Homomorphism duality for rooted oriented paths
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Abstract. Let (H,r) be a fixed rooted digraph. The (H,r)—colouring
problem is the problem of deciding for which rooted digraphs (G, s) there
is a homomorphism f : G — H which maps the vertex s to the vertex
r. Let (H,r) be a rooted oriented path. In this case we characterize the
nonexistence of such a homomorphism by the existence of a rooted oriented
cycle (C, ¢), which is homomorphic to (G, s) but not homomorphic to (H, ).
Such a property of the digraph (H, r) is called rooted cycle duality or x—cycle
duality. This extends the analogical result for unrooted oriented paths given
in [6]. We also introduce the notion of comprimed tree duality. We show
that comprimed tree duality of a rooted digraph (H, ) implies a polynomial
algorithm for the (H,r) colouring problem.
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1. Introduction

We make use of standard concepts of graph theory. In addition we intro-
duce in this section a few more special notions related to digraphs (see [3]).
All the digraphs discussed in this paper are finite.

Let G be a digraph. We denote by V (G) its set of vertices and by E(G) its
set of edges. An oriented path P is a digraph given by its sequence of vertices
[v1, Va...v;,], such that, for each ¢ € {1,2...n — 1}, either (v;,v;11) € E(P) (a
forward edge of P), or (viy1,v;) € E(P) (a backward edge of P), and such
that P has no other edges. The vertex v; is called the initial vertex i(P) of
P, and wv, is called the terminal vertex t(P) of P. We denote by P! the
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oriented path [v,, v,_1..v1]. If Pi = [v1,v9..0,] and Py = [wy, wy...wy] are
oriented paths with disjoint vertex sets, the concatenation of P, and P is the
oriented path P obtained by identifying the terminal vertex of P; with the
inicial vertex of Py, i.e. P = [v1, v9...v, = Wy, wa...wy]. We write P = P+ Py,
if P is the concatenation of P, and P,. (Note that P, + P, and P, + P need
not be isomorphic.) The algebraic length al(P) of an oriented path P is the
number of forward edges minus the number of backward edges of P. The
net length nl(P) of P is the absolute value of al(P). An oriented path P is
minimal if it contains no proper subpath of net length nl(P). An arbitrary
subpath in a digraph G connecting two vertices u and v of G is denoted P, .
The distance between two vertices u, v in a digraph G is the minimum length
of P,, which is taken without respect to the orientation of the edges. It is
denoted by d¢(u,v).

An oriented cycle is a digraph obtained from an oriented path by identi-
fying its initial and terminal vertices. Algebraic and net lengths of oriented
cycles are defined analogously. A balanced cycle is an oriented cycle of net
length zero. A digraph is balanced if it contains no unbalanced cycle as its
subgraph. If G is balanced then for any two vertices u, v of G, all paths P,
have the same algebraic length. For a balanced digraph G we define its height
as the maximum net length of an oriented subpath of G. We denote it ht(G).
The level of a vertez v in a balanced digraph G is Ag(v) = max{al(P); P C G
and ¢(P) = v}. An oriented tree is a digraph which contains no oriented cy-
cles as its subgraph.

For digraphs G, H is a mapping f : V(G) — V(H) called a homomor-
phism from G to H if and only if f preserves edges, i.e. (f(u), f(v)) € E(H)
for all edges (u,v) € E(G). If such a homomorphism exists, we say G is
homomorphic to H and write G — H. Otherwise we write G 4 H. The
following is easy to see.

Observation 1.1. Let G and H be balanced digraphs, f : G — H be a
homomorphism. Then
(a) Ap(f(v)) = Ag(f(uw)) + al(P,,) for every two vertices u, v of G,
(b) ht(G) < ht(H),
(¢) if ht(G) = ht(H) then f preserves the levels of the vertices, i.e.
(

Ap(f(v)) = Ag(v) for every vertex v of G.

