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Rolf Niedermeier and Peter Rossmanith

Abstract

The problem instance of Vertex Cover consists of an
undirected graph G = (V, E) and a positive integer k,
the question is whether there exists a subset C' C V of
vertices such that each edge in E has at least one of
its endpoints in C with |C| < k. We improve two re-
cent worst case upper bounds for Vertex Cover. First,
Balasubramanian et al. showed that Vertex Cover can
be solved in time O(kn + 1.32472%k?), where n is the
number of vertices in G. Afterwards, Downey et al. im-
proved this to O(kn + 1.31951%k?). Bringing the expo-
nential base significantly below 1.3, we present the new
upper bound O(kn + 1.29175%k?). We also show how
to modify the algorithm to get O(kn 4 1.29175%) as an
upper bound, a technique that is also applicable to the
two preceeding algorithms mentioned above.
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1 Introduction

In recent time, there has been increased interest and progress
in lowering the exponential running times of algorithms for fun-
damental NP-complete problems as, for example, Satisfiabil-
ity [18, 19, 28, 29], Maximum Satisfiability [20, 25], and Vertex
Cover [3, 12]. Even small improvements in the bases of the expo-
nential terms are of great interest (cf., e.g., Hirsch [18] for Satis-
fiability and Downey et al. [12] for Vertex Cover). For instance,
for the satisfiability of a propositional formula consisting of K
clauses, Hirsch [18] improved the upper bound of order (omitting
polynomial terms) 1.25993% of Monien and Speckenmeyer [22]
to 1.23883% . With respect to the length L of the input formula,
he improved Kullmann and Luckhardt’s [19] upper bound from
1.08006% to 1.07578%. Efficient exact algorithms with proven
performance bounds are of interest for theoretical and practical
reasons. They often build the heart of heuristic algorithms with
good average case performance [12, 24].

Vertex Cover is a problem of central importance in computer
science:

e It was among the first NP-complete problems [15].

e There have been numerous efforts to design efficient ap-
proximation algorithms [6], but it is also known to be hard
to approximate [2].

e It is of central importance in parameterized complexity
theory and has one of the most efficient fized parameter
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algorithms [11], which is also subject of [3, 12] and this
paper.

e It has important applications, e.g., in computational bio-
chemistry, where it is used to resolve conflicts between
sequences by excluding some of them from a sample and,
for this reason, the algorithm of Balasubramanian et al. [3]
has been implemented as part of the DARWIN project at
ETH Ziirich [12, 16]. In particular, exact algorithms are
important here.

An instance of Vertex Cover is an undirected graph G = (V, E)
and a positive integer k. The question is whether there exists
a vertex cover set C' C V with |C'| < k such that for all edges
(u,v) in E, it holds that uw € C' or v € C. Vertex Cover, some-
times called Node Cover, is NP-complete. A straightforward
greedy algorithm shows that Vertex Cover is approximable to
a ratio 1 (cf. [26]), that is, the greedy algorithm always finds
a vertex cover of size at most twice as large as as the optimal
one. The simple idea behind the greedy algorithm is to pick any
edge from the graph, put both endpoints in the vertex cover, and
delete these endpoints together with their incident edges from
the graph. Surprisingly, this is very close to the best known
bound, which gives a ratio 1 —loglog |V|/(2log|V|) approxima-
tion [4, 6, 23]. However, unless P = NP, Vertex Cover has no
polynomial time approximation scheme [2] and it is known to
be not approximable to a ratio 0.1666 [17].

Although Vertex Cover is hard to approximate, it has turned
out that it is “easy to parameterize”: Vertex Cover has seen
quite some history of progress with respect to fixed parameter
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algorithms (“fixed parameter” refers to k, see [11, 24] for de-
tails). One of the first results (of mainly theoretical interest)
showing its fixed parameter tractability was based on Robert-
son and Seymour’s theory of graph minors leading to an O(n?)
algorithm for constant £ and n = |V| [14]. Even a linear
time algorithm followed, because graphs with “bounded ver-
tex cover” have bounded treewidth [5]. However, more efficient
algorithms based on techniques as bounded search tree and re-
duction to problem kernel have been obtained, yielding running
time O(kn + 2¥k?) [10]. Using maximum matching as a sub-
routine, Papadimitriou and Yannakakis [27] showed that Vertex
Cover admits a polynomial time solution whenever the cover
size is O(logn). Surprisingly, in essence, all this already follows
from the elementary search tree method described in Mehlhorn’s
text book on graph algorithms [21, page 216], published before
all of the above-mentioned papers. Recently, Balasubramanian
et al. [3] came up with a greatly improved fixed parameter algo-
rithm for Vertex Cover, running in time O(kn + 1.324718%k2).
They employ an intricate, improved search tree algorithm. Very
recently, this result was slightly improved to O(kn+1.31951%k?)
by Downey et al. [12]. Note that according to the authors this
“tiny difference amounts to a 21% improvement in the running
time for £ = 60.”

