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Abstract. A �-labeling of a graph G is an assignment of labels from the

set f0; : : : ; �g to the vertices of a graph G such that vertices at distance

at most two get di�erent labels and adjacent vertices get labels which

are at least two apart. We study the minimum value � = �(G) such

that G admits a �-labeling. We show that for every �xed value k � 4 it

is NP-complete to determine whether �(G) � k. We further investigate

this problem for sparse graphs (k-almost trees), extending the already

known result for ordinary trees.

In a generalization of this problem we wish to �nd a labeling such that

vertices at distance two are assigned labels that di�er by at least q and

the labels of adjacent vertices di�er by at least p (where p and q are

given positive integers). We denote the minimum number of labels by

L(G; p; q) (hence �(G) = L(G; 2; 1)). We show several hardness results

for L(G; p; q) including that for any p > q � 1 there is a � = �(p; q) such

that deciding if L(G; p; q) � �(p; q) is NP-complete.

1 Introduction

Radio frequency assignment is a widely studied area of research. The task is to

assign radio frequencies to transmitters at di�erent locations without interfer-

ence. In a classical setting the problem is closely related to graph coloring where

the vertices of a graph represent the transmitters and adjacencies indicate pos-

sible interference.

In many practical cases one wishes to assign frequencies such that the di�er-

ence between frequencies assigned to two transmitters depends on the distance

between the transmitters. In this paper we assume that the distances between

?

Research supported in part by the Czech Research Grants GAUK 194 and GA

�

CR

201/1996/0194.

??

Supported by DIMATIA and GA

�

CR 201/99/0242



pairs of transmitters can be modeled by the distance between the corresponding

vertices of a graph. In this framework the problem is to �nd a non-negative

real-valued function f on vertices of a graph such that if u and v are vertices at

distance i, the values f(u) and f(v) should di�er by at least a prescribed integer

p

i

(see [10]). The smallest possible maximal value of such a function f over all

vertices of the graph G is denoted by L(G; p

1

; p

2

; :::; p

k

).

Roberts proposed the problem of assigning frequencies (integers) to transmit-

ters such that transmitters that are close to each other receive di�erent channels

and transmitters that are very close together receive radio channels that are

at least two apart (see [9, 11, 20]). In this paper we study the �xed parameter

tractability of this L(2; 1)-problem and also its generalized L(p; q) version.

In [9] the L

d

(2; 1)-labeling problem was introduced, which is the problem

to determine �(G; d), i.e. the smallest number m such that G has an L

d

(2; 1)-

labeling f with maxff(x) j x 2 V g = m. An L

d

(2; 1)-labeling of a graph G =

(V;E) is a function f : V ! [0;1) such that whenever x; y 2 V are adjacent

jf(x) � f(y)j � 2d and whenever the distance between x and y is two, jf(x) �

f(y)j � d. It is shown that it su�ces to consider integral-valued labelings. We

denote �(G; 1) = L(G; 2; 1) by �(G).

The version of the problem where the labels that are used are in a consecutive

range, was studied in [18].

As far as special graph classes are concerned, �(G) can be determined e�-

ciently for paths, cycles and wheels [9]. Bounds for cubes were obtained in [11, 9,

19]. It is conjectured that �(Q

n

) = n+3 for n � 3 in [9]. Non-trivial algorithms

were also found for cographs [4]. In [11] planar graphs and 3-regular graphs were

considered. It was conjectured that the problem is NP-complete for trees in [9],

however shown to be polynomial in [4]. In this paper we show that there is a

polynomial time algorithm for k-almost trees, for every �xed integer k, thereby

extending the result of Chang and Kuo.

In case the parameter is not �xed, the most interesting and general result

was obtained in [7]. It is shown that �(G) � n� 1 if and only if �(G) = 1 and

�(G) = n+ r� 2 if and only if �(G) = r, where n = jV j, �(G) is the path cover

number of a graph G and G is the complement of G (see also [20]).

In [9, 20] it was shown that determining �(G) is an NP-complete problem even

for graphs G with diameter two. In this paper we study the �xed parameter

tractability. Answering a question of [20], we show that it is NP-complete to

determine if �(G) � k for every �xed integer k � 4. A fortiori, the problem is

not in FPT (see, e.g., [5]). Our observations �ll in important blank spots in the

complexity overview of the �-labeling problem. It is easy to see that �(G) � 3

if and only if G is a disjoint union of paths of length at most 3.

Much less is known for the more general L(p; q)-problem. Special instances

such as the L(0; 1)-problem and the L(1; 1)-problem were already considered

in [6, 20]. Some results on heuristics for the L(p; q) problem appeared in [2, 6].