A rooted digraph (G, s) is a digraph G with a fixed vertex s called the



Then by theorem 4.6 there is a comprimed tree (7, p) such that (T, p) —
(G,s) and (T,p) 4 (H,r). This contradicts the assumption that (G, s) is
the counterexample for comprimed tree duality of (H,r). O
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root. We denote by (G, sy, $o...5;) a rooted digraph with k roots. If (G, s)
and (H,r) are rooted digraphs, then a rooted homomorphism from (G, s)
to (H,r) is a homomorphism from G to H which maps s to r. If such a
homomorphism exists, we say (G,s) is homomorphic to (H,r) and write
(G,s) — (H,r). Otherwise we write (G,s) # (H,r). The definition of
rooted homomorphism can be extended to the digraphs with more then one
root as follows: (G, sy, S2...8x) — (H,ry,ra...7g) if and only if there is a
homomorphism f: G — H with f(s;) =r; for all i € {1,2...k}.

Let G and H be digraphs. A labeling of G with respect to H is a mapping
l of V(G) to the family of subsets of V(H). Such a labeling [ is consistent
with an edge e = (z,y) € E(G) if for any p € [(z) there is a ¢ € I(y)
such that (p,q) € E(H), and for any ¢ € I(y) there is a p € I(z) such that
(p,q) € E(H). We say that [ is a consistent labeling of G with respect to
H if [ is consistent with all edges of G. The size of a labeling | of G with
respect to H is the number [I| = 3 ,cy () [1(v)]-

The following theorems about oriented paths motivated this paper.

Theorem 1.2.([6]) Let P be an oriented path and G be a digraph. Then
G 4 P if and ouly if there is an oriented path W such that W — G and
W A P.

Theorem 1.3.([3]) Let P be a fixed oriented path. The decision problem
in which the instance is a digraph G and the question is whether or not
G — P can be solved in polynomial time.

Theorem 1.2 declares that oriented paths have so called path duality. It
is a particular case of homomorphism duality. Theorem 1.3 is proved in [3]
by means of an elegant algorithm called consistency check.

In this paper we consider the analogous questions for rooted homomor-
phisms. In particular we discuss the validity of various modifications of the
homomorphism duality for rooted oriented paths. The following concepts ex-
tend the notions for unrooted digraphs ( defined in [4] ) to rooted digraphs.
Let (H,r) be a fixed rooted digraph. The (H,r) colouring problem is the
following decision problem :

Instance : A rooted digraph (G, s).
Question : Is there any rooted homomorphism from (G, s) to (H,r)?



The rooted digraph (H,r) has * path duality ( * cycle or * tree du-
ality respectively), if the following property holds for all rooted digraphs
(G,s) : (G,s) # (H.r) if and only if there exists a rooted oriented path
(a rooted oriented cycle or tree respectively) (P,t) such that (P,t) — (G, s)
and (P,t) 4 (H,r). Thus (H,r) has not x path duality ( * cycle or x tree
duality respectively) if and only if there is a rooted digraph (G, s) such that
(G,s) /4 (H,r) and for any rooted oriented path (cycle or tree respectively)
(P,t) holds that (P,t) — (G, s) implies (P,t) — (H,r). Such an oriented
graph (P,t) we call counterezample for x—path duality ( s—cycle or *—tree
duality respectively) of a digraph (H,r).

We will show that the theorem analogous to 1.2 does not hold for rooted
paths, i.e. there are rooted oriented paths without x—path duality. In the
third section of this paper we will show that rooted oriented paths have x—
cycle duality. We will take advantage of it to generalize the algorithm given in
[3] ( consistency check ) to rooted homomorphisms. We also characterize the
class of all rooted digraphs for which this algorithm finds a correct solution.
These are exactly the rooted digraphs with comprimed tree duality.

This paper is based on my diploma thesis at Charles University [9].

2. x—tree duality

We will prove that the theorem analogical to the theorem 1.2 does not
hold for rooted oriented path. Moreover we prove that rooted oriented paths
need not have x—tree duality.

Theorem 2.1. There is a rooted oriented path (P, r) and a digraph (G, s)
such that (G, s) # (P,r) and each rooted oriented tree (T,¢) homomorphic
to (G, s) is homomorphic to (P, r).

Proof. Consider the digraph (G, s) depicted in Figure 2.1, where the
paths P, P,, Ry a R, have the following properties :

(1) Py, P2, Ry a Ry are minimal oriented paths of algebraic length n

(2) P,/ Pjforany i, j € {1,2}, 1 #j

(3) L= R;, P,/ Rjforany i, j € {1,2}, 1 # j

(4) R; / P; for any i, j € {1,2}.

