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Abstra
t

We investigate the 
omplexity of the h-
olouring problem, and,

more generally, of the H-
olouring problem, restri
ted to graphs of

bounded degree. While the general problems are almost always NP -


omplete, we present some surprising polynomial algorithms for sev-

eral of these restri
ted 
olouring problems. We also give a number

of NP -
ompleteness results, and pose some open problems. One of

these may be viewed as the 
omplement of an algorithmi
 version of

the theorem of Brooks.

1 Introdu
tion

Let k be a positive integer; graphG is k-bounded if all degrees inG are at most

equal to k. Colouring of k-bounded graphs is addressed by the well known

theorem of Brooks, whi
h asserts that, for k � 3, ea
h k-bounded graph,
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di�erent from K

k+1

, is k-
olourable. This fa
t leads to a trivial polynomial

algorithm for 3-
olourability of 3-bounded graphs: a graph is 3-
olourable

unless it is isomorphi
 to a K

4

(an easy 
he
k), in whi
h 
ase it is not 3-


olourable. Sin
e testing 2-
olourability is polynomial (for all graphs), the

h-
olouring problem for 3-bounded graphs is polynomial for any h.

On the other hand, for 4-bounded graphs, while it is still true that Brooks'

theorem guarantees 4-
olourability (ex
ept for K

5

), not all h-
olourability

problems are trivial. In fa
t, we have the following observation:

Theorem 1.1 De
iding whether a given 4-bounded graph is 3-
olourable is

NP -
omplete.

Proof. The 
lass of 4-bounded graphs 
ontains all line graphs of 3-regular

graphs. Holyer proved that de
iding whether a 3-regular graph has a proper

3-edge 
olouring is NP -
omplete. 2

The 
omplexity of more general notions of 
olouring has been subje
t of

mu
h re
ent interest [?, ?, ?, ?℄. Let H be a �xed graph; an H-
olouring

of G is a mapping 
 : V (G) ! V (H) whi
h preserves adja
en
y, i.e., su
h

that gg

0

2 E(G) implies 
(g)
(g

0

) 2 E(H). An H-
olouring of G is also


alled a homomorphism of G to H. The H-
olouring problem asks whether

a given graph G is H-
olourable. This is a generalization of the usual h-


olouring problem, sin
e a K

h

-
olouring of G 
orresponds to an h-
olouring

of G. However, it turns out that this generalization introdu
es essentially

no new polynomial 
ases - other than modi�
ations of the usual 2-
olouring

problem: It is proved in [?℄ that H-
olouring is NP -
omplete unless H is

bipartite. On the other hand, the H-
olouring problem for dire
ted graphs,

exhibits interesting duality properties and resulting polynomial algorithms

[?℄.

Our interest in studying the 
omplexity of the H-
olouring problem was

motivated by the following result of H�aggkvist and Hell [?℄:

Theorem 1.2 For every 
onne
ted graph A there exists a graph U [A℄ with

the following property: a k-bounded graph G is U [A℄-
olourable if and only if

A is not G-
olourable.
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Sin
e A is �xed, there is a polynomial time algorithm to test whether A

is G-
olourable: There are only polynomially many (in terms of the size of

G) mappings from A to G, and we 
an qui
kly test ea
h of them to see if it is

a G-
olouring of A. (The fastest known algorithm to 
he
k for the existen
e

of �xed subgraphs is due to Ne�set�ril and Poljak [?℄ and is based on matrix

multipli
ation).

Thus, for ea
h 
onne
ted graph A, there exists a polynomial time algo-

rithm to 
he
k whether a k-bounded graph G is U [A℄-
olourable. Hen
e,

many nontrivial H-
olouring problems for k-bounded graphs are polynomial

time solvable.

2 Polynomial 
ases

We now return to 
onsidering the graphs U [A℄. For simpli
ity we shall 
on-

sider only 
ubi
 graphs in this se
tion. Moreover, we shall take A = K

3

.

Note that saying that K

3

is not G-
olourable is equivalent to saying that G

is triangle free, sin
e triangles 
an be mapped only to triangles under a homo-

morphism. Thus Theorem 1.2 says that a 
ubi
 graph G is U [K

3

℄-
olourable

if and only if G is triangle free.

We now des
ribe a general 
onstru
tion that may be used to de�ne U [K

3

℄.