We show the �rst complexity results for this problem.
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2 Preliminaries

De�nition 1. Let G be a graph and let d

1

; : : : ; d

k

be a collection of integers. A

�-labeling is an assignment of labels from the set f0; : : : ; �g to the vertices of G.

We say that the labeling satis�es constraints (d

1

; : : : ; d

k

) if each pair of vertices

at distance i in the graph gets labels that di�er by at least d

i

. In such a case

we talk about �

(d

1

;:::;d

k

)

-labelings. The minimum value � for which G admits

a �

(d

1

;:::;d

k

)

-labeling is denoted by L(G; d

1

; : : : ; d

k

). We refer to the problem of

deciding the existence a �

(d

1

;:::;d

k

)

-labeling as the L(d

1

; : : : ; d

k

)-problem.

For the sake of history (and also for convenience) we write �(G) instead of

L(G; 2; 1).

De�nition 2. A �-labeling is called consecutive if the labels that are used are

consecutive.

Clearly, a consecutive �-labeling does not always exist. Consecutive labelings

were studied in [18]. In general, it can be shown [18] that G = (V;E) has a

Hamiltonian path if and only if G (the complement of G) has a consecutive

�

(2;1)

-labeling with � � jV j � 1. In this paper we show that the �xed parameter

variant with � � 4 is equally di�cult. Most of our NP-hardness results are

obtained via graph covers.

De�nition 3. Let G be a graph and H be a multigraph. The H-COVER prob-

lem asks for a local isomorphism f : G ! H , i.e., a homomorphism that maps

edges incident with every vertex x isomorphically to edges incident with f(x).

The study of the complexity of the H-COVER problem for particular pa-

rameter multigraphs H was initiated in [1] and carried on in a series of papers

[12{15]. In particular, the K

t

-COVER problem is shown NP-complete for every

�xed t � 4 in [12]. Note that a (t�1)-regular graph G covers the complete graph

K

t

if and only if the vertices of G can be assigned t di�erent colors in such a

way that closed neighborhood of each vertex is assigned all t colors, i.e., if and

only if L(G; 1; 1) = t� 1. The immediate consequence for the complexity of the

L(1; 1) problem follows:

Proposition 4. The problem if L(G; 1; 1) � � is NP-complete for every �xed

� � 3.

Note also that this problem asks for the chromatic number of the square G

2

of G. For an alternative proof of NP-completeness we refer to [17] (the chromatic

number problem is NP-complete for all powers).

We �nd convenient to reformulate in terms of graph coloring a class of par-

ticular graph covering problems which will be used several times in the hardness

proofs:

De�nition 5. Let k � 3 be an integer. The BW (k){problem is the following

'black and white coloring' problem:
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Instance: A k-regular graph G.

Question: Is there a coloring of the vertices of G with labels black and

white such that every vertex has exactly two neighbors with the same

color and k � 2 neighbors with opposite colors.

(The BW (k){problem is equivalent to the H-COVER problem for H being the

multigraph with two vertices of degree k, joined by k � 2 parallel edges and

having a loop at each of the two vertices.) The following theorem was proved

in [14].

Proposition 6. The BW (k){problem is NP-complete for every k � 3.

The paper is organized as follows. In Section 3 we present the positive result,

namely a polynomial algorithm for sparse graphs (k-almost trees). The algorithm

is polynomial both in � and the size of the input graph, i.e., the maximum label

bound � is regarded as part of the input. In Section 4 we present the hardness

results for �xed �. Section 5 is devoted to the general L(p; q) problem. Here we

only state our results and the proofs are postponed to the Appendix.

3 L(2; 1) for sparse graphs

For trees T , �(T ) can be computed e�ciently [4]. We show how this algorithm

can be used to solve the problem for a slightly wider class of graphs, namely

k-almost trees for �xed values of k. (A k-almost tree is a connected graph G

with n + k � 1 edges. Clearly, k-almost trees can be recognized in linear time,

cf. e.g., [3, 16]). Let us remark in this connection that the L(2; 1) problem seems

to be harder than many other graph-theoretical problems, at least as concerns

tree-like graphs. Many generally di�cult problems can be solved in polynomial

time for graphs of bounded tree-width, whereas the complexity of L(2; 1) for such

graphs is unknown (when � is part of the input, as assumed in this section).

Theorem 7. Let G be a k-almost tree with n vertices. Then L(G; 2; 1) � � can

be tested in O(�

2k+

9

2

n) time.

