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Abstract

A subset A of the vertices of a graph G is an asteroidal set if for

each vertex a 2 A, the set A n fag is contained in one component of

G � N [a]. An asteroidal set of cardinality three is called asteroidal

triple and graphs without an asteroidal triple are called AT-free. The

maximum cardinality of an asteroidal set of G, denoted by an(G),

is said to be the asteroidal number of G. We present a scheme for

designing algorithms for triangulation problems on graphs. As a con-

sequence, we obtain algorithms to compute graph parameters such as

treewidth, minimum �ll-in and vertex ranking number. The running
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time of these algorithms is a polynomial (of degree asteroidal number

plus a small constant) in the number of vertices and the number of

minimal separators of the input graph.

1 Introduction

Graphs without an asteroidal triple are called asteroidal triple-free graphs

(short AT-free graphs) and attained much attention recently. M�ohring has

shown that every minimal triangulation of an AT-free graph is an interval

graph, which implies that for every AT-free graph the treewidth and the

pathwidth of the graph are equal [24]. Furthermore a collection of interesting

structural and algorithmic properties of AT-free graphs has been obtained by

Corneil, Olariu and Stewart, among them an existence theorem for so-called

dominating pairs in connected AT-free graphs and a linear time algorithm to

compute a dominating pair for connected AT-free graphs (see [10, 11]).

The class of graphs with bounded asteroidal number extends the class of

AT-free graphs, based on a natural way of generalizing the concept of aster-

oidal triples to so-called asteroidal sets, �rst given by Walter [27]. Walter,

Prisner and Lin et al. used asteroidal sets to characterize certain subclasses

of the class of chordal graphs [22, 25, 27].

In this paper we consider the NP-complete graph problems Treewidth,

Minimum fill-in andVertex ranking that all remain NP-complete when

restricted to AT-free graphs. In fact, each of the three problems remains NP-

complete on cobipartite graphs [2, 6, 28], that form a small subclass of the

class of AT-free graphs.

Treewidth has been studied in numerous recent papers, mainly since

many NP-complete graph problems become solvable in polynomial time or

even linear time when restricted to the class of graphs with bounded tree-

width [1, 4, 15]. Recall that for each constant k, there is a linear time algo-

rithm that determines whether a given graph has treewidth at most k [5, 15].

However, the constant factor of this algorithm is exponential in the treewidth

(of yes-instances), which limits its practicality.

The Minimum fill-in problem stems from the optimal performance of

Gaussian elimination on sparse matrices and has important applications in

this area. Both Treewidth andMinimum fill-in ask for a certain chordal

embedding of the given graph. This often allows the design of similar algo-

rithms for both problems, when graphs of some special class are considered.

The Vertex ranking problem received much attention lately because

of the growing number of applications. The problem of �nding an optimal

vertex ranking is equivalent to the problem of �nding a minimum-height
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elimination tree of a graph [12]. This measure is of importance for the parallel

Cholesky factorization of matrices [7, 23]. Other applications can be found

in VLSI-layout design [20].

Using an algorithm of [16] to list all minimal separators of a given graph

G in time O(n

5

r + m), where n is the number of vertices of G, m is the

number of edges of G, and r is the number of minimal separators of G, one

has designed algorithms with a running time bounded by a polynomial in

the number of vertices and the number of minimal separators of the input

graph, that compute the treewidth and the minimum �ll-in [18] as well as

the vertex ranking number [19] on AT-free graphs. Notice that the running

time of these algorithms is not bounded by a polynomial in the input length,

since AT-free graphs may have `exponentially' many minimal separators (see,

e.g., [19] for an example of this).

We generalize the method used in [18, 19]. To be more precise, we fo-

cus on certain sets of minimal separators called blocking sets. We show

that these blocking sets have at most an(G) elements, and that they decom-

pose the graph into a number of so-called blocks, which is bounded by a

polynomial of order an(G) in the number of minimal separators of G. We

consider graphs H obtained from a block of G by making the separators

of the blocking set complete, and establish a relation between the blocks

of H and the blocks of G. Together with some known recurrence relations

for the three aforementioned problems in terms of the minimal separators

S of G and the components of G � S, this enables us to give a scheme for

recursive algorithms. In this way, for each of the three problems, we ob-

tain an algorithm that solves the corresponding problem for all graphs G in

time O(n

5

r+m+ kr

k+1

(n+m)n logn), where k0an(G) and r is the number

of minimal separators of G. Moreover, the algorithms can be implemented

without knowing the asteroidal number or the number of minimal separators

of the input graphs in advance. In that case, the algorithms will generate the

correct answers, within the stated timebound. This is of importance, since

computing the asteroidal number in general is NP-complete [17].

