for any d,r > 1 there is an (N + 1)-point set in R? in general position, N =
(d 4+ 1)(r — 1), having no more than ((r — 1)!)¢ Tverberg partitions.

3 Selection lemma and weak epsilon-nets
Consider arbitrary n points in the plane (in general position), and draw all the (’;) triangles
with vertices at the given points. Then there exists a point of the plane common to at

least %(”) of these triangles. In this section, we prove this result (with a worse value of the

3
constant) and its d-dimensional generalization.

For easier formulations, we introduce the following terminology: If X C R is a finite set,
an X -simplez is the convex hull of some (d+1)-tuple of points of X. We make the convention
that X-simplices are in bijective correspondence with their vertex sets; this means that two
X-simplices determined by two distinct (d + 1)-point subsets of X are considered different
even if they coincide as point sets in R%. Thus, the X-simplices form a multiset in general
(this concerns only sets X in degenerate positions; if X is in general position then distinct
(d 4 1)-point sets have distinct convex hulls).

3.1 Theorem (Selection Lemma for All Simplices). Let X be an n-point set in RY.
Then there exists a point a € R? (not necessarily belonging to X ) contained in at least

Cd ( dil) X-simplices, where ¢4 > 0 is a constant depending on the dimension d only.

Proof. = We may suppose that n is sufficiently large (n > ngy for a given constant ng);
otherwise choosing a point contained in a single X-simplex would do with ¢; small enough.

Set r = [n/(d+1)]. By Tverberg’s Theorem 2.2, there exist r pairwise disjoint sets
M, ..., M, C X whose convex hulls all have a point in common; call this point a. (A

9



Figure 2: The sets M; (a), and the selection of an X-simplex containing a using d + 1 of the
M; (b).

typical M; has d+ 1 points but some of them may be smaller.) We want show that the point
a is contained in many X-simplices; see Fig. 2.

Let J = {jo,...,jJa} € {1,2,...,7} be a (d + 1)-point index set. We apply the Colored
Carathéodory’s Theorem 2.1 for the (d+ 1) “color” sets M, ..., M;,, which all contain @ in
their convex hull. This yields a rainbow X-simplex S; containing a and having one vertex
from each of the Mj,.

Clearly if J' # J are two (d + 1)-tuples of indices, we have S; # S;. Hence the number
of X-simplices containing the point a is at least

r\ _ (In/(d+1)] 1 n(n—(d+1))...(n—d(d+1))
<d+1>_< d+1 )Z(d+1)d+1 (d+1)! '

For n sufficiently large, say n > 2d(d + 1), this is at least (d 4 1)~(@+1)2-¢ (dil). O

Remark. 'The best possible value of ¢4 is not known. The proof just given shows that for n
very large, we may take ¢4 ~ (d + 1)_(d+1). In the plane, it is known that co > %; the proof
we gave leads to a much worse value, however.

We now pass to the second topic of this section.

3.2 Definition (Weak Epsilon-Net). Let X be a finite point set in R? and ¢ > 0 a
real number. A set N C R is called a weak e-net for X (with respect to convex sets) if
any convex set containing at least €| X| points of X contains a point of N. Thus, N has to
intersect all “big” convex sets, where the size is measured by the number of points of X.

A key result about weak e-nets with respect to convex sets is the following:

3.3 Theorem (Weak s-Net Theorem). For any d > 1, ¢ > 0, and finite P C R?, there
exists a weak e-net for P with respect to convex sets of size at most f(d,e), where f(d,¢)
depends on d and £ but not on P.

Proof. A simple proof can be given using the Selection Lemma 3.1. Let an P C R? be
an n-point set. The required N is constructed by a greedy algorithm. Set Ny = (). If N;

10



has already been constructed, we look whether there is a convex set C' containing at least
en points of P and no point of N;. If not, N; is a weak e-net by definition. If yes, we set
X, = PNC, and we apply the Selection Lemma 3.1 on X;. This gives us a point a; contained
in at least ¢4 ((‘ﬁ’l‘) = Q(e*nd*l) X;-simplices. We set N;;1 = N; U {a;} and continue by
the next step of the algorithm.

Altogether there are (dil) P-simplices. In each step of the algorithm, at least Q(g¢F1nd+1)
of them are “killed”, meaning that they were not intersected by N; but are intersected by

Ni;1. Hence the algorithm makes at most O(s~(@*+1) steps. O

Bibliography and Remarks. The planar Selection Lemma for all simplices, with the best
possible constant %, was proved by Boros and Fiiredi [BF84]. A generalization to an arbitrary
dimension was found by Béarany [Bar82].

Weak e-nets were introduced by Haussler and Welzl [HW87] in the following more general
context. If Y is a (possibly infinite) ground set, S is a family of subsets of ¥, and X is a finite
subset of Y, then a set N C Y is called a weak e-net for X with respect to § if for any S € §
such that |S N X| > €| X| we have SN N # () (above we had Y = R? and S = all convex sets
in R%). The adjective “weak” refers to the fact that we do not require N C X; if we add this
requirement to the definition, we get the notion of the so-called e-net (which we will not need
here).

The existence of weak e-nets with respect to convex sets was proved by Alon, Bérany,
Fiiredi, and Kleitman [ABFK92] by the method shown in the text but with a slight quantitative
improvement, achieved by using the Selection Lemma for many simplices 5.1 instead of the
Selection Lemma for all simplices.

The minimum worst-case size, in terms of ¢, of a weak e-net with respect to convex sets
in R? is not known. The best known bound in the plane is O(¢~2) (this was also shown in

b
[ABFK92]; see Exercise 2), and in R? it is O <8_d (log %) d> for a suitable constant by (Chazelle

et al. [CEG195]). But the truth is probably much smaller, maybe around =92/, Finding
good bounds is another very interesting problem in this area.

Exercises

1. Prove the Selection Lemma, 3.1 using Tverberg’s Theorem 2.2 and the Fractional Helly The-
orem 1.1 (instead of the Colored Carathéodory’s Theorem). Which proof gives a larger value
of Cd?

2. Complete the following sketch of an alternative proof of Theorem 3.3.

(a) Let X be an n-point set in the plane (assume general position if convenient). Let h be
a vertical line with half of the points of X on each side, and let X7, X2 be these halves. Let
M be the set of all intersections of segments of the form z;zs with h, where 1 € X; and
z9 € Xo. Let Ny be a weak €'-net for M (this is a one-dimensional situation!). Recursively
construct weak ”-nets Ny, Ny for X; and Xy, respectively, and set N = NyU Ny U Ny. Show
that with a suitable choice of ¢ and €”, N is a weak e-net for X of size O(s2).