Let X be any set. We de�ne a graph U

X

as follows:

- The verti
es of U

X

are ordered pairs (x; T ) where T is a 3-element

subset of X and x =2 T ;

- Two verti
es (x; T ) and (x

0

; T

0

) are adja
ent if and only if T \ T

0

= ;

and x 2 T

0

; x

0

2 T .

(We note this 
onstru
tion is related to the symmetri
 line graphs of

oriented hypergraphs as studied by Ausiello et al [?℄.)

We now 
laim that when X has at least 22 elements, then U

X


an be


hosen to be U [K

3

℄. In other words, every triangle free 
ubi
 graph G admits

a U

X

-
olouring. Indeed, suppose that G is triangle free and 
ubi
. Then

it is easy to see that the graph G
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onstru
ted from G by making adja
ent

all verti
es at distan
e less than or equal to 3 has maximum degree 21.

Hen
e, by Brooks' theorem, it admits an jXj-
olouring, say 
. We assign

to ea
h vertex v 2 V of 
olour i, the image (i; fj; k; lg) where j; k; l are the
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three (distin
t) 
olours of the neighbours of v in G. We shall show that

this mapping preserves adja
en
y. Let xy be an edge of G and let i; j be the


olours of x; y, respe
tively, in 
. Their images are (i; fj; k; lg) and (j; fi; p; rg)

and they are adja
ent in U

X

; in fa
t, there are 4 distin
t neighbors of x and

y, sin
e G is triangle free, and they all re
eive di�erent 
olours in 
 sin
e

their distan
es are at most 3. Thus, fj; k; lg \ fi; p; rg = ;. Observe that

we have not only found that an U

X

-
olouring exists, but we have a
tually


onstru
ted it (in polynomial time).

We shall show now that the graphs U

X

tend to have high 
hromati


numbers.

Theorem 2.1 1. For every k there exists X su
h that the 
hromati
 num-

ber of U

X

is at least k.

2. For every X with at least 15 elements the 
hromati
 number of U

X

is

at least 4.

Proof. Suppose X = f1; : : : ; ng.

Part 1. Consider the following graph S

X

: the verti
es of S

X

are all 3-

element subsets of X, and two su
h subsets, say fx

1

; x

2

; x

3

g with x

1

< x

2

<

x

3

, and fy

1

; y

2

; y

3

g with y

1

< y

2

< y

3

, are adja
ent if x

2

= y

1

and x

3

= y

2

.

This is a variant of a general 
onstru
tion of type graphs de�ned in [?℄. Note

that S

X

is a dire
ted graph but we will also 
all S

X

its underlying undire
ted

graph. It follows from the Ramsey theorem for partition of triples that the


hromati
 number of S

X

may be arbitrarly large if n is large.

We now 
laim that S

X

is isomorphi
 to a subgraph of some U

X

0

where X

0


ontainsX. Let f be a bije
tion from the set of all 3-element subsets ofX to a

set Y disjoint fromX and letX

0

= X[Y . Now, for fx

1

; x

2

; x

3

g 2 V (S

X

) with

x

1

< x

2

< x

3

, we let g(x

1

; x

2

; x

3

) = (x

2

; fx

1

; x

3

; f(x

1

; x

2

; x

3

)g) 2 V (U

X

0

). It

is easy to see that g is an inje
tive homomorphism from V (S

X

) to V (U

X

0

),

i.e. S

X

is isomorphi
 to a subgraph of U

X

0

, and hen
e, the 
hromati
 number

of U

X

0

is at least as large as the 
hromati
 number of S

X

. (In fa
t, it is easy

to see g is an isomorphism onto an indu
ed subgraph of U

X

0

).

Part 2. Suppose that U

X

has a proper 3-
olouring 
 : V (U

X

)! f1; 2; 3g.

Consider a 4-element subset M of X, say M = fx

1

; x

2

; x

3

; x

4

g, and the four

verti
es of U

X


orresponding toM , namely (x

1

; fx

2

; x

3

; x

4

g), (x

2

; fx

1

; x

3

; x

4

g),
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(x

3

; fx

1

; x

2

; x

4

g) and (x

4

; fx

1

; x

2

; x

3

g). The 3-
oloring 
 assigns the same


olour to some two of these verti
es. We let 
(M) be su
h a 
olour.

Next 
onsider the set Z 
onsisting of the ordered pairs (A;M) where M

is a 4-element subset of X and A is a 2-element subset of M , say a

1

, a

2

, su
h

tha 
(a

1

;M � a

1

) = 
(a

2

;M � a

2

) = 
(M). Ea
h M admits at least one A

su
h that (A;M) 2 Z by the de�nition of 
(M). Thus Z has at least

�

n

4

�

elements.