We claim that (G, s) is the counterexample for x—tree duality of the path
(P,r) depicted in Figure 2.2. Without loss of generality assume that n > 0.
The denoted vertices of the digraph (G, s) and of the path (P,r) satisfy :
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homomorphic to (H,r,z). Hence (T*,p,t) /4 (H,r,z). This contradicts the
existence of the homomorphism h. Thus = € l(u) and (z, w) = (h(t), h(t*)) €
E(H). This is a contradiction with the assumption that w was removed from
l(v) in this situation in the course of (x CC). O

Lemma 4.6. Let (G,s), (H,r) be digraphs. Let [ be the labeling of
(G, s) with respect to (H,r) obtained in the end of the algorithm (x—CC).
Let I(s) = (0. Then there is a comprimed tree (T, p) with (T, p) — (G, s) and

(T,p) # (H,r).

Proof. Suppose the vertex r was removed from [(s) by checking an edge
(s,v). The other case (the vertex r was removed from I(s) by checking an
edge (s,v)) is similar. Let [* be the labeling in the respective step. Then
(r,w) ¢ E(H) for all w € I*(v). According to lemma 4.5 there is a comprimed
tree (To, pw) and a vertex t,, € V(1)) such that (T, py. t,) = (G, s,v) and
(T, Pws tw) 7 (H,r,w), for all vertices w ¢ [*(v). We know that t,, # p,, for
all w & 1*(v) because s # v.

Construct the rooted digraph (7, p, t) as follows: first, identify all vertices
pw for w € V(H), w ¢ 1*(v), and call the new vertex p; next, identify all
vertices t,, for w € V(H), w ¢ I*(v), and call the new vertex ¢; in the end
add the edge (p,t) if it is not there yet. Digraph (T, p,t) clearly satisfies
(T,p,t) = (G, s,v), (T,p,t) 4 (H,r,w) for all w € V(H). Tt is easy to see
that (7, p) is a comprimed tree with (1',p) — (G, s) and (1',p) 4 (H,r). O

Corollary 4.7. Let (H,r) be a rooted digraph. Then the following
statements are equivalent :

(1) (H,r) has comprimed tree duality

(2) for every rooted digraph (G, s) is true that (x-CC') for (G, s) with
respect to (H,r) answers YES if and only if (G, s) — (H,r).

Proof. The implication (1) = (2) was proved as a part of theorem 4.4. It
remains to show (2) = (1). Let (H,r) be a digraph without comprimed tree
duality, for contradiction. Then there is a counterexample which guarantees
this property, i.e. there is a digraph (G, s) such that (G, s) 4 (H,r) and for
every comprimed tree (T, p) with (7,p) — (G, s), we have (T,p) — (H,r).
Suppose that the algorithm (+-CC') for (G, s) with respect to (H,r) answers
NO. Let [ be the labeling of (G,s) with respect to (H,r) obtained by the
algorithm (x—CC). Then I(s) = 0.
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for every vertex u € V(T') such that (u,t) € E(T) and every ¢ € I(h(u)),
we have (¢,r) € E(H). From it follows that f(u), f(t)) € E(H). Now it is
clear that f is a homomorphism from (7, ¢) to (H,r). O

Lemma 4.5. Let (G,s), (H,r) be digraphs. Let [ be the labeling of
(G, s) with respect to (H,r) obtained in any step of the algorithm (x-CC).
Let I(s) # () in this step. Let v € V(G), w € V(H) such that v # s and
w ¢ [(v). Then there is a comprimed tree (7,p) and a vertex ¢ € V(1') such
that (T,p,t) — (G, s,v) and (T,p,t) 4 (H,r,w).

Proof. Suppose to the contrary that there are v € V(G) and w € V(H)
with v # s, w ¢ [(v), such that for every comprimed tree (T,p) and every
vertex t € V(T) satisfying (T, p,t) — (G, s,v), we have (T,p,t) — (H,r,w).
The vertex w was removed from [(v) in the j—th step of the algorithm (x—
CC). We choose the vertices v a w so that the assumptions are satisfied and
Jj is minimal. Suppose in the j—th step an edge (u,v) € E(G) was checked.
The other case (in the j—th step an edge (v,u) € E(G) was checked) is
similar. We have to consider two different cases.