(b) Generalize the proof from (a) to R¢ (use induction on d). Estimate the exponent of ¢ in
the resulting bound on the size of the constructed weak e-net.

11



3. The aim of this exercise is to show that if X is a finite set in the plane in convex position,

then for any € > 0 there exists a weak e-net for X with respect to convex sets of size nearly
linear in %

(a) Let an n-point convex independent set X C R? be given, and let £ < n be a parameter.
Choose points pg,p1,-..,pe—1 of X, appearing in this order around the circumference of
conv(X), in such a way that the set X; of points of X lying (strictly) between p;_; and p;
has at most n/¢ points for each i. Construct a weak £'-net N; for each X; (recursively) with
¢’ =le/3, and let M be the set containing the intersection of the segment pop;_1 with p;p;,
for all pairsi,j, 1 <4 < j—1 < £—2. Show that the set N = {pg,...,pr_1}JUN1U...UN,UM

is a weak e-net for X.

(b) If f(e) denotes the minimum necessary size of a weak e-net for a finite convex independent
point set in the plane, derive a recurrence for f(e) using (a) with a suitably chosen ¢, and

prove the bound for f(e) = O (% (log %)C) What is the smallest ¢ you can get?

4. In this exercise, we want to show that if X is the vertex set of a regular convex n-gon in the
plane, then there exists a weak e-net for X (with respect to convex sets) of size O(%)

Suppose X lies on the unit circle u centered at o. For an arc length o < 7 radians, let ()
be the radius of the circle centered at o and touching a chord of u connecting two points on
u at arc distance a. For 1 = 0,1,2,..., let N; be a set of L%J points placed at regular
intervals on the circle of radius r(g(1.01)"/10) centered at o (we take only those i for which
this is well-defined). Show that o plus the union of the N;, i =0,1,2,..., form a weak e-net

of size O(1) for X (the constants 1.01 etc. are rather arbitrary and can be greatly improved).

4 The Hadwiger—Debrunner (p, ¢)-problem

Let F be a finite family of convex sets in the plane. We know that if every 3 sets from F
intersect, then all sets of F intersect. What if we only know that out of every 4 sets of F,
there are some 3 that intersect? Let us say that F satisfies the (4, 3)-condition. In such
case, F may consist, for instance, of n — 1 sets sharing a common point and one extra set
lying somewhere far away from the others. So we cannot hope for a common intersection
of all sets. But can all the sets of F be pierced by a bounded number of points? That is,
does there exist a constant C such that for any family F of convex sets in R? satisfying the
(4, 3)-condition there are at most C' points such that each set of F contains at least one of
them?

This is the simplest nontrivial case of the so-called (p,q)-problem raised by Hadwiger
and Debrunner. This problem was open for a very long time, despite of a considerable effort
and many results for special families of sets, and it has been solved quite recently by Alon
and Kleitman.

4.1 Theorem (The (p,q)-Theorem). Let p,q,d be integers with p > ¢ > d+1 > 2.
Then there exists a constant C' = C'(d, p, q) such that the following is true: Let F be a finite
family of convex sets in R® satisfying the (p, q)-condition; that is, among any p sets of F,
there are q sets with a common intersection. Then F can be pierced by at most C points.

12



Remarks.  Clearly, the condition ¢ > d + 1 is necessary, since n hyperplanes in general
position in R? satisfy the (d, d)-condition but cannot be pierced by any bounded number of
points independent of n.

It has been known for a long time that if p(d — 1) < (¢ — 1)d, then C(d, p, q) exists and
equals p—qg—+1. This is the only case when exact values, or even good estimates, of C(d, p, q)
are known.

The Alon-Kleitman proof consists of three main steps, and it combines an amazing num-
ber of tools. By now, we have met them all: the Fractional Helly Theorem, the Separation
Theorem, and weak e-nets. A unsatisfactory feature of this method is that the resulting
estimates for C'(d, p, q) are enormously large, while the truth seems to be much smaller.

Step I: Fractional Helly. We may assume that ¢ = d + 1 (since we cannot get good
bounds for the C(d,p,q) anyway and so we are only interested in their existence, this is
sufficient for the proof). A first observation is that if F satisfies the (p, ¢)-condition, then
many g-tuples of sets of F intersect. This can be seen by a simple double counting. Every p-
tuple of sets of F contains (at least) one intersecting ¢-tuple, and a single ¢g-tuple is contained

in (”_q> p-tuples (where n = |F|), therefore there are at least

pP—q
n
G) . a()
n—q\ —
G~ \e
intersecting g¢-tuples, with « > 0 depending on p, ¢ only. Using this with ¢ = d + 1, the
Fractional Helly Theorem 1.1 implies that at least gn sets of F have a common point, with
f = B(a) > 0 a constant.'
For reasons which become apparent later, we will need a weighted version of this result:

4.2 Lemma. Let F = {F},..., F,} be a family of convex sets in R? satisfying the (p,d+1)-
condition, and let wy, ..., w, be nonnegative real numbers summing up to 1, the weights of
the sets F;. Then there exists an index set I C {1,2,...,n} such that N; F; # 0, and the
total weight of sets F; with ¢ € I is at least 3, where 3 > 0 depends on d and p only.

Proof. First assume that all the w; are rational numbers with a common
denominator D, so that n; = Dw; are integers. Define a new family F,,, which
contains n; copies of F;, i = 1,2,...,n (so it is a multiset of sets).

This new family need not satisfy the (p, d + 1)-condition, since the (p,d + 1)-
condition for F only speaks of p-tuples of distinct sets from F, while a p-tuple of
sets from JF,, may contain multiple copies of the same set. But F,, does satisfy
the (p/,d + 1)-condition with p’ = d(p — 1) + 1; indeed, a p'-tuple of sets of F,
contains at least d 4+ 1 copies of the same set or it contains p distinct sets, an
in the latter case the (p,d + 1)-condition for F applies. Using the Fractional
Helly Theorem (which does not require the sets in the considered family to be
distinct), we get that there exists a point a common to at least 5D sets of Fy,
i.e. the total weight of the sets of F containing this point is at least 3, for some

!By removing these n sets and iterating, we would get that F can be pierced by O(logn) points. The
whole point is to get rid of this logn factor.
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To handle arbitrary real weights w;, we first construct a finite set A = A(F)
as follows. For every subfamily G C F with a nonempty intersection, we choose a
point ag in that intersection, and we let A be the set of all these points. Clearly,
for any collection of rational weights w;, we may require that the “good” point
a common to sets of weight at least [ belongs to A. Then if the given vector
w = (wy, ..., w,) of weights has arbitrary real components, we choose a sequence
of rational vectors w') converging to w; clearly, a point a € A which is good for
infinitely many of the weights w®) is good for w as well. O

Step II: Duality. Let A = A(F) be the finite set as at the end of the proof of Lemma 4.2
(containing one point from each nonempty intersection).