Our results are related to an interesting open problem concerning Tree-

width and Minimum fill-in: Does there exist an algorithm to compute

the treewidth (resp. the minimum �ll-in) of any graph in time bounded by a

polynomial in the number of vertices and the number of minimal separators

of the given graph?
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2 Preliminaries

Throughout the paper, we use G = (V;E) to denote a graph with vertex set

V and edge set E, and we let jV j = n and jEj = m. For W � V , G[W ]

denotes the subgraph of G induced by the vertices ofW , G�W is shorthand

for G[V nW ]. For a vertex x 2 V , we write G� x instead of G� fxg. The

set of vertices adjacent to a vertex x 2 V is the neighborhood N(x) of x, and

N [x] = fxg [ N(x) is the closed neighborhood of x. We say that a sequence

P = (u

0

; u

1

; : : : ; u

l

) of pairwise distinct vertices of G is a u; v-path in G if

u = u

0

, v = u

l

, and fu

i�1

; u

i

g 2 E for i = 1; : : : ; l. For any set S whose

elements are sets itself we use

S

S to denote

S

S2S

S.

2.1 Preliminaries on asteroidal sets

De�nition 1. A subset A � V is called an asteroidal set of G if for each

a 2 A the vertices of A n fag are contained in one component of G � N [a].

The maximum cardinality of an asteroidal set of G is denoted by an(G), and

is called the asteroidal number of G.

By de�nition the vertices of an asteroidal set are pairwise nonadjacent.

Hence an(G) � �(G), where �(G) denotes the maximum cardinality of an

independent set in G. Furthermore for every positive integer k there exist

graphs with asteroidal number k, e.g. an(C

2k

) = k for k � 2, where C

n

is

the chordless cycle on n vertices. Notice that every subset of an asteroidal

set is itself asteroidal.

There are polynomial time algorithms to compute the asteroidal num-

ber for graphs in some special classes, like HHD-free graphs (including all

chordal graphs), claw-free graphs, circular-arc graphs and circular permu-

tation graphs. However the corresponding decision problem remains NP-

complete on triangle-free 3-connected 3-regular planar graphs [17].

An asteroidal set of cardinality three was called an asteroidal triple (short

AT) in [21], where it was shown that chordal graphs without AT are exactly

those that are interval graphs.

2.2 Preliminaries on triangulations

De�nition 2. A graph H is chordal (or triangulated) if it does not contain

a chordless cycle of length at least four as an induced subgraph.

De�nition 3. A triangulation of G is a graph H with the same vertex set

as G such that H is chordal and G is a subgraph of H. A triangulation H
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of G is called minimal if there is no proper subgraph H

0

of H which is also

a triangulation of G.

The following theorem was proved in [26]. Here H

.

� e denotes the graph

obtained from H by removing the edge e.

Theorem 4. Let H be a triangulation of a graph G. The graph H is a

minimal triangulation of G if and only if for every edge e 2 E(H) n E(G)

the graph H

.

� e is not chordal. Hence every edge e 2 E(H) n E(G) is the

unique chord in a cycle of length four in H.

The size of a maximum clique in G is denoted by !(G).

De�nition 5. The treewidth of G, denoted by tw(G), is the minimum of

!(H)� 1 taken over all triangulations H of G.

De�nition 6. Theminimum �ll-in ofG, denoted by m�(G), is the minimum

of jE(H) n Ej taken over all triangulations H of G.

De�nition 7. Let t be an integer. A (vertex) t-ranking of G is a coloring

c : V ! f1; : : : ; tg such that for every pair of vertices x and y with c(x) =

c(y) and for every path between x and y there is a vertex z on this path

with c(z) > c(x). The vertex ranking number of G, denoted by �

r

(G), is the

smallest value t for which the graph G admits a t-ranking.

2.3 Preliminaries on minimal separators

A proper subset S � V is a separator of G if G� S is disconnected.

De�nition 8. A vertex set S � V is an a; b-separator of G if the removal

of S separates a and b in distinct components of G� S. If no proper subset

of an a; b-separator S is an a; b-separator, then S is a minimal a; b-separator.

A vertex set S � V is a minimal separator of G if there exist nonadjacent

vertices a and b in G such that S is a minimal a; b-separator of G.

We de�ne Comp(G) = fX : ? 6= X � V and G[X] is a component of Gg.

By Sep(G) we denote the set of all minimal separators of G. The following

lemma enables the design of a linear time algorithm that decides whether a

given vertex set S is a minimal separator of a given graph G.

De�nition 9. Let S be a separator of G. A component C of G � S is full

(w.r.t. S) if every vertex of S has at least one neighbor in C.

Lemma 10. A set S of vertices of G is a minimal separator of G if and only

if G� S has at least two full components.
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Dirac established the following characterization of chordal graphs [13].