First if w = s. Then (s,v) € E(G). Neccesarily (r,w) ¢ E(H), because
w was removed from [(v) in this step. Let (7,p,t) be a tree with only two
vertices, namely p, t. and with the only edge (p,t). Then (T, p,t) — (G, s,v)
and (T,p,t) 4 (H,r,w). It is a contradiction with the choice of v, w.

Now we will consider the case u # s. If w was removed from /(v), then
there is not a vertex x € l(u) with (z,w) € E(H). According to the assump-
tion for every vertex y, y ¢ [(u) there is a comprimed tree (Ty7 py) and a vertex
t, € V(T) such that (T3, py,t,) = (G, s,u) and (T,.py.t,) /4 (H,r,y). For
otherwise we would have chosen u, y instead of v, w. In addition if u # s,
then p, # t, for every y & {(u).

Construct a digraph (T, p) by identifying all vertices t, for y ¢ I(u) and
calling the new vertex ¢ and by identifying all vertices p, for y ¢ [(u) and
calling the new vertex p. Construct a digraph (7, p) by adding a new vertex
t* and a new edge (t,t*) to the digraph (7, p). The set {p,;y € V(H) and
y & l(u)} is independent in T and T*. From it follows that (7,p) and
(T*,p) are comprimed trees. We have (T* p,t*) — (G, s,v). According to
the assumption there is a homomorphism h : (T*,p,t*) — (H,r,w). Let
x = h(t). If z ¢ l(u), then there is a comprimed tree (T,,p,) and a vertex
t, € V(1) with (1, ps,t,) which is a subgraph of (7, p, t) and which is not
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(1) Ag(s) = Ag(Ig) =0 and AP( ) ( ) AP(ZQ) =0.
(i) Ag(e1) = Ag(wa) = n a Ap(t) = Ap(ts) = Ap(y1) = Ap(y2) = n.
(iii) no other vertex of the digraph (G, s) or of the path (P,r) has level 0
or n.
Moreover ht(G) = ht(P) = n.

We have to show that : (a) (G,s) & (P,r)
(b) each rooted oriented tree (71',¢) homomorphic to (G, s) is homomorphic
o (P,r).

Suppose to the contrary that (a) fails. Let h: (G,s) — (P,r) be a rooted
homomorphism. The digraphs (G, s) and (P,r) are balanced. Thus by the
observation 1.1. h preserves the levels of the vertices. Thus Ap(h(z3)) = 0.
We must have h(z3) = r, h(z3) = 21 or h(z3) = 2z9. Let us discuss these
three posibilities:

Since R; /4 P; for any i, j € {1,2}, then h(zs) # r. If h(zs) = 2,
then h(z2) = y; because Ry 4 R;. Necessarily h(s) = z;. This contradicts
the assumption that h is a rooted homomorphism (G, s) — (P,r). The case
h(x3) = 25 is similar. Thus (a) holds.

In order to prove (b) it suffices to consider rooted oriented trees whose root
is a leaf. In the other case we can decompose a tree (7, t) into the branches
with root ¢ as a leaf. If we find the homomorphism fg : (B,t) — (P,r) for
every branch (B, t) we can construct a new homomorphism f : (7,t) — (P, )
according to the rule f(v) = fg(v) for every v € V(B). The only vertex
included in more then one branch is a root ¢t and every fp maps t to r. It is
easy to see that f is a homomorphism from (7',t) to (P,r).

Thus let (T',t) be a rooted oriented tree with root as a leaf, let h : (T',t) —
(G, s) be a rooted homomorphism. We will construct a homomorphism f :
(T,t) — (P,r). Let us mention that there is only one path P,, for every two
vertices u, v of the tree T. First we define the sets A, A;, As, By, By of
vertices of 1" in the following way (see figure 2.3).

A = {v € V(T); each vertex w, w # v, which lies on P, satisfies h(w) ¢
{z1,72}}

A ={v e A h(v) =a;} fori=1,2,

B; = {v € V(T); there is a vertex w € A;, w # v, which lies on P,,} for
i=1,2.