4.3 Lemma. Fach point a € A can be assigned a nonnegative real weight u,, in such a way
that Y ,c4u, = 1 and that for any F' € F, the total weight of points of A lying in F' is at
least 3, where [ is the positive constant from Lemma 4.2.

Proof.  We use the Separation Theorem. Set m = |A|, and let the coordinates
in R™ be indexed by the points of A. The idea is to consider u as the coefficient
vector in the equation of a hyperplane h in R™, and express the conditions on u
as requirement on h to separate suitable convex sets.

For each F} € F, let ¥ € R™ be the characteristic vector of F}; i.e. c((f) =1
for a € F; and 0 otherwise. We are looking for a vector u € R™ satistying
(D u) > B for all i = 1,...,n. Moreover, the components of u should be
nonnegative and sum up to (at most) 1. This can be rephrased by requiring that
(u,z) <1 for all z € (—o0, 1]™, or equivalently (u,z) < f for all z € (—o0, 3]™.

Considering the hyperplane h = {x € R™: (u,x) = 3}, we see that it should
separate the convex sets C' = conv{c),...,¢™} and D = (—o0,3)™. So for
proving that a suitable h exists, it suffices to show that C'N D = (), or in other
words, that any point x € C has at least one coordinate at least 3.

We can write an z € C as a convex combination z = Y7, w;c¥, for some
w; > 0 summing up to 1. Lemma 4.2 applied with the weights w; tells us
there exists a point a € A contained in sets of F of total weight at least [, i.e.
>iacr; Wi > (. But the sum on the left-hand side of this inequality is just z,,
the coordinate of x indexed by a. Lemma 4.3 is proved.

There are many ways to phrase this proof; for instance, we could use a suitable
version of Farkas’ Lemma. O

Let us summarize what we have proved so far. Given a family F with the (p,d + 1)-
property, we have obtained a finite set A with nonnegative point weights, such that the total
weight of A is 1 and the weight of FF'N A for any F' € F is at least a positive constant (.
In fact, A with the weight function defines a probability measure in the plane (concentrated
on the finite set A) under which each of the sets of F is “big”.

The reader may want to think of another, somewhat similar case: suppose that each of
the sets of F were contained in the unit square and had area at least 5 > 0 (so the probability
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measure would be the usual Lebesgue measure on the unit square). Can you find a simple
construction of a set IV that pierces all sets of such an F, and whose size only depends on 37

In the proof, we need to deal with a more or less arbitrary probability measure (with a
finite support but this doesn’t seem to help much). An appropriate tool here are the weak
e-nets for convex sets.

Step III: Weak epsilon-nets.  Having Lemma 4.3 from Step II at our disposal, the
rest of the proof is a straightforward application of the existence theorem for weak e-nets
(Theorem 3.3). First, we may assume that the weights u, of points of A as in Lemma 4.3
are all rational numbers (this is immediate if we relax the requirement in the lemma to
Yacanr Uq > (/2 for all F' € F, say, which we can afford). Let D be the common denom-
inator of the rational numbers u,; we construct a multiset A by taking Du, copies of each
a € A. Set ¢ = /2, and apply Theorem 3.3 to get a set N, of size depending on ¢ and d
only and thus constant, which is a weak e-net for A with respect to convex sets (one can
easily check that the proof of that theorem goes through for multisets as well). Since each
set F' € F contains at least D points of A, we get that N pierces F, and the proof of the
(p, ¢)-Theorem is finished. O

Bibliography and Remarks. The Hadwiger-Debrunner (p, ¢)-problem was solved by Alon
and Kleitman [AK92]; we also refer to that paper for the history of the problem. Several other
related results were proved by Alon and Kalai [AK95] by similar techniques. The application
of the Alon-Kleitman technique in Exercise 2 below is due to Alon [Alo98]. Earlier, a similar
result with a slightly stronger bound was proved by Kaiser [Kai97] by a topological method
(following an initial breakthrough by Tardés [Tar95], who dealt with the case d = 2).

Exercises

1. For which values of p and r does the following hold? Let F be a finite family of convex sets
in R?, and suppose that any subfamily consisting of at most p sets can be pierced by at most
r points. Then F can be pierced by at most C’ points, for some C' = C'(d, p,r).

2. Let 4y,...,£4 be distinct parallel lines in the plane. A d-interval is a set of the form I; U I, U
...Uly), where I; C ¢; is a closed interval on the jth line. Let H be a family of n d-intervals
containing no k + 1 pairwise disjoint members.

_n_
2dk

(b) Use (a) and an analogue of Step II in the text to show that there exists a finite collection
of m points such that any member of H contains at least 5% of them.

2d%k
(c) Show that H can be pierced by at most 2d?k points.

(a)* Show that there is a point contained in at least members of H.

5 Selection Lemma for many simplices

In this section, we continue using the term X-simplex in the sense of Section 3, i.e. these are
the convex hulls of (d + 1)-point subsets of X. In that section, we saw that if X is a set in
R? and we consider all the X-simplices, then at least a fixed fraction of them have a point
in common (this was what we called the Selection Lemma for all simplices). What if we do
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not have all, but many X-simplices, some a-fraction of all? It turns out that still many of
them must have a point in common; this is the contents of the Selection Lemma below. But
the known quantitative bounds are quite weak, and it seems that a radically different proof
method would be needed to get a substantially better estimate.

5.1 Theorem (Selection Lemma). Let X be an n-point set in R¢, and let S be a family
of a( " ) X-simplices, where « € (0, 1] is a parameter. Then there exists a point contained

d+1
Sd n
oo (d +1

in at least
X-simplices from S, where ¢ = ¢(d) > 0 and s4 are constants.

Remarks.  For d = 1, it is not too difficult to obtain asymptotically sharp quantitative
bounds (see Exercise 1). Already for d = 2, the result is quite nontrivial, and the best
known bound (probably still not sharp) is as follows: If |S| = n*¥, then there is a point
contained in at least O(n*~%/log® n) X-triangles from S, which in the parameterization as
in Theorem 5.1 means sy ~ 3 provided that « is small enough, say oo < n~? for some § > 0.
For higher dimensions, the best known proof gives s; ~ (4d + 1)¢1.