In the following we prove a better upper bound of O(kn +
1.29175%k?), thus breaking the 1.3 barrier in the base of the
exponential term. Adopting the above example for £k = 60,
our new result means an improvement of 78% to the result of
Balasubramanian et al.

There is a strong relation between Vertex Cover and Inde-
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pendent Set. A graph has a vertex cover of size k iff it has an
independent set of size n — k. The fastest known algorithm to
compute maximum independent sets [31] takes O(1.211") steps
and can be used to solve our problem in O(kn + k?1.211"~*
steps. This is faster than our algorithm if £ is very big.

2 Preliminaries and basic notation

Let G = (V,E) be an undirected graph. A set C' C V is a
vertex cover of G if for every edge (i,j) € E either i € C or
j € C or both 7,5 € C. With other words, the vertices in C
cover all edges of G. A vertex cover is minimal or optimal if
it has minimum size, i.e., if there is no vertex cover that has
less vertices. Since () C C' C V holds for every vertex cover, a
minimal cover exists though it needs not to be unique.

By N(x) we denote the set of neighbors, i.e., adjacent ver-
tices, of a vertex x. For the ease of notation, we often write
{z,N(y)} instead of {x} UN(y) or N({z,y, }) instead of N(z)U
N(y) to denote sets of vertices. A graph is called r-regular if
every vertex has degree r; it is called regular if it is r-regular
for some r. A graph is connected if there is a path between
each pair of vertices. A component of a graph is a maximal con-
nected subgraph. Three vertices a, b, c are a bridge of a vertex
z if z,a,b,c form a cycle (a closed path). We say b is a bridge
verter of . A cycle of length 3 is a triangle.

Our algorithm works recursively. The number of recursions
is the number of nodes in the according tree. This number
is governed by homogeneous, linear recurrences with constant
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coefficients. It is well known how to solve them and the asymp-
totic solution is determined by the roots of the characteristic
polynomial. We use the same notation as Kullmann and Luck-
hardt [19]. If the algorithm solves a problem of size n and calls
itself recursively for problems of sizes n — dy,...,n — di, then
(d1,...,dg) is called the branching vector of this recursion. It
corresponds to the recurrence

bn = tn—dl + -t tn—dk- (]-)
The characteristic polynomial of this recurrence is
Zd — Zd_dl + . + Zd_dk, (2)

where d = max{dy,...,dx}. If ais a root of (2) with maximum
absolute value, then t,, is @™ up to a polynomial factor. We call
|a| the branching number that corresponds to the branching
vector (dy,...,d2). (In our case «a is always real, since 1/a is
the dominant singularity of the series »_¢,z". The dominant
singularity of a series with non-negative coefficients is always a
positive, real number.) Moreover, if « is a single root, then even
tn, = O(a™) and all branching numbers that will occur in this
paper are single roots.

In this paper, the size of the search tree is therefore O(a),
where £ is the parameter and « is the biggest branching num-
ber that will occur; it is about 1.291742754 and belongs to the
branching vector (3,5, 8,8) occuring in Section 5 (Case 5.2, see
Figure 1 for all occuring branching vectors and their branching
numbers).
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branching branching
vector number cases
(3,5,7) 1.263739 5.5.2
(3,3) 1.269921 4.3,4.4,5.1,5.2,5.3
(2,4) 1.272020 4.2
(3,7,7,7) 1.282433 5.5.1
(3,4,7) 1.288453 5.4
(4,4,5) 1.290649 6.1, 6.3
(4,5,8,8,9)  1.290649 6.2
(3,5,8,8) 1.291743 5.5.2

Figure 1: Branching vectors and their corresponding branch-
ing numbers. The third column contains all places, where the
branching vectors occur. The first digit is the section, followed

by the subcase.
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Finally, without going into details, let us briefly say a few
words about parameterized complexity theory [11]. Parame-
terized complexity, as mainly developed by Downey and Fel-
lows [1, 7, 8, 9, 10, 11], is one of the latest approaches to at-
tack problems that are NP—complete. The basic observation is
that for many hard problems the seemingly inherent “combi-
natorial explosion” can be restrained to a “small part” of the
input, the parameter. So, for instance, the Vertex Cover prob-
lem can be solved by an algorithm with running time O(kn +
1.32472%k?) [3], where the parameter k is a bound on the max-
imum size of the vertex cover set we are looking for and n is
the number of vertices in the given graph. The fundamental as-
sumption is £ < n. As can easily be seen, this yields an efficient,
practical algorithm for small values of k. A problem is called
fized parameter tractable if it can be solved in time f(k)n®() for
an arbitrary function f that depends only on k. Unfortunately,
this f(k) is usually not so small as in the case of Vertex Cover,
but grows much faster (e.g., f(k) = 11* for Planar Dominat-
ing Set [10] is still harmless), making the algorithm impractical
already for small values of k. This might be one of the main
deficiencies of parameterized complexity theory. As Downey et
al. [12] put it, “the extent to which FPT is really useful is un-
clear.” So far, there are only few examples of problems that are
fixed parameter tractable and possess algorithms of comparable
efficiency as that for Vertex Cover. To conclude, we mention
klam values, introduced by Downey and Fellows [11] to evaluate
the efficiency of fixed parameter algorithms: The klam value of
an algorithm A solving a problem L is defined to be the largest k
such that
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1. L can be solved by A in time f(k) +n°() and