We now 
laim that ea
h A 
an o

ur in at most n�3 elements (A;M) of Z.

In fa
t, 
onsider two elements (A;M) and )(A;M

0

) of Z and assume that A =

fa

1

; a

2

g, M = fa

1

; a

2

; u; vg and M

0

= fa

1

; a

2

; x; yg. Then 
(a

1

; fa

2

; u; vg) =


(M) = 
(a

2

; fa

1

; x; yg) and hen
e 
annot be adja
ent in U

X

. Therefore

fu; vg \ fx; yg 6= ;. Thus the set of 2-element subsets B of X �A su
h that

(A;A[B) 2 Z has the property that any two subsets B interse
t, and hen
e

has at most n� 3 elements. Hen
e, Z 
ontains at most

�

n

2

�

(n� 3) elements.

We 
on
lude that

�

n

4

�

� jZj �

�

n

2

�

(n� 3) and then n � 14. 2

A

ording to the above theorem, the only known triangle free nonbipartite

graphs H, for whi
h we have a polynomial time solvableH-
olouring problem

for 
ubi
 graphs, namely H = U

X

and jXj = 22, have 
hromati
 number

greater than 3. This motivates the 
onje
ture in the last se
tion of the

paper.

3 NP -
omplete 
ases

In this se
tion, we show that for several families of triangle free nonbipartite

graphs H, the H-
olouring problem for 3-bounded graphs is NP -
omplete.

Let us start by 
onsidering the C

2k+1

-
olouring problem. We prove that

this problem is NP -
omplete for the 
lass of 3-bounded graphs.

We redu
e a graph G into a graph G

�

of degree at most three as fol-

lows: we repla
e ea
h vertex x of degree t in G with t odd 
y
les C

j

=

fv

j

1

; : : : ; v

j

2k+1

g (numbered 
lo
kwise), j = 1; : : : t, in G

�

su
h that ea
h edge

e

j

2 Æ(x) is in
ident to v

j

1

, and moreover v

j

2

v

j

3

= v

j+1

2k

v

j+1

2k+1

, for j = 1; : : : ; t.

Then:

Theorem 3.1 G is C

2k+1

-
olourable if and only if G

�

is C

2k+1

-
olourable.
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Proof. It suÆ
es to observe that any valid 
olouring of G

�

assigns the

same 
olour to the verti
es v

j

1

, j = 1; : : : ; t. Hen
e, any valid 
olouring of G

�

leads to a valid 
olouring of G and vi
eversa. 2

Sin
e the C

2k+1

-
olouring problem is NP -
omplete for graphs with no

degree 
onstraints [?℄, the NP -
ompleteness of our problem follows.

More generally, we 
an prove NP -
omplete every H-
olouring problem

where the graph H has odd girth 2k+1, every vertex belongs to a C

2k+1

and

no two 
opies of C

2k+1

share more than one edge. For simpli
ity we des
ribe

this result in the 
ase k = 2:

Theorem 3.2 Let H be a triangle free graph in whi
h ea
h vertex belongs to

a pentagon, and in whi
h no two pentagons share more than one edge. Then

the H-
olouring problem for 3-bounded graphs is NP -
omplete.

Proof. Given a graph G = G

0

with n verti
es and no degree bound (i.e.,

n-bounded), we 
onstru
t in polynomial time a sequen
e G

0

; G

1

; : : : ; G

l

of

graphs su
h that G

l

is 3-bounded and G! H if and only if G

l

! H.

Suppose G

i

has already been 
onstru
ted, and suppose it is k-bounded.

Then G

i+1

is 
onstru
ted by repla
ing ea
h vertex v of G

i

with a gadget �(v)

as follows: the edges at ea
h v are partitioned into t = d

p

ke groups of size

approximately

p

k and ea
h group is made in
ident with a separate vertex

of �(v) as suggested by the �gure.

A B

Z

v

A B Z

(v)Γ
a a a

b b b

c

d

e

1 2 t

1 2 t

Observe that:

i) G

i+1

is 2 + d

p

ke-bounded;

ii) jV (G

i+1

)j = jV (G

i

)j(3 + 2d

p

ke);
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iii) G

i+1

! H if and only if G

i

! H.