Theorem 11. G is a chordal graph if and only if every minimal separator

of G is a clique.

For any set S, we denote by S

[2]

the set of all subsets of S of cardinality

2.

De�nition 12. Let S be any set of vertex subsets of G. Then G

S

= (V;E[

S

S2S

S

[2]

) is the graph obtained fromG by adding exactly those edges, which

are not present in G and which are edges of a complete graph on some S 2 S.

Now we can state the following characterization of minimal triangulations.

Theorem 13. A graph H is a minimal triangulation of G if and only if

H = G

Sep(H)

.

Proof. Assume H is a minimal triangulation of G, and let S = Sep(H).

Then clearly G

S

is a subgraph of H since every minimal separator in H is

a clique. Let e = fa; bg be an edge of H which is not an edge of G. Since

H is a minimal triangulation, e is the unique chord of a 4-cycle (a; p; b; q)

in H (Lemma 4). But then a and b must be contained in every minimal

p; q-separator in H, which shows that e is also an edge in G

S

.

Now assume that H = G

S

. Then H is a triangulation of G since every

minimal separator is a clique by Lemma 11. Let e = fa; bg be an edge of

H which is not an edge of G. Since e is an edge in G

S

, e is contained in a

minimal separator S of H. Let H[C

1

] and H[C

2

] be two full components of

H � S (Lemma 10). Then we can construct two chordless a; b-paths in H,

with internal vertices in C

1

and C

2

respectively thus obtaining a chordless

cycle of length at least four in H

.

� e. Hence H

.

� e is not chordal.

Finally we mention two useful characteristics of minimal triangulations

(see e.g. [18]).

Lemma 14. If H is a minimal triangulation of G, then

1. If a and b are nonadjacent in H, then every minimal a; b-separator in

H is also a minimal a; b-separator in G.

2. If S is a minimal separator in H and if C is the vertex set of a com-

ponent of H � S, then C induces also a component in G� S.

6

The following theorem summarizes the main results of this section.

Theorem 35. For each of the problems Treewidth, Minimum fill-in

and Vertex ranking there is an algorithm to compute the corresponding

graph parameter for any input graph G in time O(n

5

r + m + kr

k+1

(n +

m)n logn), where r is the number of minimal separators of G and k = an(G).
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Proposition 33. Let (S; C) be a block of G and let R be a minimal separator

of G[C]. Then there is a minimal separator T of G(S; C) such that

Comp(G[C]� R) =

[

(T;D)2Dec(S;C;T )

Comp(G[D]):

Proof. Let R be a minimal a; b-separator of G[C]. Then R [

S

S is an a; b-

separator of H = G(S; C). We choose a minimal a; b-separator T of H with

T � R [

S

S. We claim R � T . We consider a vertex t 2 R n T . Then

G[C]� (Rnftg) contains a path P from a to b via t since R is a minimal a; b-

separator ofG[C]. But P is also a path from a to b inH�T , contradicting the

fact that T is a minimal a; b-separator of H. Hence a vertex t 2 RnT cannot

exist. This implies R � T , more precisely, T \ C = R and T n C �

S

S.

Now let G[B] be a component of G[C] � R. Then there is a component

H[D

0

] of H � T with B � D

0

since T nC �

S

S. Furthermore B � D

0

n

S

S

since B � C.

By Theorem 31 there is a block (T; D) of G in the set Dec(S; C; T ) with

G(T; D) = H(fTg; D

0

). (T; D) 2 Dec(S; C; T ) implies T � fTg [ S and

D \ (T [

S

S) = ?. This ensures B � D. It remains to show that G[B] is a

component of G[D].

Since G[B] is connected it is contained in a component of G[D]. We

consider an edge fb; dg of G with b 2 B and d 2 D. Note that N(B) n

B � R [

S

S. The vertex d cannot belong to R or

S

S since R � T and

D \ (T [

S

S) = ?. Hence d 2 B and G[B] is a component of G[D].

Finally letG[B] be a component ofG[D] for a block (T; D) 2 Dec(S; C; T ).

Then B � C n R since D � C n T . The graph G[B] is connected, hence B

is contained in one component of G[C] � R. We consider an edge fb; cg of

G with b 2 B and c 2 C n R. Note that N(B) n B �

S

T since G[B] is a

component of G[D]. The vertex c cannot belong to

S

T since T � fTg [S,

C \

S

S = ? and c 2 C n T . Hence c 2 B and G[B] is a component of

G[C]�R.

Recalling Lemma 26 and Theorems 17 and 31 we obtain the following

recurrence.