Proof of the Selection Lemma. We give a proof using the Fractional Helly Theorem 1.1.
We need to show that many (d + 1)-tuples of X-simplices of S have nonempty intersections.
For brevity, let us call a (d + 1)-tuple with a nonempty intersection good. First, let us
concentrate on the simpler task of exhibiting at least one good (d+ 1)-tuple; even this seems
quite nontrivial. The only known proof (for an arbitrary dimension) is based on the following
theorem:

5.2 Theorem (Colored Tverberg Theorem). For any integers r,d > 1 there exists
an integer t, such that given any t(d + 1)-point set Y C R? partitioned into d + 1 t-point

classes Y7, ..., Y .1, there exist r vertex-disjoint Y -simplices Sy, ...,S,, such that each S;
has exactly one vertex of each Y;, j =1,2,...,d+1 (that is, the S; are rainbow), and all of
St,...,S, have a point in common.

In this result, one can take t < 4r — 3.

The following drawing shows a 3-colored set in the plane, and the 3 rainbow triangles as
in the Colored Tverberg Theorem:

(In the plane, it is known that ¢ = r works.)
The only known proof of the Colored Tverberg Theorem is topological, and we will not
discuss it here.
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Assuming this result, let us continue the proof of the Selection Lemma 5.1. We can view
S as a (d+1)-uniform hypergraph. That is, we regard X as a vertex set, and each X-simplex
corresponds to a hyperedge, i.e. a subset of X of size d + 1. This hypergraph captures the
“combinatorial type” of the family S, and a specific placement of the points of X in R? then
gives a concrete “geometric realization” of S.

In the hypergraph language, the Colored Tverberg Theorem can be rephrased as follows.
Let K441(t,t,...,t) denote the complete (d + 1)-partite (d + 1)-uniform hypergraph with ¢
vertices in each of its d + 1 vertex classes (the illustration shows a K3(4,4,4); only three
edges are shown as a sample although, of course, all triples connecting vertices at different
levels are present).

Then, whenever the vertex set Y of Ky 1(,t,...,t) is placed in R?, there exists a r-tuple of
vertex-disjoint Y-simplices sharing a common point, and all the vertex sets of the Y-simplices
in this r-tuple are edges of Ky1(t,t,...,1).

A well-known result of Erdés says that if we have a (d + 1)-uniform hypergraph on
n vertices with sufficiently many edges, then it has to contain a (non-induced) copy of
Ky (t,t,...,t). (We do not formulate this result precisely as we will need a stronger one
later. The simplest case of this statement is the well-known fact that any graph on n vertices
with more than roughly n%? edges contains a Kj5.) In our situation, we choose r = d + 1
(then ¢ = 4d + 1 suffices in the Colored Tverberg Theorem). If the given family S of X-
simplices is sufficiently large, the corresponding (d + 1)-uniform hypergraph contains a copy
of Kgi1(t,t,...,t), and by the Colored Tverberg Theorem, such a copy contributes a good
(d 4+ 1)-tuple of X-simplices of S.

For Fractional Helly, we need not only one but many good (d + 1)-tuples. We use an
appropriate stronger hypergraph result, saying that if a hypergraph has enough edges then
it contains many copies of Ky, 1(t,t,...,1):

5.3 Theorem (Erd&s—Simonovits Theorem). Let d,t be positive integers. Let H be a
(d + 1)-uniform hypergraph on n vertices and with a(dil) edges, where o > Cn=Y/*

certain sufficiently large constant C'. Then H contains at least

for a

Cat‘”‘l pld+1)t

copies of K4.1(t,t,...,t) (where ¢ = c(d,t) > 0 is a constant).

For completeness, a proof is given at the end of this section.

Note that, in particular, the theorem implies that a (d + 1)-uniform hypergraph having
at least a constant fraction of all possible edges contains at least a constant fraction of all
possible copies of Ky.1(t,¢,...,1).
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We can now finish the proof of the Selection Lemma 5.1 by a simple double counting.
The given family S, viewed as a (d + 1)-uniform hypergraph, has a( " ) edges, and thus it

d+1
contains at least cat’" pldtDt copies of Kg41(t,t,...,t). Each such copy contributes one good

(d + 1)-tuple of vertex-disjoint X-simplices of S. On the other hand, d + 1 vertex-disjoint
X-simplices have together (d + 1)? vertices, and hence their vertex set can be extended to a
vertex set of some Kq,1(,,...,t) (which has t(d+1) vertices) in at most n{!=¢"D+1) ways,
This is also the maximum number of copies of K4,1(t,¢,...,t) giving rise to the same good
(d+ 1)-tuple. Hence there are at least ca’”" n(@+1)* good (d + 1)-tuples of X-simplices of S.
Applying the Fractional Helly Theorem 1.1 on S, we get that at least ot pdtt X-simplices
of § share a common point, with ¢ = ¢/(d) > 0. This proves the Selection Lemma 5.1, with
the exponent s = (4d + 1)%+L, O

The relation of the Colored Tverberg Theorem to the Selection Lemma in this proof
somewhat resembles deriving macroscopic properties in physics (pressure, temperature, etc.)
from microscopic properties (laws of motion applied on the molecules, say). From the infor-
mation about small (microscopic) configurations, we obtained a global (macroscopic) result,
saying that a significant portion of the X-simplices of § have a common point.

Proof of Theorem 5.3. First we recall that for any convex function f : R — R and any
reals z1,...,x,, we have
$ i1 Ti
Y fl@)>nf|==]. (2)
i—1 n
By induction on d, we are going to show that a k-uniform hypergraph on n vertices and with
m edges contains at least fi(n, m) copies of K(t,...,t), where

m

tk
fk(n, m) — ckntk (_k> _ Cknt(kq) :
n

with ¢ > 0, C} some suitable constants (depending on k and also on ¢; ¢ is not shown in the
notation since it remains fixed). This claim implies the theorem.

For k =1, this claim obviously holds.

So let ‘H be k-uniform with vertex set V', |V| = n, and edge set E, |E| = m. For a vertex
v € V, define a (k — 1)-uniform hypergraph #, on V', whose edges are all edges of H that
contain v, but with v deleted; that is, #, = (V,{e\ {v}: e € E,v € e}). Further let H' be
the (k — 1)-uniform hypergraph whose edge set is the union of edge sets of all ,.