Proof. Let G be a k-almost tree. Choose a spanning tree of G and let e

1

; e

2

; :::; e

k

be the edges of G that do not belong to the spanning tree.

In order to use the tree algorithm of Chang and Kuo, we build a new tree

T by modifying the spanning tree. For each edge e

i

= (u

i

; v

i

), add two leaves

e

0

i

= (u

i

; x

i

) and e

00

i

= (v

i

; y

i

) to the spanning tree, so that x

i

and y

i

are new

leaves, and denote the new tree by T . Note that identifying vertices u

i

with y

i

and v

i

with x

i

gives the original graph G. Clearly T has a �

(2;1)

-labeling such

that the labels of u

i

and y

i

and of v

i

and x

i

are equal for all i = 1; : : : ; k, if and

only if the original graph G has a proper �

(2;1)

-labeling.

To test whether T has a �

(2;1)

-labeling we use the following procedure: Fix a

pre-labeling on the endvertices of all the edges of fe

0

i

; e

00

i

j 1 � i � kg such that

u

i

and y

i

and also v

i

and x

i

have the same labels and test whether there exists a

4



�

(2;1)

-labeling of the tree T compatible with this pre-labeling. Repeat this step

for all possible pre-labelings. (Note that there are O(�

2k

) di�erent pre-labelings.)

Since the tree-labeling algorithm of [4] does not involve pre-labeled vertices,

and also for the sake of completeness, we describe our modi�cation for trees with

pre-labeled vertices.

Choose a leaf as a root of T . Use dynamic programming from the leaves up

to the root of the tree. For each edge (x; y) of T , with x closer to the root and

every pair of labels a and b, determine if there is a �

(2;1)

-labeling of the subtree

induced by x; y and the descendants of y, with vertex x labeled a and y labeled

b. Assuming that we know all admissible labelings on the edges yz, for z children

of y, we can use a matching algorithm to �nd if there is an admissible labeling.

(For each z, let M

z

be the set of labels di�erent from a that are compatible

with y labeled b. The matching algorithm tests if the set system M

z

; z child of

y, has a system of distinct representatives. Such representatives would be labels

for the children of y. If such a system of distinct representatives does not exists,

this pair of labels (a; b) is not feasible for the edge (x; y).) The tree T allows

a �

(2;1)

-labeling if and only if the edge incident to the root allows at least one

feasible labeling. The matching algorithm takes at most O(�

5

2

) time since it

needs to be executed only for vertices y of degree at most �� 1 (see, e.g., [16]).

If no endvertex of (x; y) is pre-labeled, the matching problem has to be solved

O(�

2

) times. (Clearly, the algorithm does not consider other labels for an already

pre-labeled vertex.)

It follows that this algorithm can be implemented to run in O(n�

2k+

9

2

) time.

ut

4 Fixed parameter �-labeling is NP-complete

Griggs and Yeh showed in [9] that it is NP-complete to determine whether

�(G) � jV (G)j for a general graph G. In this section we focus on the �xed

parameter case.

Theorem 8. For each � � 4, it is NP-complete to decide if the input graph

allows a �

(2;1)

-labeling.

Proof. We prove our result by induction on �. The base cases are � = 4 and � =

5. For these cases we use a reduction from the H-cover problem for multigraphs

H

1

and H

2

respectively (see Fig. 2 in the Appendix), which are equivalent to

the BW (3) and BW (4) coloring problems and are both NP-complete (Prop. 6).

� = 4: We use a reduction from BW (3). Let G be a 3-regular graph for which

we want to �nd a black and white coloring such that every white vertex has

exactly two white and one black neighbor and every black vertex has one white

and two black neighbors.

We claim that the graph G

0

obtained by subdividing each edge of G by two

new vertices of degree 2, has a 4

(2;1)

-labeling if and only if G covers H

1

(cf. an

illustrative picture in Fig. 3 in the Appendix).
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First assume that G

0

has a 4

(2;1)

-labeling. The original vertices of G have

degree 3, so they must be labeled either by number 0 or by 4. An easy case

analysis shows that the only possible labelings of the paths of length 3 replacing

the edges of G are (0; 2; 4; 0), (0; 3; 1; 4), (4; 0; 2; 4) and the reverse 4-tuples.

Consider a vertex u of G in G

0

. Say u is labeled 0. Its neighbors (in G

0

)

have to be assigned di�erent labels, hence each of the labels 2; 3; 4 is used on

exactly one of the neighbors. Therefore, the three paths leaving u are labeled

(0; 2; 4; 0), (0; 3; 1; 4) and (0; 4; 2; 0), and two of them lead to vertices labeled 0

and the third one to a vertex labeled 4. Similarly, if u is labeled 4 then two of

the paths starting in u lead to vertices labeled 4 and one to a vertex labeled 0.