Corollary 34. For every block (S; C) of G we have

�

r

(G[C]) = min

T2Sep(G(S;C))

�

jT \ Cj+ max

(T;D)2Dec(S;C;T )

�

r

(G[D])

�

:

Clearly �

r

(G) = max

C2Comp(G)

�

r

(G[C]). This is evaluated by collect. If

G[C] is complete, then �

r

(G[C]) = jCj, as computed by complete; otherwise

initialize and update evaluate the above recurrence.

18

3 Recurrence relations and minimal separa-

tors

Some well-known graph parameters can be computed by applying recurrence

relations involving the set of all minimal separators of the graph under con-

sideration. The most prominent examples are the following.

First let us consider the treewidth of G. If G is not a complete graph, then

G contains a minimal separator S such that tw(G) = tw(G

fSg

). This leads

to the following theorem shown in [18]. Here and in the sequel, G(fSg; C) =

G

fSg

[S [ C].

Theorem 15. Let G be a graph which is not complete. Then

tw(G) = min

S2Sep(G)

max

C2Comp(G�S)

tw(G(fSg; C)):

Now we consider the minimum �ll-in of G. For all W � V we de�ne

�ll(W ) = jW

[2]

j � jE(G[W ])j to be the number of edges not in E that have

to be added to G[W ] for making W a clique. The following theorem is given

in [18].

Theorem 16. Let G be a graph which is not complete. Then

m�(G) = min

S2Sep(G)

�

�ll(S) +

X

C2Comp(G�S)

�

m�(G(fSg; C))� �ll(S)

�

�

:

Finally we consider the vertex ranking problem. Notice that �

r

(G) = n

for any complete graph G on n vertices. In the following we mention a special

case of a theorem, given in [12], which is su�cient for our purposes.

Theorem 17. Let G be a graph which is not complete. Then

�

r

(G) = min

S2Sep(G)

�

jSj+ max

C2Comp(G�S)

�

r

(G[C])

�

:

We have seen that for three well-known and well-studied NP-complete

graph problems one has established recurrence relations that are all of the

same type. It is natural that one has tried to design e�cient algorithms for

special graph classes exploiting these recurrence relations. Besides many e�-

cient algorithms on special graph classes for the three problems, one has ob-

tained algorithms for AT-free graphs, that are based on the abovementioned

recurrence relations, in [18] and [19]. A similar approach (using closed neigh-

borhoods instead of minimal separators) leads to polynomial time algorithms

7



for independent set, independent dominating set and independent

perfect dominating set [9].

Our major goal in the remainder of this paper is to generalize the approach for

AT-free graphs to obtain a general scheme for designing recursive algorithms

on all ggraphs, which is applicable as soon as there is a recurrence relation

for computing the graph parameter under consideration similar to those in

Theorems 15, 16 and 17.

4 Blocks

Blocking sets and blocks are central concepts for the recursive algorithms

and the corresponding decompositions.

De�nition 18. A set S of minimal separators of G is a blocking set if the

elements of S are incomparable with respect to set inclusion and for all

S 2 S the vertex set (

S

S) n S is contained in one component of G� S.

Note that in particular any singleton consisting of a minimal separator of G

is a blocking set.

De�nition 19. Let S be a blocking set of G with jSj � 2. Then a vertex

v 2 V n

S

S is said to be in the interior of S if, for every S 2 S, the vertex

v and the vertex set

S

S n S are contained in one component of G� S.

Lemma 20. For every blocking set S of G, jSj � an(G).

Proof. Any asteroidal set A of G with jAj � 3 is contained in one component

of G. Hence we may assume that G is connected and jSj � 2. For every

minimal separator S 2 S of G, we choose a vertex b(S) that belongs to

S

SnS, and a vertex a(S) in a full component of G�S that does not contain

the vertex set

S

S n S. Thus a(S) and b(S) belong to di�erent components

of G� S for every S 2 S. Moreover, a(S) 6= a(S

0

) for all distinct S; S

0

2 S.

We claim that A = fa(S) : S 2 Sg is an asteroidal set of G, thus proving

that jAj = jSj � an(G).

Let S 2 S. The vertices of the component of G� S containing b(S) are

in one component of G� N [a(S)], say G[C]. The set C contains the vertex

b(S) and it also contains the vertex a(S

0

) for all S

0

2 SnfSg since there is a

b(S); a(S

0

)-path inside G[C]. To see this, note that there is a path from b(S)

to a vertex s

0

2 S

0

n S inside the component of G � S containing

S

S n S.

Since the component of G�S

0

containing a(S

0

) is full, there is a path from s

0

to a(S

0

) with all internal vertices inside the component of G� S

0

containing

a(S

0

).

8

6.1 Treewidth and Minimum �ll-in

The problems Treewidth andMinimum fill-in are typical problems that

can be solved by the generic algorithm, since the recurrences in Theorems 15

and 16 indeed require to add edges such that the minimal separator becomes

a clique. This corresponds exactly to the execution of the generic algorithm.