2. f(k) < U, where U is some reasonable absolute bound on

the maximum number of steps of any computation, e.g.,
U = 1020,

For example, using U = 102°, the klam value for Vertex Cover
derived from [3] is about 129, improved to 131 by Downey et
al. [12]. With the help of our new algorithm, the klam value
reaches 141.

3 General outline of the algorithm

Our algorithm works, in essence, as all previous algorithms for
Vertex Cover. The main part is to build a bounded search tree:
To cover an edge, we have to put at least one of its two endpoints
into the (optimal) vertex cover set. Thus, starting with an ar-
bitrary edge, we can make a binary decision between its two
endpoints. In each subcase, we delete the corresponding vertex
chosen and its incident edges and repeat this until we have built
a search tree of size 2¥. Altogether, it is easy to see that this
leads to an algorithm running in time O(2%n) [10, 11, 24, 30],
where n denotes the number of vertices in the graph. All results
(including ours) to get more efficient algorithms are based on
efforts to make the search tree smaller. So, Balasubramanian
et al. [3] presented an algorithm with search tree size 1.32472F
and this was improved to 1.31951% by Downey et al. [12]. We
further improve this size to 1.29175%.
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Before giving an overview of our approach, we still have to
explain briefly a technique called reduction to problem kernel,
which is a kind of preprocessing. The main idea is that vertices
of degree > k must be part of a vertex cover, if its size is at
most k. Deleting all those edges leaves a graph, which can still
be very big. If, however, it is connected and bigger than 2k?
then there cannot exist a vertex cover of size k since there are
more than k? edges. Hence, after reduction to problem kernel
we can assume that the size of the graph is at most 2k?2.

In parameterized complexity theory the resulting algorithm
is known as Buss’ algorithm [11], but basically the same ap-
proach can be traced back to older ideas from VLSI-theory, e.g.,
Evans [13]. It is not difficult to see, using appropriate subalgo-
rithms, that Buss’ algorithm has running time O(kn+(2k?)*k?2).
Combining reduction to problem kernel with the search tree al-
gorithm described before, we get easily an O(kn + 2¥k?) algo-
rithm for Vertex Cover. All subsequent improvements concen-
trated on replacing the exponential term 2¥ by a smaller one.

The algorithm we describe is closer in spirit to the one of
Balasubramanian et al. [3] than to that of Downey et al [12].
The main difference between both approaches is that Downey
et al. employ a different reduction to problem kernel, which
not only works as preprocessing, but is also applied during the
search tree construction. They handle vertices of degree 1, 2,
3 and of degree greater than k by reduction to problem kernel,
so that the search tree takes care only of vertices with degree
between 4 and k (the difficult cases being vertices of degree 4
and 5). We refer to Downey et al. [12] for details. By way
of contrast, Balasubramanian et al. [3] and we use the “more
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classical approach” where the search tree deals also with vertices
of degree 2 and 3 and reduction to problem kernel is only applied
once as a preprocessing phase. In the rest of the paper, we
concentrate on the search tree size.

3.1 Overall structure of the new search tree
algorithm

The algorithms finds recursively an optimal vertex cover as fol-
lows. Given a graph GG, we choose several subgraphs Gy,...,Gg
and compute optimal vertex covers for all of them. From them
we can construct an optimal vertex cover for (G. For example,
let © be some vertex of G and let G; be the subgraph that
results from G by deleting x and all incident edges. A vertex
cover of (G1, together with z, is then a vertex cover of G. More-
over, if there is an optimal vertex cover for G that contains =z,
then we can construct an optimal vertex cover from an optimal
vertex cover of G;. Otherwise, if no optimal vertex cover of G
contains x, they must contain all neighbors of . Hence, let G,
be the graph that results from G by deleting all neighbors of x.
Again, we can construct an vertex cover of G by taking a ver-
tex cover of G, and adding all neighbors of z. If we start from
optimal vertex covers for G; and G», then one of the resulting
covers for G must be optimal, since either x or its neighbors
must be part of any vertex cover. We say we branch according
to x and N (z), where N(z) denotes the neighbors of z. In the
first branch, x will be part of the vertex cover and in the second
branch it will be N(z). The vertex cover constructed grows in
size with each step. Since its size cannot exceed k, the goal, the
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algorithm terminates.