Thus coloring every vertex labeled 0 with white color (in G), and coloring every

vertex labeled 4 with black color translates the given 4-labeling into a black and

white coloring of the original graph, satisfying BW (3).

Now assume that a black and white coloring of G is given (satisfying BW (3)).

We can partition the edges ofG into three sets: edges with two white end-vertices,

edges with two black end-vertices and "black-white edges". In G

0

, we assign label

0 to every white vertex of G, and label 4 to every black vertex of G. It remains

to label the intermediate vertices on the paths replacing edges of G. Each path

corresponding to a black-white edge in G, will be labeled by (0; 3; 1; 4). The

paths corresponding to white edges in G induce a disjoint union of cycles in G

0

(every white vertex has two white neighbors in G). On each of these cycles, we

use consecutively the scheme (0; 2; 4; 0). Thus every vertex labeled 0 has exactly

one neighbor labeled 2, one neighbor labeled 3 and one neighbor labeled 4, i.e.,

common neighbors of a vertex are assigned di�erent labels. Similarly, the paths

corresponding to the black edges of G induce a disjoint union of cycles, and as

such will be consecutively labeled (4; 0; 2; 4). Since adjacent vertices (in G

0

) are

always assigned labels which are at least 2 apart, this gives a 4

(2;1)

-labeling of

G

0

.

� = 5: We reduce from the BW (4){coloring problem.

Let G = (V;E) be a 4-regular graph. Replace each edge in E by the graph

depicted in Figure 1 a). An easy case analysis shows that this auxiliary graph

allows 6 combinations depicted in Figure 1 b), subject to the condition that

vertices u and v are labeled 0 or 5 (this must be the case in any 5

(

2; 1)-labeling

of G

0

since these vertices have degree 4).

Call the new graph G

0

. We claim that G

0

has a 5

(2;1)

-labeling if and only if

G has an H

2

-cover.

Consider a 5

(2;1)

-labeling of G

0

. The four neighbors of a vertex labeled 0

must be labeled 2; 3; 4; 5, and so the paths starting in such a vertex are labeled

(0; 2; 5; 0), (0; 3; 1; 5), (0; 4; x; 5) and (0; 5; 2; 0) (here x is either 1 or 2). Hence two

of these paths lead to vertices labeled 0 and the other two lead to vertices labeled

5. Regarding label 0 as white color and label 5 as black color, we see that the

restriction of the labeling to the original vertices of G solves the BW (4){problem

for G in the a�rmative way.

Now assume G covers H

2

-cover, i.e., we assume a black-white coloring of G

which satis�es BW (4). The edges of G can be partitioned into edges with two

6
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Fig. 1. Replacement for � = 5 case and its 5-labeling

white end-vertices, edges with two black end-vertices, and black-white edges.

Similarly as in the case � = 4, the white-white edges induce a disjoint union of

cycles and the corresponding paths can be labeled consecutively (0; 5; 2; 0). The

paths corresponding to black-black edges will be labeled (5; 0; 3; 5). The black-

white edges induce a 2-regular bipartite graph, whose edges can be partitioned

into two perfect matchings. Label the paths corresponding to edges of one of the

matchings by (0; 3; 1; 5), and the paths corresponding to the other matching by

(0; 4; 2; 5). (Note that the two rightmost labelings of the Figure 1 are not used.)

In this way we obtain a 5

(2;1)

-labeling for G

0

.

Induction step: Assume that G = (V;E) is a graph whose �

(2;1)

-labeling is

the question. We construct a graph G

0

which can be (� + 2)

(2;1)

-labeled if and

only if G can be �

(2;1)

-labeled.

First construct a complete binary tree T with at least jV (G)j leaves, all of

them in the bottom layer. Call the layers, from the bottom to the top, L

1

; : : : ; L

k

.

Add a layer L

0

with jL

1

j vertices, and connect these vertices by a perfect

matching to the vertices of L

1

. Subdivide each edge of T (including the edges

between L

0

and L

1

) by a new extra vertex. Connect each vertex of G to a unique

vertex in L

0

. Finally, add leaves to vertices in layers L

i

so that their degrees add

up to �+ 1. This completes the construction of G

0

.