First we consider the problem Treewidth. For every graph G we have

tw(G) = max

C2Comp(G)

tw(G[C]):

Since for all components G[C] of G we have G[C] = G(?; C) this is correctly

computed by our choice of collect. By Theorems 15 and 31, the generic

algorithm correctly computes the treewidth of the input graph. If G(S; C)

is complete, then tw(G(S; C)) = jC [

S

Sj � 1, as evaluated by complete;

otherwise

tw(G(S; C)) = min

T2Sep(G(S;C))

max

(T;D)2Dec(S;C;T )

tw(G(T; D)):

This is evaluated by initialize and update.

Now we consider the problem Minimum fill-in. It is easy to see that

m�(G) =

X

C2Comp(G)

m�(G[C]):

This is computed by collect. By Theorems 16 and 31, the generic algorithm

correctly computes the minimum �ll-in of the input graph. If G(S; C) is

complete, then m�(G(S; C)) = �ll(C [

S

S), as evaluated by complete;

otherwise

m�(G(S; C)) = min

T2Sep(G(S;C))

�

�ll(T ) +

X

(T;D)2Dec(S;C;T )

�

m�(G(T; D))� �ll(T )

�

�

;

which is correctly evaluated by the choice of initialize and update.

6.2 Vertex ranking

Our �rst goal in designing the generic algorithm was to be able to handle

minimal separators of blocks G(S; C) as they occur in Theorems 15 and

16. In contrast, in Theorem 17, minimal separators of components G[C]

are needed. Fortunately it turns out that the generic algorithm can also be

applied to some problems with recurrences on minimal separators as the one

for Vertex ranking.

For the correctness proof we need the following proposition.

17



treewidth minimum �ll-in ranking number

collect(c) maxfp; cg p + c maxfp; cg

complete jC [

S

Sj � 1 �ll(C [

S

S) jCj

initialize 0 �ll(T ) jT \ Cj

update(c) maxfq; cg q + c� �ll(T ) maxfq; c+ jT \ Cjg

start 0 0 0

once.

We consider the running time of our algorithm on an input graph G =

(V;E) with jV j = n, jEj = m, jSep(G)j = r and an(G) = k. First the

algorithm in [16] needs O(n

5

r +m) time to list all minimal separators of G.

For the following analysis, we assume that all macros can be evaluated in

constant time. (If this is not the case in a particular application, it should

be easy to achieve the corresponding time bound with a similar analysis.)

To determine the overall running time, we estimate the running time of

compute(S; C) for any block (S; C) of G without counting the running time

of those recursive calls compute(T; D) for which present(T; D) = false when

compute(T; D) is called. For any block (S; C) of G, access calls compute

at most once, namely when present(S; C) = false. In this case, for each

minimal separator T of G, compute needs O(n + m) time to test whether

T is a minimal separator of G(S; C) and, if so, to compute the blocks in

Dec(S; C; T ). For each of the at most n blocks (T; D) in Dec(S; C; T ),

access(T; D) is executed. If access is called for a block (T; D) of G, when

present(T; D) = true, then access does not call compute.

Procedure access looks up the value p(S; C) in the data structure X.

Using an implementation of the data structureX, similar to the one described

in [3], one look-up can be done in time

P

S2S

jSj �O(logn) = O(kn logn).

By Observation 22, the number of di�erent blocks of the input graph G

is at most (r + 1)n +

P

k
i=2

�

r

i

�

. Consequently, the total running time of the

algorithm is O(n

5

r +m+ kr

k+1

(n+m)n logn).

Theorem 32. On an input graph G = (V;E) with r minimal separators the

generic algorithm runs in time O(n

5

r + m + kr

k+1

(n + m)n logn) (under

some assumptions on the macros), where jV j = n, jEj = m, and an(G) = k.

The generic algorithm can be used to compute a graph parameter which

can be evaluated via a certain type of recurrence involving the minimal sep-

arators of the graph (see e.g. Section 3).
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Therefore for every S 2 S, the vertex set A n fa(S)g is contained in one

component of G�N [a(S)], which implies that A = fa(S) : S 2 Sg is indeed

an asteroidal set of G.

De�nition 21. A pair (S; C) is a block of G if S is a blocking set of G,

C � V and one of the following conditions is ful�lled.

� jSj � 2 and C is the set of all vertices in the interior of S.

� If S contains exactly one element S, then C is the vertex set of a

component of G� S or C = ?.

� S = ? and C is the vertex set of a component of G.

The de�nition and Lemma 20 immediately imply

Observation 22. The number of di�erent blocks of G is at most

(jSep(G)j+ 1) � jV j+

an(G)

X

k=2

�

jSep(G)j

k

�

:

(Notice that

�

n

k

�

= 0 if k and n are integers with 0 � n < k.)