Denote by Z;, Z5 the paths marked with bold line in Figure 2.2. Let
g; be a homomorphism from G to Z;, i € {1,2}. The fact that such a
homomorphism exists follows from the properties of paths Py, P, Ry, Rs.
Certainly g;(z;) = t;, gi(z;) = v and g;(x3) = gi(s) = 2; for i, j € {1,2},
i # j. Let id be an identical homomorphism which maps P, + P, * taken as
a subgraph of G onto the copy of this path in P. We have id(z;) = ¢; for
i€ {1,2} and id(s) =

Define a mapping f : V(T') — V(P) by

f(v) = id(h(v)) for any v € A, f(v) = gi(h(v)) for any v € B;, i =1, 2.

Now we show that the mapping f is a homomorphism (7, t) — (P, 7). It
suffices to prove :

(1) there is exactly one value of f(v) for any vertex v € V(T')

(2) (f(u), f(v)) € E(P) for every edge (u,v) € E(T)

(3) ft)=r.

It is clear that A;, Ay C A, but the sets A, By, By are disjoint. Thus (1)
holds. Suppose (u,v) € E(T). It is clear that (f(u), f(v)) € E(P) if u, v are
elements of the same set among A, By, By. If u € A and v € B; for some
i € {1,2}, then u € A; by the definition of the sets A, Ay, Ay, By, By. Thus
h(u) = z;.

We have (f(u), f(v)) = (id(h(u)),g:(h(v))) = (id(z),9:(h(v))) =
(o) = (), () = (or(h(u). :(h(0))). Since g0 b is 2
homomorphism from 7' to P we obtain (g;(h(u)), gi(h(v))) € E(P). The
case u € B; for some i € {1,2} and v € A is similar. The case u € By,
v € By can not happen according to the definition of A, By, Bs. This proves
(2).

It remains to show (3). The path Py in 7' contains only one vertex,
namely 7. Hence t € A. According to the definition of f we must have

£(t) = id(h(t)) = id(s) = r. O

Remark. x—tree duality is a weaker property than x—path duality. Hence
if a path (P,7) does not have % tree duality then it does not have % path
duality either.

3. x—cycle duality

if and only if for every comprimed tree (7T',¢) which satisfies (T,t) — (G, s),
we have (T,t) — (H,r).

Theorem 4.4. Suppose that a digraph (H,r) has comprimed tree dual-
ity. Then the following statements are equivalent :

(1) (G,s) = (H,r)

(2) the algorithm (x—CC') for (G, s) with respect to (H,r) will answer
YES

(3) for every comprimed tree (7', t) which satisfies (T, t) — (G, s), we have
(T,t) = (H,r).

Proof. Obviously (3) = (1). We will first prove that (1) = (2). Let
h : (G,s) — (H,r) be a homomorphism. Let [ be the labeling of (G, s)
with respect to (H,r) arising in the course of the algorithm (x—CC). After
the first step of (+~CC') we have h(v) € l(v) for every v € V(G). Namely
h(s) =r € l(s). For every edge (u,v) € E(G) we have (h(u), h(v)) € E(P).
That is why a vertex h(v) can not be removed from [(v) in the course of the
algorithm (+-CC) for every vertex v € V(G). Thus I(v) # 0 for every vertex
v € V(G) in the end of the algorithm and (x C'C) will answer YES.

It remains to prove that (2) = (3). Let ! be the labeling of (G, s) with
respect to (H,r) obtained in the end of the algorithm (*~CC). We have
l(v) # 0 for every vertex v € V(G) because (x+ CC) answers YES. Let
(T,t) be a comprimed tree such that (7,t) — (G,s). We shall call h this
homomorphism.