Assume that G

0

is (� + 2)

(2;1)

-labeled. Vertices from layers L

i

have degree

�+1 and therefore each of them is labeled either by 0 or by �+2. Furthermore all

vertices in the same layer have the same label. Assume without loss of generality

that the vertices of L

0

are labeled with label �+ 2. Then all vertices of G have

labels in f0; : : : ; �g and we obtain a �

(2;1)

-labeling of G.

Now assume that G can be �

(2;1)

-labeled. Color the vertices from layers L

i

with an even index i with �+2 and those from layer with an odd index with 0.

Color the vertices between layers L

i

and L

i+1

, i � 1 arbitrary (but feasible). A

7



vertex between layers L

0

and L

1

has at most 6 forbidden labels: 0; 1; �+1; �+2,

and two more labels of vertices at distance two: of the vertex in G and of the

vertex between L

1

and L

2

(see Fig. 4 in appendix). Since � � 4 at least one label

is available. Finally, label the leaves at the vertices from layers L

i

. Since such a

vertex is labeled with 0 or with �+ 2 and since such a vertex has degree �+ 1,

there is always an available label for every leaf. This gives a (�+ 2)-labeling of

G

0

. ut

As we mentioned in Section 2, sometimes it is important to require that the

labels actually used in a labeling are consecutive. An easy argument shows that

consecutive �

2;1

-labelings are not easier.

Corollary 9. The problem whether there exists a consecutive �

(2;1)

-labeling for

a given graph G is NP-complete.

Proof. Let H

�

be the tree containing two vertices of degree � � 1 and with

2(�� 2) leaves.

For a graph G, consider the disjoint union G

0

= G+H

�

. Obviously G

0

admits

a consecutive �

(2;1)

-labeling if and only if G admits a �

(2;1)

-labeling. Hence, the

existence of consecutive �

(2;1)

-labeling is also NP-complete for every �xed � � 4.

ut

5 Complexity of the generalized distance two labeling

Recall that the L(p; q) problem asks for a �-labeling such that adjacent vertices

receive labels which are at least p apart, and vertices at distance 2 receive labels

which di�er by at least q. This is already the general frequency assignment prob-

lem restricted to relevant distance 2 (in the (p

1

; p

2

; : : : ; p

k

) condition). Nobody

would expect the L(p; q)-labeling problem for p > q � 1 to be easier than L(2; 1),

however, the actual NP-hardness proofs seem tedious and not easily achievable

in full generality. We conjecture:

Conjecture 10. For any p � q � 1 there is a �(p; q) such that deciding if

L(G; p; q) � � is NP-complete for every �xed � � �(p; q).

In this section we gather results which support our conjecture, the proofs are

mostly technical and left to the Appendix. We also discuss the complexity of

L(p; q) for trees and almost trees.

We �rst aim at restricting the range of parameters p; q. The following easy

generalization of the special case p = 2; q = 1 proven in [9] shows that we may

restrict our attention to the case of p; q being relatively prime.

Observation 11. Let p; q, and k be integers. Then L(G; kp; kq) = kL(G; p; q).

Hence L(p; q) and L(kp; kq) are polynomially equivalent.
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The case p = q is thus fully understood (NP-complete for � � 3p and poly-

nomial for � < 3p, cf. Proposition 4 and Observation 11). So is now the case

p = 2q (NP-complete for � � 4q and polynomial for � < 4q).

For general p; q, we can prove that there is at least one NP-complete �xed

parameter instance:

Theorem 12. For all �xed p > q � 1, it is NP-complete to decide whether

L(G; p; q) � p+ qd

p

q

e .

And under slightly less general conditions we can prove that there are in-

�nitely many hard instances:

Theorem 13. The problem whether L(G; p; q) � p+ kq is NP-complete for any

�xed k �

p

q

and p > 2q.

It follows that for q = 1 (and more generally p divisible by q), there are only

�nitely many polynomial instances (unless of course P=NP), namely if p > 2

then the L(p; 1)-problem is NP-complete for every �xed � � 2p. In this case we

are able to prove a little more:

Theorem 14. For every p > 2, the L(p; 1)-problem is NP-complete for � � p+5

and polynomially solvable for � � p+ 2.

For p � 5, this result leaves the cases � = p+3 and � = p+4 as the last open

cases for the �xed parameter complexity of L(p; 1) (for p � 4 the bound � � 2p

is better than � � p+5, and � = 7 is the only open case for p = 4, while L(3; 1)

is fully understood being polynomial for � � 5 and NP-complete for � � 6).