The following de�nition is motivated by the recurrence relations in Section

3 and Theorems 11 and 13.

De�nition 23. The realization G(S; C) of a block (S; C) of G is the graph

G

S

[C [

S

S].

The de�nition implies that the realization of any block is a connected graph.

5 Decomposing blocks

We consider a block (S; C) of G, its realization H = G(S; C) and a minimal

separator T of H. Then for an arbitrary component H[D] of H�T , the pair

(fTg; D) is a block of H. Our major goal in this section is to prove that

any block (fTg; D) of H can be described as a block of G in the following

sense: For any block (fTg; D) of H = G(S; C), there is a block (T; D

0

) of

G such that the corresponding realizations are exactly the same graphs, i.e.,

G(T; D

0

) = H(fTg; D).

The consequence is that any algorithm, which recursively computes a

minimal separator T for the current graph H and then calls itself on the

realization of the block (fTg; D) for each component D of H � T until the

9



current graph is complete, will only work on realizations of blocks of the

input graph G. Together with Lemma 20 and Observation 22 this implies,

that each recursive algorithm of this type checks at most O(jSep(G)j

an(G)

)

realizations of blocks of the input graph G.

We start with a lemma that is essential for this section.

Lemma 24. Let (S; C) be a block of G and let x and z be distinct vertices

in C [

S

S. Then fx; zg is an edge of G(S; C) if and only if fx; zg 2 E

or there exists an integer l � 1 and a path (x; y

1

; y

2

; : : : ; y

l

; z) in G with

y

i

2 V n (C [

S

S) for i = 1; : : : ; l.

Proof. First let fx; zg be an edge of G(S; C) and suppose fx; zg 62 E. Then

there is a minimal separator S 2 S such that x; z 2 S. Since (S; C) is a

block of G there is a full component G[D] of G� S with D \ (C [

S

S) = ?

by Lemma 10. We choose vertices x

0

and z

0

in D such that fx; x

0

g; fz; z

0

g 2

E. Since G[D] is connected there exists a path (y

1

; y

2

; : : : ; y

l

) in G[D] with

y

1

= x

0

and y

l

= z

0

, l � 1. Consequently, (x; y

1

; y

2

; : : : ; y

l

; z) is a path in G

with y

i

2 V n (C [

S

S) for i = 1; : : : ; l.

Now suppose fx; zg 62 E. Let l � 1 be an integer and (x; y

1

; y

2

; : : : ; y

l

; z)

be a path in G with y

i

2 V n (C [

S

S) for i = 1; : : : ; l. Then there is a

minimal separator S 2 S such that x; z 2 S and fx; zg is an edge of the

realization G(S; C).

Now we consider a path (x

1

; x

2

; : : : ; x

l

) in the realization G(S; C) of a

block (S; C) of G. By Lemma 24 we are able to insert vertices from V n (C [

S

S) into the sequence (x

1

; x

2

; : : : ; x

l

) such that the resulting sequence is a

path in G. On the other hand, consider a x; z-path in G with x; z 2 C[

S

S.

Then by Lemma 24 we obtain a x; z-path in G(S; C) if we remove all vertices

outside C [

S

S from the sequence (x; : : : ; z). This observation proves the

next lemma.

Lemma 25. Let (S; C) be a block of G with realization H = G(S; C), let

T � C [

S

S, and let x and z be distinct vertices in (C [

S

S) n T . Then

x and z are in one component of H � T if and only if x and z are in one

component of G � T . Particularly, for every minimal separator S 2 S the

set S n T is contained in one component of G� T .

Proof. By Lemma 24.

Note that the last two lemmas are close to Lemma 14. Next we are

interested in minimal separators of realizations.

Lemma 26. Let (S; C) be a block of G and let a and b be nonadjacent ver-

tices in G(S; C). Then every minimal a; b-separator in G(S; C) is a minimal

a; b-separator in G.
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procedure main;

begin

list Sep(G);

p start;

for C 2 Comp(G) do p collect(access(?; C));

return(p)

end.

procedure access(S; C);

begin

if not present(S; C) then compute(S; C);

return(value(S; C))

end;

procedure compute(S; C);

begin

p complete;

if G(S; C) is not complete then

for T 2 Sep(G) do

if T is a minimal separator of G(S; C) then

begin

q  initialize;

for (T; D) 2 Dec(S; C; T ) do q  update(access(T; D));

p minfp; qg;

end;

store(S; C; p)

end;

� value(S; C) returns the value p of the (last) operation store(S; C; p),

if present(S; C) = true.