Let KC denote the set of all copies of the complete (k—1)-partite hypergraph Ky (¢,...,t)
in H'. The key notion in the proof is that of an extending vertex for a copy K € K: a vertex
v € V is extending for a K € K if K is contained in #,, or in other words, if for each edge e
of K, eJ{v} is an edge in H. The picture below shows a K5(2,2) and an extending vertex
for it (in a 3-regular hypergraph).

18



The idea is to count the number of all pairs (K, v), where v is an extending vertex of K, in
two ways.

On the one hand, if a fixed copy K € K has qx extending vertices, then it contributes
(qf) distinct copies of K(t,...,t) in H. We note that one copy of K(t,...,t) comes from

at most O(1) distinct K € K in this way, and therefore it suffices to lower-bound ¥ g (qf).

On the other hand, for a fixed vertex v, the hypergraph H, contains at least fi_1(n,m,)
copies K € K by the inductive assumption, where m, is the number of edges of H,. Hence

Y oak =Y feei(n,my),

KeKk veV

and using Y,y m, = km, the convexity of fy_; in the second variable, and (2), we get

> ax > n fi_i(n, km/n). (3)

Kek

To conclude the proof, define a convex function extending the binomial coefficient (f) to the

whole domain R:
forx <t-—-1

0
g(z) = pa1)o(attl) oo ]

t!

We want to lower-bound Y gcx g(qk), and we have the bound (3) for Y- gk qx. Using the
bound |K| < n**~Y (clear since Kj_(t,...,t) has t(k — 1) vertices) and (2), we get that the

number of copies of Ki(t,...,t) in H is at least
n fr_1(n,km/n
entE=1)g ( Jr 15 , km/ )> _
Y
Calculation finishes the induction step; we omit the details. O
Bibliography and Remarks. The Selection Lemma for many simplices was conjectured,

and proved in the planar case, by Barany, Fiiredi, and Lovasz [BFL90]. They were motivated by
the k-set problem (how many k-element subsets can be cut off by a halfspace for an n-point set
in R%?). They also proved the planar case of the Colored Tverberg Theorem and conjectured
the general case. This was established by Zivaljevi¢ and Vreéica [ZVQQ]; simplified proofs were
given later by Bjorner, Lovasz, Zivaljevi¢, and Vreéica [BLZV94] and by Matousek [Mat96]
(using a method of Sarkaria). All these proofs are topological.

The best possible value of ¢ in the Colored Tverberg Theorem is not known. The topological
proofs show that if r is a prime, then ¢ = 2r — 1 suffices. Recently, this was extended to all
prime powers r by Zivaljevié¢ [Ziv] (a similar approach in a different problem was used earlier
by Ozaydin, by Sarkaria, and by Volovikov). For d = 2, Bardny and Larman [BL92] proved
that ¢ = r suffices for any r.

We outline a beautiful topological proof, due to Lovdsz, showing that for r = 2, one can
take ¢ = 2 for all d (this proof is reproduced in [BL92]). Let X be the surface of the (d + 1)-
dimensional cross-polytope, i.e. of the convex hull of V' = {e;, —e1, €2, —e2,..., €441, €411},
where e, es,...,eq11 is the standard orthonormal basis in R%!. Note that X consists of
24+1 simplices of dimension d, each of them being the convex hull of d 4+ 1 points of V. Let
Y; = {u;,v;} CRY i=1,2,...,d+1, be the given two-point color classes. Define the mapping
f:V — R? by setting f(e;) = u;, f(—e;) = v;. This mapping has a unique extension f: X — R¢

19



such that f is linear on each of the d-dimensional simplices mentioned above. This f is a
continuous mapping of X into R?. Since X is homeomorphic to the d-dimensional sprere S¢, a
version of the Borsuk—Ulam Theorem guarantees that there is © € X such that f(z) = f(—=).
If Vi C V is the vertex set of a d-dimensional simplex containing z, then Vi N (=V;) = 0,
—z € conv(—V}), and as is easy to check, S; = f(V1) and S2 = f(—V1) are vertex sets of
intersecting rainbow simplices (f(z) = f(—x) is a common point).

Theorem 5.3 is from Erdds and Simonovits [ES83].

Exercises

1. (a) Prove a one-dimensional Selection lemma: Given an n-point set X C R and a family S
of a(}) X-intervals, there exists a point common to (c?(})) intervals of S. What is the
best value of the constant of proportionality you can get?

(b) Show that this result is sharp (up to the value of the multiplicative constant) in the full
range of a.

2. (a) Show that the exponent sy in the Selection Lemma 5.1 in the plane cannot be smaller
than 2.

(b) Show that also s3 > 2. Can you also show sg > 27

(c) Show that the proof method via the Fractional Helly Theorem cannot give a better value
of 53 than 3 in the Selection Lemma 5.1. That is, construct an n point set and a/() triangles
on it, in such a way that no more than O(a’n?) triples of these triangles have a point in
common.

6 A hypergraph regularity lemma

Here we consider a tool from the theory of hypergraphs. It is a result inspired by the famous
Szemerédi Regularity Lemma for graphs. Very roughly speaking, the Szemerédi Regularity
Lemma says that for given ¢ > 0, the vertex set of any sufficiently large graph G can be
partitioned into some number, not too small and not too large, of parts in such a way that the
bipartite graphs between “most” pairs of the parts look like random bipartite graphs, up to
an “error” bounded by €. An exact formulation is rather complicated. The result discussed
here is a hypergraph analogue of a simple consequence of the Szemerédi Regularity Lemma.
It is considerably easier to prove than the Szemerédi Regularity Lemma.

Let H = (X, FE) be a k-partite hypergraph whose vertex set is the union of k pairwise
disjoint n-element sets X, Xs,..., Xy, and whose edges are k-tuples containing precisely
one element from each X;. For subsets Y; C X;, i =1,2,,...,k, let e(Y7,...,Ys) denote the
number of edges of H contained in Y; U...UY}. In this notation, the total number of edges
of H is equal to e(Xy,..., Xy). Further, let

eV V)
Yol Yl .. Y]

p(Yi,..., Y5)

denote the density of the subhypergraph induced by the Y;.
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6.1 Theorem (Weak Regularity Lemma (for hypergraphs)). Let H be a k-partite
hypergraph as above, and suppose that p(H) > [ for some 3 > 0. Let 0 < ¢ < 1/2. Suppose
that n is sufficiently large in terms of 3 and ¢.

Then there exist subsets Y; C X; of equal size |Y;| = s > BYe* n, i =1,2,... k, such that

(i) (High density) p(Y1,...,Ys) > [, and

(ii) (Edges on all large subsets) e(Zy,...,Zy) > 0 for any Z; C Y; with |Z;| > s, i =
1,2,... k.