Finally we comment on the complexity of the L(p; q)-problem on trees. Ob-

viously, for �xed �, the problem is solvable in linear time. When � is part of

the input and q = 1, then the same algorithm as we described in Section 3 can

be applied to trees and k-almost trees (in the recursive step we only consider

labelings (a; b) of the currently processed edge xy such that ja� bj � p). Hence

we get:

Corollary 15. The L(p; 1)-problem is polynomially solvable for k-almost trees

for every �xed k.

However, this algorithm is not of immediate help in case of q > 1. In this case

we would need to be able to decide the existence of a system of distant (rather

than distinct) representatives (in the language of the proof of Theorem 7, we

would need to decide if the set systemM

z

, z children of y, allows representatives

a(z) 2 M

z

such that ja(z) � a(z

0

)j � q for any two distinct children z; z

0

of y).

Unfortunately, this variant of bipartite matching is NP-complete (easy reduction

from SAT ). Therefore the complexity of L(p; q) for trees remains (for q > 1)

open.
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A Appendix

H

1

H

2

Fig. 2. Multigraphs H

1

and H

2

.

0

2

4

0

2

4

0

2

4

3

1

4

0

2

4

0

2

4

0

2

3 1

3

1

Fig. 3. BW (3)-coloring of the prism and labeling of its prime-graph.

Proof of Theorem 12

Theorem: It is NP-complete to decide whether L(G; p; q) � p + qd

p

q

e for all

p > q � 1.

Proof. We use a reduction from the BW (k + 2){problem, i.e., that of �nding

a black and white coloring of the vertices of a (k + 2)-regular graph, such that

every vertex has two neighbors with the same color and k neighbors with opposite

color.

Let k = d

p

q

e � 1 and let G be a (k + 2)-regular graph for which we want

to �nd a black and white coloring. Replace each edge of G with a P

4

. Call this

new graph G

0

. Assume we have a �

(p;q)

-labeling for G

0

with � = p + (k + 1)q.

Notice that � < 2p+ q. The original vertices must be labeled by 0 or � and their

neighbors have labels p; p+ q; : : : ; p+ kq; � or 0; q; 2q; : : : ; �� p.

We show that a P

4

starting at a vertex with label 0 and ending in vertex la-

beled by 0 or by � can be labeled only by one of the following schemes (0; p; �; 0),

(0; p+ iq; jq; �) for 1 � i � k and 1 � j � i, and (0; �; p; 0).

Suppose the path has vertices w; x; y; z and suppose f(w) = 0, where f

denotes the labeling function. Clearly f(x) � p and f(y) � q.

11



G

L

0

L

1

u

v

0

colors:

v

c(v

0

)
c(v)

0
�+ 2

Fig. 4. Induction step of the L(G; 2; 1)-problem. Labeling the vertex u, forbidden labels

are f0; 1; c(v); c(v

0

); �+ 1; �+ 2g

First assume f(x) = p. Then f(y) � 2p. If f(z) = � then f(y) � � � p <

p+q < 2p which is a contradiction. Hence f(z) = 0. Now f(y) 2 fp; p+q; : : : ; p+

kq; �g and f(y) � 2p imply f(y) = �.

Now assume that f(x) = p + iq for some 1 � i � k. Then q � f(y) � iq.

Now, f(z) = 0 would imply f(y) = p + jq for some 0 � j � k + 1. But then

jf(x)� f(y)j = ji� jj q � kq < p which is a contradiction. Hence f(z) = � and

f(y) = jq for some 1 � j � i.

Because the degree of an original vertex is k+2, two of the above mentioned

paths lead to a vertex with the same label and the other paths to vertices with

complementary label.

Now assume a black and white coloring of G is given. This coloring can be

easily extended to an �

(p;q)

-labeling of G

0

. The subgraph induced by white ver-

tices is a set of cycles and the corresponding P

4

's can be colored by (0; p; �; 0)

consecutively along the cycles. Similarly for the subgraph induced by black ver-

tices. Edges joining black and white vertices form a bipartite k-regular graph.

Hence this graph is k-edge colorable. Fix a coloring by colors 1; 2; : : : ; k and use

the sequence (0; p + iq; iq; �) on the path corresponding to an edge labeled by

i. ut

Proof of Theorem 13

Theorem: The problem whether L(G; p; q) � p + kq is NP-complete for all

p > 2q and any integer k �

p

q

.

Proof. We consider two cases.

Case 2q < p � 3q We use reduction from the BW (3){problem.

Let G be an input graph for the black and white coloring problem. Replace

each edge by the graph H in Figure 5 and add leaves to the original vertices to

add up their degree to k + 1.