All three operations can be executed by iterated search for a vertex in the

universe V . A single search can be done in time O(logn) by standard tech-

niques. To �nd a whole block (S; C) we need jCj + j

S

Sj single searches

if jSj � 1 and

P

S2S

jSj single searches if jSj � 2. We refer to [3] for an

implementation of a related data structure that can easily be extended to

one satisfying our purposes. Notice that our algorithm calls value(S; C)

only if present(S; C) = true. Furthermore if store(S; C) is called, then

present(S; C) = false, i.e., for each block of G, store is called at most

15



Consequently, (fTg [ T; D

0

) is a block of G. Since H = G(S; C) every

set S 2 T is complete in H. This implies G(fTg [ T; D

0

) = H(fTg; D).

Let (S; C) be a block of G and let T be a minimal separator of H =

G(S; C) such that T n S 6= ? for all S 2 S. In this case let fH[D

i

] : i 2 Ig

be the set of components of H � T . Based on Proposition 30 we de�ne

Dec(S; C; T ) = f(fTg [ fS : S 2 S and S \D

i

6= ?g; C \D

i

) : i 2 Ig:

The following theorem summarizes Lemma 27 and Propositions 28, 29

and 30.

Theorem 31. Let (S; C) be a block of G and let T be a minimal separator

of H = G(S; C). Then we have a bijection between the blocks (T;D) corre-

sponding with the components of H�T and the blocks (T; D

0

) in Dec(S; C; T )

such that G(T; D

0

) = H(fTg; D).

6 Algorithms

The approach of the previous section enables two di�erent types of algo-

rithms. One type is a dynamic programming algorithm as used in [8, 12, 18,

19]. Typical for these algorithms is a step sorting the blocks by the number

of vertices in their realization. Then it is possible to compute a parameter

like the treewidth of the realization by evaluating the recurrence relation and

looking up the values for smaller realizations.

Here we use another type of algorithm sometimes called recursive algo-

rithm with memoization. First we describe the generic version. The input

is a graph G. In a preprocessing the algorithm computes Sep(G) using the

listing algorithm given in [16].

The procedure compute is the heart of the algorithm. It is recursive

via access. Both compute and main use the macros collect, complete,

initialize, update and start, which are speci�c to the algorithmic prob-

lem under consideration.

The algorithm uses a data structure X that can store any block (S; C) of

G with a value p(S; C), and retrieve these values. Suppose V = f1; 2; : : : ; ng.

Any block (S; C) is stored as a set C � V followed by a sequence of the

minimal separators S

1

; S

2

; : : : ; S

j

in S that are lexicographically ordered (as

subsets of V ). The data structure X supports the following operations:

� store(S; C; p) stores for the block (S; C) the value p,

� present(S; C) returns true, if an operation store(S; C; p) has been

performed before, for any value of p, and false otherwise, and

14

Proof. Let T be a minimal a; b-separator in H = G(S; C). Then by Lemma

25 the set T is an a; b-separator in G.

Let G[C

a

] and G[C

b

] be the components of G � T containing a and b,

and let H[D

a

] and H[D

b

] be the components of H � T containing a and b,

respectively. We apply Lemma 10. Every vertex of T has in H a neighbor

in D

a

and a neighbor in D

b

. By Lemma 24 every vertex of T has in G a

neighbor in C

a

and a neighbor in C

b

. Hence T is a minimal a; b-separator of

G.

The next lemma classi�es the minimal separators of realizations into three

types.

Lemma 27. Let (S; C) be a block of G and let T be a minimal separa-

tor of H = G(S; C). Then exactly one of the following three conditions

holds:

Type 1: there are distinct minimal separators S

1

; S

2

2 S with T � S

1

and

T � S

2

,

Type 2: there is exactly one minimal separator S

0

2 S such that T � S

0

,

Type 3: T n S 6= ? for all S 2 S.

Furthermore, in Types 1 and 2 the graph H�T has exactly two components.

Proof. First let S 2 S be a minimal separator with T � S. Then T 6= S

since S is a blocking set. The graph H[S n T ] is a component of H � T by

Lemma 25. Another component is induced by C [

S

S n S since (S; C) is a

block and again by Lemma 25. Consequently, there is no third component

of H � T if T is of type 1 or 2.

Proposition 28 (Type 1). Let (S; C) be a block of G and let T be a min-

imal separator of H = G(S; C) such that there exist at least two distinct

minimal separators in S containing T . Then C = ?, jSj = 2 and for each

S 2 S we have H(fTg; S n T ) = G(fSg;?).

minimal separators in S

the minimal separator T

components of G�

S

S with ver-

tices not in the interior of S

vertices in the interior of S

Figure 1: Type 1

11



Proof. Let S

1

; S

2

2 S be distinct minimal separators with T � S

1

\ S

2

. By

Lemma 27 the components of H �T are induced by S

i

nT and C [

S

S nS

i

,

both for i = 1 and for i = 2. Since S

1

n T 6= S

2

n T we have C = ?,

S = fS

1

; S

2

g and T = S

1

\ S

2

. Now the statement for the realization is

obvious.