In principle that is the way our algorithm works, but we
choose the subgraphs GG1,...,Gk in a more complicated way and
branch according to much more complicated sets. The rules
how to choose those branching sets are as follows, provided the
graph is connected:

1.

If there is a vertex x with degree 1, then branch according
to N(z) (and nothing else). There is no other branch, since
there is always an optimal vertex cover that contains N (x)
and does not contain z.

. If there is a vertex x with degree 6 or more, then branch

according to x and N(z).

. If there are no vertices with degree 1 or at least 6, but

there is a vertex with degree 2, then proceed as shown in
Section 4.

. If 1.-3. do not apply and if the graph is regular, then

choose some vertex x with maximum degree and branch
according to x and N(z). (This can happen at most three
times in each path of the search tree and increases its size
at most by a small constant factor.)

. If 1.-4. do not apply and if there is a vertex with degree 3

then proceed as shown in Section 5.

. Otherwise, there must be a vertex with degree 4 and all

other vertices have degrees between 4 and 5. Proceed as
shown in Section 6.
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If the graph is not connected, then the algorithm chooses
some component G’ and tests recursively if G’ has a vertex cover
of size k or less and, if it has, finds out the optimal size k&’ of a
vertex cover for G. Then it proceeds to test if G — G’, the other
components, have a vertex cover of size k — k’. In this way the
algorithm finds out whether the whole graph has a vertex cover
of size k.

3.2 A further improvement

Since the size of the search tree is O(1.291743%, each recursive
call can be processed in linear time, and the size of the graphs is
O(k?) (see Section 3), the total running time of the search tree
part of our algorithm is O(1.291743%k?). Since 1.291743%k? =
0(1.29175%) we could claim that the running time is indeed
0(1.29175%), which is technically correct, but constitutes a mis-
use of big-O-notation: It is based on k? = O(1.000005419%)
and there is a huge hidden constant.

There is, however, another way to get rid of the factor k?:
By reduction to problem kernel we can always get a graph whose
size is quadratic in the parameter. The parameter is k initially,
but gets smaller when we approach the leaves in the search tree.
Near the leaves the parameter is small and, hence, the graph to
be processed is small, too. Nearly all nodes are near the leaves
and we can therefore expect that the running time is the size of
the search tree times a small constant. To make this argument
rigorous we analyze the running time directly instead of the
size of the search tree. Then we no longer have a homogeneous
recurrence, but we get an inhomogenity of the form c-k2, where c
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is some constant. We have already seen that all solutions of the
homogeneous recurrence are bounded by O(a*). All solutions
of the inhomogeneous recurrence are the sums of all general
solutions of the homogeneous recurrence and one special solution
of the inhomogeneous recurrence. Since the inhomogenity is a
quadratic polynomial, there is usually a special solution that is
also a quadratic polynomial (for the branching vector (2,4), e.g.,
this solution would be —c(k? 4+ 12k +52)). The running time is
therefore O(k? + o*) for the search tree part of the algorithm if
we apply reduction to problem kernel before each recursive call.
The constants are not huge, as we expected from the informal
argument above. Note that we have to modify the algorithm
such that reduction to problem kernel is performed after each
recursive call rather than once in the beginning.

4 Degree-2-vertices

If the graph is 2-regular (and connected), all vertices constitute
a cycle and it is very easy to construct an optimal cover in
linear time. Otherwise let = be a vertex with degree 2 and a, b
its neighbors, where a has degree > 3. The algorithm chooses
the first of the following four cases that applies.

Case 1.

There is an edge between a and b or x has a bridge whose bridge
vector has degree 2. Then include {a,b} into the vertex cover,
which is optimal. No branching is necessary.
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Case 2.

Assume that |[N(a)UN(b)| > 4. Then branch according to {a,b}
and N (a) U N(b), whose branching vector is at least (2,4).

Case 3.

Assume that x has exactly one bridge. Then a’s degree must be
3 and b’s degree must be 2. Otherwise |N(a) UN(b)| > 4. Then
there is an optimal cover that does not contain both a and y,
the bridge vertex: If @ and y are part of an optimal vertex cover
then we can assume that x is also in the cover (but b is not).
Replacing a by N(a) produces another vertex cover that is not
bigger. Hence, we branch according to N(y) and N(a). The
branching vector is at least (3, 3).

Case 4.

Finally, let x have two bridges. Then the degrees of both a and
b must be 3 since otherwise |N(a) U N(b)| > 4. Let y and z be
the bridge vertices. We can branch according to y and N(y).
If y is in an optimal cover, including y and z, but not a or
b is optimal, since two further vertices are necessary anyways
to cover all incident edges of a and b. Hence, we can branch
according to N(y) and {z,y, z} with a branching vector at least
(3,3).