12



A B

y

y

0

b

az x

y

00

Fig. 5. Edge gadget for the L(p; q)-labeling problem

The case analysis shows that on the path (z; a; b; x) only the following se-

quences of colors can appear: (0; p; �; 0), (0; �; p; 0), (0; �� q; q; �), (�; 0; ��p; �)

and (�; � � p; 0; �).

Similarly as in the proof of Theorem 8, it follows that a proper black and

white coloring exists if and only if the modi�ed graph allows a �

(p;q)

-labeling.

Case p > 3q In this case we use a reduction from BW (4).

Let G be a 4-regular graph. Use the same edge replacement as in the above

case, also add leaves to the original vertices to degrees k + 1.

In this case a case analysis gives more possible label schemes of (z; a; b; x),

namely (0; p; �; 0), (0; p+ iq; q; �), (0; �� q; iq; �), (0; �; p; 0) and their reversals

with vertex z labeled by �. In the above schemes i belongs to the interval [1; b

p

q

c�

1].

Suppose that a �

(p;q)

-labeling of G

0

exists. Let the original vertices labeled

by 0 have white color and those with label � be colored black.

W.l.o.g. we suppose that the white vertices form a partition of bigger or

equal size, compared to set of black vertices. Each white vertex has at most two

white neighbors, so it has at least two black neighbors, at most one edge to the

black neighbor corresponds to the path labeled (0; ��q; iq; �) and the remaining

edges (at least one) correspond to the scheme (0; p+ iq; q; �). But the number of

paths labeled (�; �; q; �), cannot be greater then number of black vertices, so the

number of white vertices is exactly same as the number of black ones. Hence,

the given �

(p;q)

-labeling of G

0

gives a proper BW (4)-coloring.

On the other hand BW (4)-coloring divides the edges of the graph G into the

sets of white cycles, black cycles and cycles with alternating black and white

label. By using patterns (0; p; �; 0), (�; 0; �� p; �) and (0; �� 2q; q; �)(�; 2q; ��

q; 0) consecutively on these cycles followed by completing colors of added leaves

we obtain a proper �

(p;q)

-labeling of the modi�ed graph G

0

. ut
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The case analysis for the labeling of Fig. 5

Here we describe the case study for the theorem 13. We show that under assump-

tion 2q < p only schemes (0; p; �; 0), (0; p + iq; q; �), (0; � � q; iq; �), (0; �; p; 0)

and their mirrors are applicable to the path (z; a; b; x) on the graph H .

Let us investigate properties of the graph H in Figure. 5.

Sets A and B have the size jAj = jBj = k � d

p

q

e.

If k = 0 we obtain exactly result of the theorem 12 so no case analysis is

needed.

The vertices z; x; y; y

0

and y

00

have full degree, so they can be labeled by 0 or

�. W.l.o.g we suppose that z is labeled by 0. It implies that c(a) 2 fp; p+ q; p+

2q; :::; �� q; �g.

If the vertices y and y

0

have di�erent labels there is no way to label the

vertex y

00

, so c(y) = c(y

0

). If the part of H over the dashed line is pre-labeled

with respect to above mentioned condition, the labeling is always extendible to

the bottom part of H .

We divide the proof into several cases.

Case A: c(z) = 0; c(a) = p Then labels of the set A [ fbg could be chosen

from the interval [2p; �] which contains at most jAj + 1 numbers at distance q.

Maximum label of A is greater than ��2q > ��p) c(y) = c(y

0

) = 0. If the label

of b belongs to the interval [2p; �� q] then the size of the set of possible labels

of B is b

��2p�q�1

q

c+ 1 < jBj. So c(b) 2 [�� q + 1; �]) c(x) = 0) c(b) = �.

Case B: c(z) = 0; c(a) = p+ iq; 1 � i < k; c(y) = 0 If 1 < i < k � 1 then

in the intervals [p; iq] [ [2p+ iq; �] there are not enough numbers at distance q

to label the set A.

Subcase Ba: i = 1 ) c(b) = q ) c(x) = �. The set B can be easily labeled

from the interval [p+ 2q; �� q].

Subcase Bb: i = k� 1 then all possible labels at distance q from the interval

[p; (k � 1)q] are used in the set A. It gives that c(b) < p) c(x) = � and c(b) is

multiple of q. The labels of the set B are chosen from the interval [c(b)+p; ��2q]

which has su�cient size if c(b) � (b

p

q

c � 1)q.

Case C: c(z) = 0; c(a) = p + iq; 1 � i < k; c(y) = � For b we have

c(b) � q and labels of B belong to the interval [q + p; � � p]. In the case that

c(b) � 2q there are not enough points to label the set B. Thus c(b) < 2q < p)

c(x) = � ) c(b) = q. The rest of this case should be reduced to the mirror of

the case B. (By interchanging the roles of z; a; A and x; b; B.)