We will construct a homomorphism f : (7,¢) — (H,r). The case V(T') =
{t} is trivial. We will suppose that V(T) — {t} # 0. Let us choose v €
V(T) — {t} and p € I(h(v)). Put f(v) = p. Choose a neighbour u of v in
T, u # t. The mapping h is a homomorphism, then we have (h(u), h(v)) €
E(G), (h(v),h(u)) € E(G) respectively. The labeling [ is consistent, thus
there is an element ¢ € I(h(u)) such that (p,q) € E(H), (¢,p) € E(H)
respectively. Put f(u) = ¢. We can proceed in such a way to the neighbours
of the discussing vertices which are different of ¢ and define the mapping f
on these neighbours. Since the subgraph T” of T induced by the vertex set
V(T") = V(T') — {t} is a tree, the mapping f is a homomorphism from 7" to
H. Put f(t) = r. For every vertex w € V(T) such that (¢, w) € E(T) and
every ¢ € [(h(w)), we have (r,q) € E(H). It is guaranteed by the fact that
l(s) = {r} and that [ is consistent. Thus (f(t), f(w)) € E(H). Similarly
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Input data : A digraph (G, s)
Question : Is there a homomorphism (G,s) — (H,r) 7

1. Put I(s) = {r} and {(v) = V(H) for all v € V(G), v # s. Put L = |l|.

2. For i = 1 to m check if labeling [ is consistent with the edge e¢; =
(u,v) € E(G). If not, then :

(a) remove from I(v) those ¢ for which there is no p € I(u) with (p, q) €
E(H).

(b) remove from I(u) those p for which there is no ¢ € I(v) with (p, ¢) €
E(H).
3. If |I| < L, then put L = |I| and return to step 2, else continue to step
4.

4. 1t I(s) # 0 then answer YES, else answer NO.

Remarks. If the size of [ does not decrease in step 2, then [ is consistent
with all edges. In the end of the algorithm is [ a maximal (with respect to
coordinate-wise inclusion) consistent labeling of G with respect to H which
satisfies [(s) C {r}. It is clear that {(s) # 0 if and only if [(v) # 0 for all
v € V(G), because the digraph G is connected.

Let n = |V(G)], k = |E(G)|. It is easy to see that the running time of
(* CC) is O(n- k) in the worst case. However (x C'C) need not solve the
(H, r)—coloring problem for all the digraphs (H,r). We will give a condition
for a digraph (H,r) which is necessary and sufficient for correctness of (x—

cao).

Definition 4.2. Let S be an oriented tree and let M be a subset of V()
which is independent, i.e. if z € M and (z,y) € E(S) or (y,z) € E(S) than
y & M. A comprimed tree (determinated by S and M) is the digraph (G, m)
with V(G) = (V(S) = M) U{m}, m ¢ V(S), B(G) = {(z,y); (v,y) € E(5)
and z, y ¢ M} U{(m,y); there is z € M such that (z,y) € E(S)}U{(z,m);
there is y € M such that (z,y) € F(S)}.

Remark. In the other words a comprimed tree is the homomorphism
image of an oriented tree in the case that the homomorphism maps a subset
of vertices to a root and on the other vertices is 1 — 1.

Definition 4.3. We say that a rooted digraph (H,r) has comprimed tree
duality if the following property holds for all digraphs (G, s) : (G,s) — (H,7)
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We proved in section 2 that there are rooted oriented paths without *
tree duality. This is as far as we can go. We will prove that every rooted
oriented path has x—cycle duality.

Theorem 3.1. Suppose (G, s) is a rooted digraph and (P, r) is a rooted
oriented path. Then (G, s) — (P,r) if and only if for every rooted oriented
cycle (C, q) such that (C,q) — (G, s), we have (C,q) — (P,r).

Proof. The proof is based on the proof of theorem 1.2 given in [6]. Let
(P,r) be a rooted oriented path and (G, s) be an arbitrary rooted digraph. If
(G,s) = (P,r) and (C, q) is a rooted oriented cycle such that (C,¢) — (G, s),
then of course (C,q) — (P,r) by composition. Thus the first implication
holds. To verify the other implication is more difficult.

Let (P,r) be a rooted oriented path. Without loss of generality we may
suppose that [1,2...n] are the vertices of P (1 is the initial and n is the
terminal vertex of P). We consider the root r as the respective integer. Let
(G, s) be an arbitrary rooted digraph such that for every rooted oriented cycle
(C,t) the existence of homomorphism (C,q) — (G, s) implies the existence
of homomorphism (C,q) — (P,r). We will construct a homomorphism f :
(G.s) = (P,r).