The following scheme illustrates the situation (but, of course, the vertices of the Y; and
Z; need not be contiguous).

A
X1
Y, |Zi| = elYi]
Xo
for all Zy, ..., Zy there exists an edge
X3
Xy C——————

Proof. Intuitively, the sets Y; should be selected in such a way that the subhypergraph
induced by them is as dense as possible. We then want to show that if there were 73, ..., Z;
of size at least s with no edges on them, we could replace the Y; by sets with a still larger
density. But if we looked at the usual density p(Y7,...,Y:), we would typically get too small
sets. The trick is to look at a modified density parameter which slightly favors larger sets.
Thus, we define the magical density p(Ys,...,Y:) by

(V.. Yi)
Yi,... V) = .
PO ) = Tl Rl
We choose Y71, ..., Y:, Y, C X;, as sets of equal size that have the maximum possible magical
density u(Y1,...,Y%). We denote the common size |Yi| =--- = |Y;| by s.
First we derive the condition (i) in the theorem for this choice of the Y;. We have
e(Y1,..., Y . .
% :H(lflaa}/k) ZM(Xlaan) :ﬁnk Zﬁs ka

and so e(Yy,...,Y;) > Bs*, which verifies (i). Since obviously e(Y7,...,Y,) < s*, we have
p(Yy, ..., Y, < s¢". Combining with p(Yy, ..., Y > Bn" derived above, we also obtain
that s > 34" n.

It remains to prove (ii). Since es is a large number by the assumptions, rounding it up
to an integer doesn’t matter in the subsequent calculations (as can be checked by a simple
but somewhat tedious analysis). In order to simplify matters, we will thus assume that
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es is an integer, and we let Z; C Yi,..., Z; C Y} be es-element sets. We want to prove
e(Zy,...,7Z) > 0. We have

e(Zy,..., Z) = e(YV1,...,Y}) (4)
—e(Y1\ Z1, Y, Yy, .., V)
—e(Z,,Ys\ Zs,Ys,..., Y3)
—e(Zy, Z0, Y5\ Zs, ..., V)

— 6(21,22,23, .. -;Y;c \ Zk)

We want to show that the negative terms are not too large, using the assumption that the
magical density of Yi,..., Y is maximum. The problem is that Yi,...,Y; only maximize
the magical density among the sets of equal size, while we have sets of different sizes in the
terms. To get back to sets of equal size, we use the following observation. If, say, R; is a
randomly chosen subset of Y] of some given size r, we have

E[p(Ry,Ys,....,Y)] = p(Y1,...,Ys),

where E [.] denotes the expectation with respect to the random choice of r-element R; C Y;.
This preservation of density by choosing a random subset is quite intuitive, and it is not
difficult to verify it by counting (Exercise 1). For estimating the term e(Y; \ Z1, Y5, ..., Ys),
we use random subsets Ry, ..., Ry of size (1 —¢)s of Y5, ..., Y}, respectively. Thus,

e\ Z1,Ys,...,.Y3) = (1 —)s"E[p(Y1 \ Z1, Ry, ..., Ry)].

Now for any choice of R,, ..., R, we have

p(Y1\Zl,R2a---;Rk)

IN

(1 =e)s)™ u(¥1, Yz, ..., V)

(1 =2)s) (Y1 \ Z1, R, ..., Ry)
(1—2)="p(¥1,..., Y.

Therefore, we obtain
6(}/1 \ Zla }/27 s Y;c) < (1 - 5)17€k€()/17 s 7Yk) < (1 - 6)6()/17 s 7Yk)'

To estimate the term e(Zy, Zo,..., Z; 1,Yi \ Zi, Yis1,...,Yk), we use random subsets R; C
Yi\ Z; and R;;1 C Yiiq,..., Ry C Y}, this time all of size €s. A similar calculation as before
yields

e(Z1, Zay . Zi, Y\ Zi, Yign, .., Vi) <7 (1 = e)e(Vh, ..., V).

(This estimate is also valid for ¢ = 1 but it is worse than the one derived above and it would
not suffice in the subsequent calculation.) From (4) we get that e(Zi,...,Zy) is at least
e(Y7,...,Y)) multiplied by the factor

k
1—(1—g)—(1—g) Yol =e— gle* (1 — 6'“’1)

1=2
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Theorem 6.1 is proved. O

Bibliography and Remarks. The Szemerédi Regularity Lemma is from [Sze78]. Our
presentation of Theorem 6.1 essentially follows Pach [Pac98], whose treatment is an adaptation
of an approach of Komlds and Sés. A survey of applications and variations of the Szemerédi
Regularity Lemma can be found in [KS96].

Exercises

1. Verify the equality E [p(R1,Y2,...,Y)] = p(Y1,...,Ys), where the expectation is with respect
to a random choice of an r-element Ry C Y;. Also derive the other similar equalities used in
the proof.

7 Same Type Lemma with applications

Order type of a set.  There are infinitely many 4-point sets in the plane in general
position, but there are only two “combinatorially distinct” types of such sets:

and

What is an appropriate equivalence relation that would capture the intuitive notion of two
finite point sets in R? being “combinatorially the same”? One suitable notion is based on
the order type of a configuration. First we explain this notion for planar configurations in
general position, where it is quite simple. Let P = (p1,pa,...,ps) and Q = (¢1,42, - .-, qn)
be two sequences of points in R?, both in general position (no two points coincide and no
three are collinear). The n-tuples P and @) have the same order type if, for any three indices
i < j <k, we turn in the same direction (right or left) when going from p; to p; via p; and
when going from ¢; to ¢ via g;:

./\\?k '7 or 5E Qélq
bi Di pj

dk
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We say that both the triples (p;, p;, pr) and (g;, ¢j, gx) have the same orientation.
If the point sequences P and @Q are in R¢, we will require that all the corresponding
(d + 1)-element subsequences have the same orientation. The notion of orientation is best

explained for d-tuples of vectors in R%. If vy, ..., vg are vectors in R?, there is a unique linear
mapping sending the vector e; of the standard basis of R? to v;, i = 1,2, ...,d. The matrix
A of this mapping has the vectors vy, ..., vg as the columns. The orientation of (vy, ..., vy) is

defined as the sign of det(A); so it can be +1 (positive orientation), —1 (negative orientation),
or 0 (the vectors are linearly dependent and lie in a (d — 1)-dimensional linear subspace).
For a (d+1)-tuple of points (p1,ps, ..., pir1), we define the orientation to be the orientation
of the d vectors po — p1,p3 — p1,...,Pa+1 — P1-

Returning to the order type, let P = (py,ps,...,ps) be a point sequence in R? The
order type of P is defined as the mapping assigning to each (d + 1)-tuple (i, i, ...,i451) of
indices, 1 < iy <1y < --- <ig41 < n, the orientation of the (d 4 1)-tuple (pi,, piy, - - -, Pig,,)-
Thus, the order type of P can be described by a sequence of +1s, —1s, and 0s with (dil)
terms.