The �rst two items follow immediately from the 
onstru
tion of G

i+1

. We

will now prove (iii). Suppose �rst that G

i

is H-
olourable and let 
(v) be the


olour of a vertex v of G

i

. Sin
e ea
h vertex of H belongs to a pentagon, we

have that 
(v) belongs to a pentagon, say f
(v) = a; b; 
; d; eg. Then we may


olour �(v) as follows: all verti
es a

j

, j = 1; : : : ; d

p

ke, re
eive the 
olour


(v) = a, all verti
es b

j

re
eive 
olour b and so on. It is easy to see that this

indu
es an H-
olouring of G

i+1

.

Let us suppose 
onversely that G

i+1

is H-
olourable. We 
laim that all

verti
es a

j

, for any j, have the same 
olour in any H-
olouring. In fa
t, sin
e

H is triangle free, ea
h pentagon of G

i+1

maps into a pentagon of H and

if two a

j

's were di�erent then their 
orresponding pentagons in �(v) would

be mapped into two di�erent pentagons of H sharing two 
onse
utive edges,


ontradi
ting the assumption. Hen
e, any H-
olouring of G

i+1

may be easily

transformed into an H-
olouring of G

i

.

What remains to show is that the 
onstru
tion 
onverges to a 3-bounded

graph in a number of steps whi
h is polynomial in n. Consider the re
urren
e

relation:

q

0

= n

q

i+1

= 2 + d

p

q

i

e

While q

i

is not too small (q

i

> 50, say) this re
urren
e is de
reasing like n

1

2

i

,

i.e., quite fast. In fa
t, after O(loglogn) steps we have q

i

= O(1). When q

i

be
omes smaller than 6, the in
uen
e of the addition of 2 and of the 
eiling

a�e
ts the situation, and in fa
t 2+ d

p

5e = 5. However, for 6-bounded (and

hen
e also 5-bounded) graphs the 
onstru
tion yields a 4-bounded graph

G

l�1

.

Finally, we 
onstru
t G

l

from G

l�1

as follows:
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v

a b

c
d

a b

c
d

It is easy to verify that G

l

is 3-bounded and that G

l�1

! H if and only

if G

l

! H.

Thus, the above 
onstru
tion provides a redu
tion from a graph G = G

0

to a graph G

l

whi
h is 3-bounded and su
h that G ! H if and only if

G

l

! H. It 
an be a

omplished in polynomial time (in n) sin
e there are

O(loglogn) intermediate graphs and the total number of verti
es of G

l

is only

O(n

1+

1

2

+

1

4

+:::

) = O(n

2

). Sin
e the H-
olouring problem is NP -
omplete for

general graphs unless H is bipartite [?℄, the theorem follows. 2

Note that, in the above theorem, H may have arbitrary large 
hromati


number. As a 
onsequen
e of the above 
onstru
tion we 
an prove that,

for any integeres k; g, there exists a graph H

k

, with �(H

k

) = k, su
h that

H

k

-
olourability is NP -
omplete for 
ubi
 graphs of girth g.

4 Con
lusions

We have investigated the 
omputational 
omplexity of the H-
olouring prob-

lem for the 
lass of 3-bounded graphs. From our results, some questions arise

naturally. In parti
ular, as a 
onsequen
e of Theorem 2.1, we know that the

only triangle free nonbipartite graphs H for whi
h we have a polynomial time

solvable H-
olouring problem for 
ubi
 graphs, namely the graphs H = U

X

with jXj � 22, have 
hromati
 number greater than 3. Sin
e graphs H with

8




hromati
 number 3, and whi
h 
ontain triangles, have polynomial time solv-

able H-
olouring problems for 
ubi
 graphs (by virtue of Brooks' theorem),

we 
an ask whether all problems of this type, whi
h are not solvable by

Brooks' theorem te
hniques, are in fa
t NP -
omplete. As shown in Se
-

tion 3, several 
lasses of triangle free graphs H for whi
h the 
orresponding

H-
olouring problem for 3-bounded graphs is NP -
omplete exist. Perhaps

the simplest unsolved 
ase not 
overed by Theorem 3.2 is the Petersen graph;

we 
onje
ture that this is also an NP-
omplete 
ase. The results of this paper

suggest the following 
onje
ture:

Conje
ture Let H be a triangle free graph with 
hromati
 number 3. Then

the H-
olouring problem for 3-bounded graphs is NP -
omplete.
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