Let (fS

1

; S

2

g;?) be a block of G. By Proposition 28 the unique minimal

separator T = S

1

\ S

2

of G(fS

1

; S

2

g;?) decomposes (fS

1

; S

2

g;?) into two

other blocks of G. We de�ne the decomposition of (fS

1

; S

2

g;?) by

Dec(fS

1

; S

2

g;?; T ) = f(fS

1

g;?); (fS

2

g;?)g:

Proposition 29 (Type 2). Let (S; C) be a block of G and let T be a mini-

mal separator of H = G(S; C) such that there is a unique minimal separator

S

0

2 S with T � S

0

. Let T = S n fS

0

g and D = C [

S

T. Then H[D] and

H[S

0

nT ] are the components of H�T . Furthermore (fTg[T; C) is a block

of G with G(fTg [ T; C) = H(fTg; D), and (fS

0

g;?) is a block of G with

G(fS

0

g;?) = H(fTg; S

0

n T ).

minimal separators in S

the minimal separator T

components of G�

S

S with ver-

tices not in the interior of S

vertices in the interior of S

Figure 2: Type 2

Proof. By Lemma 27 the graph H � T has exactly two components. These

are H[D] and H[S

0

n T ].

For every minimal separator S 2 T the vertices in C [

S

T n S are in one

component of G�S since S is a blocking set of G and C is the set of vertices

in the interior of S. Moreover, by Lemma 25 the set C [

S

T n T is in one

component of G � T . Hence fTg [ T is a blocking set of G and C is the

set of vertices in the interior of fTg [ T. Therefore (fTg [ T; C) is a block

of G. Since H = G(S; C) every set S 2 T is a clique in H. This implies

G(fTg [ T; C) = H(fTg; D).

Let (S; C) be a block of G and let T be a minimal separator of H = G(S; C)

such that there is a unique minimal separator S

0

2 S with T � S

0

. Based

on Proposition 29 we de�ne

Dec(S; C; T ) = f(fS

0

g;?); (fTg [S n fS

0

g; C)g:

12

Proposition 30 (Type 3). Let (S; C) be a block of G and let T be a min-

imal separator of H = G(S; C) such that T n S 6= ? for all S 2 S. Let

H[D] be a component of H � T . Let T = fS : S 2 S and S \D 6= ?g and

D

0

= D n

S

T. Then (fTg [ T; D

0

) is a block of G and G(fTg [ T; D

0

) =

H(fTg; D).

minimal separators in S

the minimal separator T

components of G�

S

S with ver-

tices not in the interior of S

vertices in the interior of S

Figure 3: Type 3

Proof. First we show that fTg[T is a blocking set of G. By Lemma 26, T is

a minimal separator of G, and every element of T is a minimal separator of

G. By the presumption of the proposition, the minimal separators in fTg[T

are pairwise incomparable. The set

S

T n T is in one component of G � T

by Lemma 25. For every S 2 T the set (T [

S

T) n S is in one component of

G� S since S is a blocking set of G and T n

S

S � C. Hence fTg [ T is a

blocking set of G.

If T = ? then D \

S

S = ? and G[D] is a component of G � T . Con-

sequently, D

0

= D and (fTg; D) = (fTg [ T; D

0

) is a block of G with

G(fTg [ T; D

0

) = H(fTg; D).

Otherwise T 6= ?. Then S 6= ? since T � S. Next we show that a

vertex v is in the interior of fTg [T if and only if v 2 D

0

. A vertex v in the

interior of fTg [ T belongs to the component of G � T containing

S

T n T .

Furthermore, for every S 2 T the vertex v belongs to the component of G�S

containing T n S. Consequently v 2 D

0

since v =2 T [

S

T.

Let v be a vertex in D

0

. First assume v 2 C. Then there exists a minimal

separator S 2 S such that v 2 S since D � (C [

S

S) n T . Then S 2 T

by the de�nition of T. But this implies v 2

S

T, contradicting v 2 D

0

.

Consequently, v 2 C. Now, for all S 2 T, there is one component G[B]

of G � S with C � B and

S

S n S � B. Then (T [

S

T) n S � B since

T � C [

S

S. This component G[B] of G � S contains the vertex v 2 D

0

since v 2 C. Furthermore, v 2 D

0

belongs to the component of G � T

containing

S

TnT by Lemma 25 and D

0

� D. This implies that every vertex

v 2 D

0

is in the interior of fTg [ T.
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