From the order type of a sequence, one can read off various properties of the sequence,
such as general position, convex position, etc.—see Exercise 1.

For point sequences in general position, having the same order type is a good notion of
combinatorial equivalence. For degenerate configurations, the order type doesn’t take into
account the lower-dimensional structure.

Same-type transversals. Let (Y1,Y5,...,Y,,) be an m-tuple of finite sets in R%. By a
transversal of this m-tuple we mean any m-tuple (yi, s, ..., ym) such that y; € ¥; for all
i. We say that (Y1,Y5s,...,Y,,) has same-type transversals if all of its transversals have the
same order type.

If (X1, Xo, ..., Xy,) are very large finite sets such that X;U---UX,, is in general position,
we can find not too small subsets Y1 C X,..., Y, C X,, such that (Y3,...,Y},) has same-
type transversals. To see this, color each transversal of (X7, Xs,..., X,,) by its order type.
This is a coloring of the edges of the complete m-partite hypergraph on (X3,..., X,,) by no
more than 2™ colors. By the appropriate Ramsey-type theorem for multipartite hypergraphs,
there are sets Y; C X;, not too small, such that all the edges induced by Y; U---UY,, have
the same color, i.e. (Y7,...,Y},) has same-type transversals.

As is the case for many other geometric applications of Ramsey-type theorems, this result
can be quantitatively improved tremendously by a geometric argument: for m and d fixed,
the size of the sets Y; can be made a constant fraction of | X;]|.

7.1 Theorem (Same Type Lemma). For any natural numbers d and m, there exists
¢ = ¢(d,m) > 0 such that the following holds. Let X, X, ..., X,, be finite sets in R¢ such
that X U---UX,, is in general position. Then there areY; C X,,...,Y,, C X,, such that the
m-tuple (Y1,Ys,...,Yy,) has same-type transversals and |Y;| > ¢|X;| for alli =1,2,...,m.

Proof. First we observe that it is sufficient to prove the Same Type Lemma for m = d+1.
For larger m, we begin with (X, Xs,...,X,,) as the current m-tuple of sets. Then we go
through all (d + 1)-tuples (i1, s, ...,i441) of indices, and if (Z,...,Z,,) is the current m-
tuple of sets, we apply the Same Type Lemma to the (d + 1)-tuple (Z; Zi,.,)- These

sets are replaced by smaller sets (Z7,..., 72}, ,) such that this (d 4+ 1)-tuple has same-type
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transversals. After this step is executed for all (d + 1)-tuples of indices, the resulting current
m-~tuple of sets has same-type transversals.

Note that this method gives the rather small lower bound ¢(d, m) > ¢(d, d + 1)(m;1).

To handle the crucial case m = d+1, we will use the following criterion for a (d+ 1)-tuple
of sets having same-type transversals.

7.2 Lemma. Let C},C,,...,Cqr1 € R? be convex sets. The following two conditions are
equivalent:
(i) There is no hyperplane simultaneously intersecting all of Cy,Cy, ..., Cyy1.

(ii) For each nonempty index set I C {1,2,...,d+ 1}, the sets U;c; C; and U;¢; C; can be
strictly separated by a hyperplane.

Moreover, if X1, Xy, ..., Xq,1 C R? are finite sets such that the sets C; = conv(X;) have the
property (i) (and (ii)), then (X1, ..., X4y1) has same-type transversals.

The proof of this neat result is left to Exercise 2. We will not need the assertion that (i)

implies (ii).
Same Type Lemma for d + 1 sets.  To prove the Same Type Lemma for the case
m = d + 1, it now suffices to choose the sets Y; C X; in such a way that their convex hulls
are separated in the sense of (ii) in Lemma 7.2. This can be done by an iterative application
of the Ham-Sandwich Theorem.

Suppose that for some nonempty index set I C {1,2,...,d + 1}, the sets conv(U;c; X;)
and conv(U;g; X;) cannot be separated by a hyperplane. We may assume that d+1 € I. Let
h be a hyperplane simultaneously bisecting X, X5, ..., Xy, whose existence is guaranteed
by the Ham-Sandwich Theorem. Let v be a closed halfspace bounded by A and containing
at least half of the points of X4.;. For all ¢ € I, including ¢ = d + 1, we discard the points
of X; not lying in v, and for j ¢ I, we throw away the points of X; that lie in the interior
of v (note that points on h are never discarded); see Fig. 3.

We claim that union of the resulting sets with indices in I is now strictly separated from
the union of the remaining sets. If A contains no points of the sets then it is a separating
hyperplane. Otherwise, let the points contained in A be ay,...,a;; we have t < d by the
general position assumption. For each a;, choose a point a;- very near to a;. If a; lies in
some X; with 7 € I, aj is chosen in the complement of 7, and otherwise it is chosen in the
interior of y. We let b’ be a hyperplane passing through a}, ..., a; and lying very close to h.
Then A’ is the desired separating hyperplane, provided that the a;- are sufficiently close to
the corresponding a;, as in the picture below:
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initial sets I={3

I=1{2,3} I={1,3} result

Figure 3: Proof of the Same Type Lemma for d =2, m = 3.

Thus, we have “killed” the index set I, at the price of halving the sizes of the current
sets; more precisely, the size of a set X; is reduced from |X;| to [|X;|/2] (or larger). We
can continue with other index sets in the same manner. After no more than 2¢ halvings, we
obtain sets satisfying the separation condition and thus having same-type transversals. The
Same Type Lemma is proved. Note that the bound for ¢(d,d + 1) is doubly exponential,
roughly 272", O

A simple application. We recall that by the Erdés—Szekeres Theorem, for any natural
number k, there is a natural number n = n(k) such that any n-point set in the plane in
general position contains a subset of k points in convex position (forming the vertices of a
convex k-gon). The Same Type Lemma immediately gives the following

7.3 Theorem (Positive Fraction Erdés—Szekeres Theorem). For every integer k > 4
there is a constant c¢; > 0 such that every sufficiently large finite set X C R? contains k
disjoint subsets Y1, . .., Yy, of size at least ¢| X | each, such that each transversal of (Y1,...,Y})
is in convex position.