Case D: c(z) = 0; c(a) = � ) c(x) = 0 The only solution is described in

the case A.
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Proof of Theorem 14

Theorem: The L(G; p; 1) � � is an NP-complete problem for p + 5 � � < 2p

and polynomially solvable for � � p+ 2.

Proof. We prove the polynomial and NP-complete parts separately.

The NP-complete cases We are proving that L(G; p; q) � � is NP complete

for p + 5 � � < 2p. Note that in these cases the input graph is bipartite and

(assuming the input graph is connected) labels in one class of the bipartition are

less than or equal to � � p, and labels in the other class greater than or equal

to p.

We reduce the 3-colorability of a (�� p� 1)-regular (�� p� 1)-edge colored

graph to our L(p; 1) � �-problem and then prove that this special coloring

problem is also NP-complete.

Let G be the graph which is to be 3-colored. Subdivide each edge by one new

extra vertex and ask for a �

(p;1)

-labeling of this graph G

0

.

The graph G

0

is bipartite and the newly introduced vertices form one class

of the bipartition. W.l.o.g we assume that labels from the interval [p; �] in this

class are used. We claim that the original vertex has label at most 2, since all

its neighbors have distinct labels and one of them should be less than or equal

to p+ 2. Using these labels as colors for the original graph we obtain a proper

coloring, since adjacent vertices in G are at distance two in G

0

and thus have

di�erent labels.

In the opposite way a vertex 3-coloring of G together with an edge (��p�1)-

coloring gives us a proper �

(p;1)

-labeling of G

0

by using the same label from the

interval [p+ 2; �] for the vertices added to edges with the same color.

The NP-completeness of the special 3-colorability We reduce the 3-SAT

problem where each variable has at most two positive and at most two negative

occurences.

We give a modi�cation of the classical reduction from 3-SAT. Let F be the

given formula with n variables and m clauses. Construct the graph G as follows:

For each variable x

i

put into G vertices x

i

and �x

i

and join them by an edge.

Construct a gadget as on the Fig. 6 a) with 2n+ 1 vertices u and join vertices

u

2i�1

and u

2i

to vertices x

i

and �x

i

. (This step replaces the vertex of high degree

in the original proof.)

For each clause (l ^ l

0

^ l

00

) of F add into G the "clause" gadget depicted in

the Fig. 6 b) where edges e

0

, e

1

and e

2

lead to the vertices corresponding to the

literals l, l

0

and l

00

.

Construct a gadget with m+ 1 vertices u

0

and identify m of them with the

lowest vertices of "clause" gadgets. Finally connect vertices u

2n+1

and u

0

m+1

by

an edge.

Assume that G is 3-colored. All vertices u have the same color hence on

vertices x

i

and �x

i

both of two remaining colors are used. All vertices u

0

have

also the same color di�erent to the color of vertices u. Let this color be viewed
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if e

1

is colored b

then e

3

has color c

otherwise e

3

has color b

e

0

Fig. 6. 4-edge-colorability for 3-SAT

as the "false" assignment. The "clause" gadgets guarantee that in each clause at

least one literal has "truth" assignment, hence if a 3-coloring exists, the formula

F has an satisfying assignment. In vice versa any satisfying assignment can be

extended to a 3-coloring of G.

As depicted on the Figures 6 a) and b) the graph G is 4-edge colorable and

contains vertices of degree 3 or 4. To have the four-regular graph use two copies

of G and join corresponding vertices of degree 3 by a matching. Now the graph

is four-regular, 4-edge-colorable and any coloring of one copy can be extended

to a coloring of whole graph by cyclic exchange of colors on the other copy.

Finally we prove by induction the NP-completeness of the 3-coloring of a

k-regular k-edge-colorable graph for k � 5. Two copies of a (k � 1)-regular

(k� 1)-edge-colorable graph joined by the matching gives us the hardness result

similarly as in the above case.

The polynomially solvable cases In the case that a �

(p;1)

-labeling of G

exists and � < p then the input graph G has no edges. Similarly concerning a

p

(p;1)

-labeling and a (p + 1)

(p;1)

-labeling respectively the input graph contains

the disjoint set of paths of length at most 3.

Only subgraphs of a (in�nite) path (v

0

; v

1

; : : :) with leaves added to vertices

v

4k

and v

4k+1

allows a (p+ 2)

(p;1)

-labeling. Such a graph is recognizable in the

linear time. ut
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