All possibilities are covered by these four cases. In particular,
if there are more than 2 bridges, Case 2 applies.
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5 Degree-3-vertices

In this section, the graph can contain vertices with degrees be-
tween 3 and 5. Particularly there must be at least one vertex
with degree 3.

For Cases 1, 2, 3, and 4 let x be such a vertex and let a, b,
and c be its neighbors. The first four cases distinguish on the
structure of the subgraph around z, in particular on the degree
of its neighbors and whether = has triangles or bridges. Case 5
is different, it rather assumes that no vertices exist in the whole
graph, for which one of the first four cases applies.

Case 1.

Assume that z is part of a triangle, e.g., let {z,a,b} be the
triangle (but there can be more triangles). Then we can branch
according to N(x) and N (c). If z is not part of the cover, N (z)
is. If x is part of the cover, then is a or b. If ¢ is also in the cover,
then two neighbors of = are and we can replace x by N (z). The
branching vector is at least (3, 3).

Case 2.

Assume that x has at least two bridges (separate ones or a dou-
ble bridge). Let y and z be the middle vertices on the bridges.
We can branch according to N(z) and {z,y,z}. If = is in the
cover then we can assume that y and z are in the cover, too:
Assume y is not in the cover. Then all neighbors of y must be
in the cover and among them are two neighbors of z. Hence,
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we could replace z by N(z), which is already considered in the
first branch. The branching vector is at least (3, 3).

Case 3.

Next, assume that = has exactly one bridge, let us say between
a and b. Call the center vertex on the bridge again y. Let
us further assume that a or b has degree 3, without loss of
generality a. Then we branch according to N(z) and N(a).
These two possibilities are sufficient: If x s in the cover and y
is not, then N(y) is. Hence two neighbors of x are in the cover
and we could replace = by N(z). So, we can assume that if z in
an optimal cover, y is in it, too. Then, however, we can assume
that a is not in the cover. The branching vector is at least (3, 3).

Case 4.

Now assume again that z has exactly one bridge as in the case
above, but both a and b have degrees of at least 4. Then we
can branch according to N(z), N(a), and {a,z, N(b),N(c)}.
The last branch contains besides x and a also all neighbors of b
and c. This is because we can assume that neither b nor c are
in the cover: If b or c¢ is in the cover x will have two neighbors
that are in the cover and can be replaced by N(x). Since we
can assume that x is not part of a triangle and there is exactly
one bridge, we get the branching vector (3,4,7).
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Case 5.

Finally, we can assume that there is no vertex with degree 3
that has a bridge or a triangle.

Case 5.1. Assume that there is a vertex z with degree 3 and
neighbors a, b, ¢, two of which have degree at least 4, say, a and b.
We pick either N(x) or {z, N(a), N(b)} or {z,a, N(b), N(c)} or
{z,b, N(a), N(c)}, using that, in order to get an optimal ver-
tex cover, at most one of the neighbors can be chosen together
with . This yields the branching vector (3,7,7,7).

Case 5.2. Otherwise, we can assume that each degree 3 vertex
has at most one neighbor with degree > 4. We assumed further
in this section that the graph is not regular and has at least one
vertex with degree 3. Since the graph is connected there must
be some vertex with degree 3 that has exactly one neighbor with
degree 4 or 5.

Case 5.2.1 Let us assume that there is no cycle of length 5
with the following two properties: (1) each vertex on the cycle
has degree 3 and (2) there is a vertex on the cycle that has a
neighbor with degree at least 4. We choose some vertex with
degree 3 that has a neighbor with degree 4 or 5. Call this vertex
a3 and the neighbor b3. The other two neighbor of ag must have
degree 3. From each vertex with degree 3 we can inductively
follow some path that consists solely of degree—3 vertices: Just
choose a neighbor with degree 3, but not that one you came
from. Start such a path from a3 and call the vertices as, a1, ag.
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Figure 2: No degree-3 cycle of length 5 (Case 5.2.1)

Start another path and call the vertices a4, as, ag. Each of the
a; has at least two neighbors with degree 3, i.e., a;—; and a;4;.
The third neighbor is called b; and might have degree 3, 4, or 5.

Figure 2 shows the resulting part of the graph. This picture
does not necessarily denote a subgraph of G: Firstly, all vertices
b; are shown with degree 4, but some of them might also have
degree 3 or 5. On the other hand, we know that all a; have
exactly degree 3. Secondly, not all vertices shown in picture
must be necessarily distinct. For example, we could have b; = a4
(then b; would have degree 3), since it does not violate any
assumptions we made for this subcase. The picture in Figure 2 is
therefore merely a sceletal structure leaving open many details.
The freedom of these details lays in variation of degree of the
b;’s and pairs of vertices being identical.