Proof. Let n = n(k) be the number as in the Erdés—Szekeres Theorem. We partition
X into n sets Xi,..., X, of almost equal sizes, and we apply the Same Type Lemma on
them, obtaining sets Y7,...,Y,, ¥; C X;, with same-type transversals. Let (y1,...,y,) be a
transversal of (Y7, ...,Y,). By the Erdés—Szekeres Theorem, there are i; < iy < --- < i such
that y;,,...,y; are in convex position. Then Y; ,...,Y;, are as required in the theorem. O

Another selection lemma: all simplices on a positive fraction of points. An
ingenious application of the Same Type Lemma is another, quite strong “selection lemma.”
In the plane, given n red points, n white points, and n blue points, we can select {5 red, {5
white, and {5 blue points in such a way that all the red-white-blue triangles for the resulting
sets have a point in common. Here is the d-dimensional generalization.

26



7.4 Theorem (Positive Fraction Selection Lemma). For all natural numbers d, there
exists ¢ = c¢(d) > 0 with the following property. Let X, Xo,..., X4,1 C R? be finite sets
of equal size, with X; U X, U ---U X4y, in general position. Then there is a point a € R?
and subsets Y7 C Xy,..., Ygu1 € X1 with |Y;] > ¢|X;| such that the convex hull of any
transversal of (Y1,...,Yy 1) contains a.

Note that this result implies the Selection Lemma for all simplices (Theorem 3.1), al-
though currently this gives a much worse value of the constant.

Proof. Let X = X;U---UXy1. We may suppose that all the X; are large (for otherwise
one-point ¥; will do). Let Sy be the set of all “rainbow” X-simplices, i.e. of all transversals of

(X1,...,X4:1) (where the transversals are formally considered as sets for the moment). The
X
d+1
that the X; are of equal size). Therefore, by the Selection Lemma 5.1, there is a subset

S1 C 8, of at least An?*! X-simplices containing a common point a, where 3 = 3(d) > 0.
(Note that we do not need the full power of the Selection Lemma here, since we deal with
the complete (d 4 1)-partite hypergraph.)

Next, consider the (d 4 1)-partite hypergraph H with vertex set X and edge set S;. We
let ¢ = ¢(d,d + 2), where ¢(d,m) is as in the Same Type Lemma, and we apply the Weak
Regularity Lemma (Theorem 6.1) to . This yields sets Y7 C Xj,..., Ygy1 € X441, whose
size is at least a fixed fraction of the size of the X;, and such that any subsets Z; C Vi,...,
Zgr1 C Yyu of size at least £]Y;| induce an edge, i.e. there is a rainbow X-simplex with
vertices in the Z; and containing the point a.

Now suppose for a moment that the set X U{a} is in general position. Then the argument
is immediately finished by applying the Same Type Lemma with the d+2sets Y7, Y5, ..., Y411
and Yo = {a}. We obtain sets Z; C Yi,..., Zgy1 C Yy and Zy0 = {a} with same-
type transversals, and with |Z;| > €|Y;| for i = 1,2,...,d + 1. (Indeed, the Same Type
Lemma guarantees that at least one point is selected even from a small set.) Now, either
all transversals of (Zy,..., Zy:1) contain the point a in their convex hull or none does (see
Exercise 1(d)). But the latter possibility is excluded by the choice of the Y; (by the Weak
Regularity Lemma).

Unfortunately, we have no guarantee that the point a is in general position with respect
to the set X, even if X is in general position (in the usual sense, meaning that no d + 1
points lie on a common hyperplane). For example, it may happen that the intersection of
all the X-simplices in & is a single point, and then the position of a is fixed.

There are several ways around this; we present the following simple argument. It can be
shown that if X is in general position, then at most O(n?) X-simplices can have the point
a at the boundary (Exercise 3). If we delete the at most O(n?) simplices with a on the
boundary from S§;, we obtain a collection &] of X-simplices that contain a in the interior,
and |S]| > #'n™! for a suitable 3’ = 3'(d) > 0. With this collection, the argument is finished
as before. a

size of 8y is, for d fixed, at least a constant fraction of ( ) (here we use the assumptions

It is amazing how many quite heavy tools are used in this proof. It would be nice to find
a more direct argument.

Bibliography and Remarks. For more information on order types, the reader may consult
the survey by Goodman and Pollack [GP93]. The Same Type Lemma is from Bardny and Valtr
[BV98], and a very similar idea was used by Pach [Pac98]. Bardny and Valtr proved the Positive

27



Fraction Erdds-Szekeres Theorem 7.3 (the case k = 4 was established earlier by Nielsen), and
they gave several more applications of the Same Type Lemma, such as a positive fraction Radon
theorem and a positive fraction Tverberg theorem.

The planar case of Theorem 7.4 was proved by Bérany, Fiiredi, and Lovasz [BFL90] (with
¢(2) > &), and the result for arbitrary dimension is due to Pach [Pac98]. The solution to
Exercise 3 was communicated to me by Janos Pach.

The equivalence of (i) and (ii) in Lemma 7.2 is from Goodman, Pollack, and Wenger
[GPW96].

Exercises
1. Let (z1,23,...,2,) be a finite sequence of points in R¢, and suppose that we know its order
type. Which of the following properties of the sequence can be determined from the order
type?
(a) No d + 1 points among 1,9, ..., z, lie on a common hyperplane.

(b) For any k points among z1, zg, ..., Ty, k = 2,3,...,d+1, the affine hull has the maximum
dimension k — 1.

(c) The point 4,9 lies in the convex hull of {z,z9,...,24+1} (assuming n > d + 2).
d) As in (c), but moreover zi,...,z441 do not lie in a common hyperplane.

)
)

e
f

The points z1,...,z, form the set of vertices of a d-dimensional convex polytope.

None of the z; lies in the convex hull of the others.

a) Prove that, in the setting of Lemma 7.2, if the convex hulls of the X; have the property
i) then (X1,...,X441) has same-type transversals. Proceed by contradiction.

~ NN~~~

b) Prove that property (ii) (separation) implies property (i) (no hyperplane transversal).
Proceed by contradiction and use Radon’s Theorem.

(c) Prove that (i) implies (ii).

3. Let X C R be a set of n > d+1 points in general position (meaning that no d+1 points of X
lie on a common hyperplane). Let a € R? be an arbitrary point. Prove that at most O(n¢"")
of the (Z) hyperplanes determined by d-tuples the points of X contain a. (Consequently, at
most O(n?) X-simplices have a on their boundary.)
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