Our algorithm’s behavior must depend on these details, but
mostly we branch according to

1. {ag, bg, a4},
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2. {aflab27a’3ab47a5}7
3. {a1,b2, N(b3), N(bs),bs,a6}, and
4. {a'()ablaN(bZ)aN(b3)7b47a5}7

which can be found marked in Figure 3. The correctness is seen
as follows: The first branch handles the case that a3 is not in
the cover, the remaining branches that it is. The second branch
assumes that a9 and a4 are not in the cover. The third branch
assumes that as is not, but a4 is in the cover. We can then fur-
ther assume that bs is not in the cover, otherwise there is another
optimal cover that contains N(a3) instead of az. Moreover, we
can assume that also by and as are not part of the cover, since
otherwise we can replace a4 by N(ay4), which is then handled by
the second branch. Hence, the neighbors of b3, by, and a5 are
in the cover and we get altogether {a1, b, N(b3), N(bs),bs,as}.
The third and fourth branches are symmetric.

The resulting branching vector is (3,5,n1,n2). Clearly as,
bs, and a4 are pairwise distinct. Furthermore by # by, a; # by,
by # a5 (otherwise ag has a bridge) making also aq, bo, as, by, as
pairwise distinct and yielding the first two components of the
branching vector. (ai,...,as are pairwise distinct, since they
do not constitute a cycle.) We concentrate now on the third
branch, since the fourth one is quite similar to it and the same
reasoning applies.

In {a1,bs, N(b3), N(bs),bs,a6} we count 11 or 12 vertices,
but some of them might be identical. If we could prove that
the size of this set is always at least 8, we got the branching
vector (3,5,8,8), which is good enough. Unfortunately, this is
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Figure 3: Branching in Case 5.2.1
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not possible. We proceed as follows: First we find out under
what circumstances the size of the set can be smaller than 8.
It will turn out that there is only one pathological possibility.
Then we provide a different type of branching suited exactly for
this exception. If neither the third nor the symmetrical fourth
branch are pathological we get a branching vector of (3,5, 8, 8)
using the above branching scheme.

We distinguish two subcases according to the degree of b,.
But we start with an observation that is used in both sub-
cases. We claim that all vertices in {a1,b2,as,cs,ch,c4, a4},
highlighted in Figure 3, are pairwise distinct: The a;’s are
pairwise distinct as seen above, by # a4 (triangle on as) and
{es,c5,ch} N {ay,as,a4,b2} = 0 (triangle or bridge). Likewise,
all marked vertices outside the highlighted area are also pairwise
distinct. Hence, the number of marked vertices is at least seven
in total and the number is seven only if all marked vertices out-
side the highlighted area coincide with some vertex inside the
area.

Moreover, if the degree of b3 is bigger than 4, the shaded area
already contains 8 vertices. In the following, we can therefore
assume that b3 has at most degree 4.

A The degree of b, is at least 4.

In the following we write ¢} for any vertex in {¢;, ¢}, ¢/'}. At least
two of ¢} have to coincide with c3, otherwise not all ¢}’s can be
identical to vertices inside the shaded area (¢} = a; and ¢} = by
are not possible simultaneously, since ay would have a bridge).

If all ¢3’s coincide with all ¢3’s, then there is no possibility to
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match ag to a vertex inside the shaded area: Both ag = a1 and
ag = ba are impossible (cycle of length 5). Hence, there is no
possibility to match all vertices out- and inside the area.

If, however, only two of ¢ coincide with c3, then there is ex-
actly one possibility for ag to be matched: ag = c3. Then there
remains only the possibility b5 = b for b5, since b5 = a; leads
again to a length—5 cycle. In summary, c3 = ¢4, ¢k = ¢}y, ¢ = ag,
a1 = c4, by = b5 is the only possibility to match marked vertices
in- and outside the shaded area. If this case applies, there are
indeed only 7 marked vertices altogether, but it is the only possi-
bility. In this case, however, we might branch according to only
{a'27 b37 CI,4}, {afla b27 as, b47 0’5}7 and {afla b27 N(b3)7 N(b4)7 b57 0’6}7
i.e., leaving the last choice {ag, b1, N(b2), N (b3), by, a5} away. To
prove that this is legal, Figure 4 contains the subgraph with all
identities shown and the fourth branching set marked.

If the marked vertices, i.e., {ag, b1, N (b2), N(b3), by, a5}, are
indeed part of a minimum vertex cover, we can construct an-
other vertex cover by replacing vertices as indicated by the ar-
rows in Figure 4. The remainder of the graph and the cover is
not changed at all and the size of the cover remains also the
same. Hence, it is another minimum vertex cover. Particularly,
it contains {a,bs, N(b3), N(bs),b5,a6}. So we can branch ac-
cording to only the first three branches. This implies a branch-
ing vector of (3,5,7) in this case.

B The degree of b4 is 3.
There are three nodes c3, ¢4, and ¢3, but only two ¢4 and cj.
In contrast to above it is no longer possible that both ¢4 = c3
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Figure 4: This figure shows the fourth branch, that is,
{ao, b1, N(b2), N(b3),bs,a5}, when c3 = ¢4, c3 = ¢}, ¢35 = as,
a1 = c4, and by = bs. Vertices that are put into the ver-
tex cover in the fourth branch are encircled. By modifying
the cover as indicated by the arrows, we get another cover of
the same size. This new cover is handled by the third branch
{a1,b2, N(b3),N(bs),bs,a6}. We can therefore skip the fourth
branch.
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and ¢j = c¢j, since now by has degree 3 and therefore cannot
have a bridge. One of ¢; can be identical to one of c3, but the
other has to be identical to one of {a1, as, as,aq,b2}. The only
possibility is ¢; = b, since all other matchings would imply a
triangle, bridge on a4, or a forbidden cycle of length 5 (and, of
course, a4 # c; by definition). It remains to match b5 and ag. It
is easy to see that b5 = cj is the only possibility for bs. Finally,
there is no possibility to match ag: If ag = c3, there would be a
bridge on ag and b, is already occupied.

Case 5.2.2 Finally, we assume that there is a cycle of length
5 that consists of vertices with degree 3 and at least one of them
has a neighbor with degree at least 4. This cycle shall consist of
agp, - - -,a4 with neighbors bg, ..., bs outside the cycle, where b
is the neighbor with degree at least 4. Figure 5 shows the four
branches

1. {ay,b2,as},

2. {ag,b1,a2,b3,a4},

3. {ag,b1,N(b2), N(b3),bs}, and
4. {bo, N(b1), N(b3),b3,as}.

The first branch covers that as is not in the cover, all other
branches that as is in it. The remaining branches distinguish
whether a; or as are in the cover, or none of them. (We can
omit the possibility that both of them are, since then there is
an optimal cover that is handled by the first branch.) We can
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Figure 5: Branching in Case 5.2.2
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add N(ay4), i.e., by, to the third branch because two of three
neighbors of a4, i.e., ag and a2 have already been picked. Fur-
thermore, we can also add N (b2), because otherwise this branch
could be replaced by the first one. Finally, we can also add
N (b3), because otherwise this branch could be replaced by the
second one. The fourth branch is based on picking a; and N (as)
and is extended in a way similar to the third branch.

The shaded area contains at least 7 marked vertices that are
pairwise distinct and the marked vertices outside are pairwise
distinct, too. Again, if the degree of by is more than 4, then the
shaded area contains at least 8 distinct marked vertices and the
corresponding component of the branching vector is at least 8.
Hence, let the degree of by be 4 in the following.

The total number of marked, pairwise distinct vertices can
be 7 only if we can match all marked vertices outside the shaded
area to vertices inside the area. For b4 there is only one possibil-
ity: by = c5. Before matching the remaining c3, we distinguish
again two subcases.

A The degree of b3 is at least 4.
Then there are at least 3 vertices c5. Only two of them can be
matched to cj, since already ¢35 = bs. The remaining c3 has to
be matched to b;. So there is essentially only one possibility to
get 7 marked vertices: by = co, c3 = by, c§ = ch, ¢5 = c4. The
according drawing can be found in Figure 6 with the marking
of the fourth branch {by, N (b1), N(b2),bs,a4}.

If the marked vertices in Figure 6 form a minimum vertex
cover we can modify it by replacing vertices as indicated by the
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Figure 6: Changing the cover by replacing included vertices as
indicated by the shaded arcs also yields a minimum vertex cover.

arrows. The vertex cover remains minimum and all vertices of
the third branch are marked. Hence, if there is a minimum cover
in the fourth branch, there will be also a minimum cover in the
third branch and we can leave the fourth branch away resulting
in a branching vector of (3,5,7). (This rearrangement does not
necessarily work if the degree of b3 is more than 4, but as we
have shown above, we can exclude this possibility.)

B The degree of b3 is 3.

As we have already seen above, ¢5 = by is the only possibility to
match bs. It is now not possible to match both c3 to c5, since
this would result in a bridge on b3. So the only possibility is
cs = by, ¢ = b, by = co. We can now proceed exactly as in
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subcase A resulting in a branching vector of at least (3,5, 7).

6 Degree-4-vertices

In this section, we can assume that all vertices have either degree
4 or 5 and that there is at least one vertex with degree 4 and at
least one vertex with degree 5.

Case 1.

Assume that there is a vertex x of degree 4 that is part of a
triangle and has a neighbor y with degree 5. Let a and b be the
neighbors of z such that {a,b,z} is a triangle (a or b can but
need not coincide with y).

First, we assume that a,b # y. Let ¢ ¢ {a,b,y} be another
neighbor of z. We can branch according to N(z), N(y), and
{z,y, N(c)}: Either z’s neighbors or y’s neighbors are in a cover
or {,y}. In the latter case we can assume that c is not in the
cover: Assume the contrary. Then y and ¢ are in the cover, two
neighbors of x. One of a or b must be in the cover, too. So,
three neighbors of x are in the cover and we can replace x by the
remaining fourth neighbor. This yields another optimal cover,
which is taken into account by the first branch. The resulting
branching vector is at least (4,5,4).

Now let us assume that a = y. Then we can further assume
that the remaining two neighbors ¢ and d of z, i.e., not a or b,
are not connected by an edge. (Otherwise we can choose them
to play the role of a and b above.) Branch according to N(x),
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N(c), and {x, ¢, N(d)}, which is sufficient for the same reason as
above. The branching vector is again at least (4,4,5), because

c ¢ N(d).

Case 2.

We assume in this case that there is no vertex = with degree
4 that has the following properties simultaneously: (1) x has a
neighbor y with degree 5, (2) x has at least two bridges of whom
y is not part of (this might be independent bridges or a double
bridge). We can further assume that there are no triangles that
contain a vertex with degree 4 that has a neighbor with degree 5,
i.e., that Case 1 does not apply. Choose some vertex x with de-
gree 4 that has a neighbor a with degree 5 (such vertex exists,
otherwise the graph would be regular or not connected). Let b,
¢, d be the other neighbors of = (which can have degrees between
4 and 5). We can branch according to N(a), N(z), and {a,z},
but we split the last branch according to whether b and/or d
are part of the optimal vertex cover. Altogether, we branch ac-
cording to N(a), N(z), {z,a, N(b), N(d)}, {z,a,d, N(b), N(c)},
and {z,a,b, N(c), N(d)} (see Figure 7). We get the branching
vector (5,4,8,9,9) if  has no bridge that a is no part of. This
is easy to see: All vertices of the last three branches must be
distinct, otherwise there would be such a bridge or a triangle.
There might be one bridge that a is no part of. Without
loss of generality we can assume that this bridge goes over c
and d (b, ¢, d are symmetric and can be mutually exchanged
in the above branching scheme). Then all vertices in the third
and fourth branch must be still mutually distinct, but ¢ and
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Figure 7: All marked vertices in each of the five branches are
distinct if there are no bridges that do not involve a. If there is
such a bridge, we can assume it matches two marked vertices in
the last branch because of symmetry.

d now share another neighbor besides z and therefore two of
the marked vertices in the last branch coincide. This leaves a

branching vector of (5,4,8,9,8).

Case 3.

Now we assume that there is a vertex x that has exactly the
properties that were forbidden in Case 2: It has degree 4 and
two bridges. There is a neighbor y with degree 5 that is not part
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of either of the two bridges. There are two possibilities which
are depicted in Figure 8: Either z has two separate bridges or
a double bridge. The algorithm can branch according to N(y),
N(z), and {z,y}. In the last branch, if {z,y} is part of the
cover, then we can assume that the vertices on the bridge are
members of the cover, too. Otherwise, their neighbors would
be part of the cover and that implies that at least three of x’s
neighbors are in the vertex cover. Then, however, we can take
N(z) instead of x. That is, this cover is already handled by
the first branch. Altogether, this implies a branching vector
(5,4,4).

7 Conclusion

Improving previous work [3, 12], we presented the so far best
known algorithm for the parametrized Vertex Cover problem,
running in time O(kn + 1.29175%k?). Tt is conceivable that re-
fined complexity analysis could still slightly improve the expo-
nential base. Besides the theoretical interest, this result may
also be relevant for practical applications. So, for example,
the Vertex Cover algorithm of Balasubramanian et al. [3] has
been implemented for applications in computational biochem-
istry [12, 16], our algorithm now being a natural candidate to re-
place or complement it. Note that our as well as previous worst
case algorithms have the clear potential to perform much better
on average. Thus, they may also qualify as efficient heuristic
algorithms, maybe by adding some heuristic features.

As to future work, it remains open to provide a competi-



34 Rolf Niedermeier and Peter Rossmanith

® ‘ . ‘
48 -
N e
two bridges
1] A
& ?@ <

’ @ ¢ ] L

double bridge

Figure 8: How to treat two separate bridges or a double bridge—
the special case that was forbidden in Case 2: The branching
vector is at least (5,4,4).
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tive implementation of our algorithm and to compare its per-
formance with existing algorithms. Clearly, it is also an open
question whether the exponential term of now 1.29175* can be
further decreased. Observe that even seemingly minor improve-
ments of the base of the exponential term can mean decisive
progress in practical applications [12]. A significant hurdle in
improving our upper bounds seems to be the great number of
case distinctions. Perhaps, some kind of mechanized case anal-
ysis could help?
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