Denote W the set of all rooted oriented paths (W, z) with i(W) = z and
such that (W, z) — (G, s). For (W,z) € W we set

T(W,z) = {v € V(G); there is a homomorphism ¢ : (W, z) — (G, s) such that
g(t(W)) =v} and
(W, z) = max{h(t(W));h: (W,z) = (P,r)}.

We will show that & : W — V(P) is well defined. Let (W,z) € W.
Consider two copies of (W,z) and identify their initial vertices (i.e. the
roots) and their terminal vertices. Denote ¢ the vertex arising from the two
identified roots. The resulting cycle (C,q) satisfies (C,q) — (G,s). Thus
(C,q) — (P,r) according to the premise. Obviously then (W,2) — (P,r).
Thus ®(W, z) is defined for every path (W, z) € W.

Finally define a mapping f : V(G) — V(P) by
f(v) = min{®(W, 2); (W, 2) € Wand v € T(W, z)}.



It is easy to see that the mapping f is well defined. It remains to show
that f is a homomorphism from (G,s) to (P,r). We shall proceed in the
following steps:

(1) If (u,v) € E(G), then |dg(u,s) — dg(v, s)| = 1.

(2) If u € V(G), then |f(u) — r| and dg(u, s) have the same parity.

(3) If (u,v) € E(G), then f(u) # f(v).

(4) If (u, v) € E(G), then (f(u), f(v)) € E(P).

(5) f(s) =

(1) If (u,v) € E(G), then |dg(u, s) —dg(v, s)| <1 according to the defini-
tion of the distance dg(u, v). It suffices to prove that |dg(u, s) —dg(v, s)| # 0.

Assume to the contrary that (u,v) € E(GQ) and dg(u, s) = dg(v, s). Let
P,,, P,; have the minimum length, i.e. their length is dg(u,s). Denote P*
the path P, + P, and denote ¢ the terminal vertex of P,, in P*. Add
the edge (u,v) to P*. A resulting digraph (C,¢) is an odd cycle such that
(C,q) = (G, s). Certainly (C,q) # (P,r), which is a contradiction.

(2) Suppose u € V(G) and (W,z) € W such that ®(W,z) = f(u),
W = [z = wy,wq...wy,]. Necessarily u € T(W,z). Let g : (W,2) — (G, s)
be a homomorphism satisfying g(w,,) = u. Let i € {1,2...m — 1}. Then
(9(wi), g(wit1)) € E(G) or (g(wit1), 9(wi)) € E(G). We have |dg(g(w), s) —
dg(g(wiz1),s)| = 1 according to (1). Thus dg(g(w;),s) and dg(g(wit1), s)
have the opposite parity. Since dg(g(w:),s) = da(g(2),s) = da(s,s) = 0,
i.e. dg(g(w),s) is even, we have for all i € {1,2..m} : dg(g(w;), s) is even
if and only if 7 is odd. Specially dg(u, s) is even if and only if m is odd.

Let h: (W,z) — (P,r) be a homomorphism satisfying h(w,) = ®(W, z).
Let ¢ € {1,2..m — 1}. Then |h(w;) — h(wi1)] = 1 and |dg(h(w;),r) —
dg(h(wiy1),7)] = 1. From it follows that dg(h(w;),r) and dg(h(wiy1),7)
have the opposite parity. Since dg(h(w),7) = de(h(z),7) = dg(r,7) =0, we
have for all i € {1,2..m} : dg(h(w;),r) is even if and only if i is odd.

Specially dg(h(wn),r) = dg(f(u),r) = |f(u) — r| is even if and only if m
is odd. We know that m is odd if and only if d(u, s) is even. That is what
we wanted to prove.

(3) Suppose (u,v) € E(G). Then |dg(u,s) — dg(v,s)] = 1 according to
(1). Therefore d¢(u, s) and dg(v, s) have the opposite parity. Then |f(u) —r|
and |f(v) — r| have the opposite parity according to (2). Thus f(u) # f(v).

(4) Suppose that (u,v) € E(G). By (3) we have f(u) # f(v). We can
assume that f(u) < f(v), as the other case is similar. Find (W, z,) € W such
that ®(W,, z,) = f(u). Denote W,, = [z, = wy, w...wy,]. Define a new path
(VVvazv) by V(VVU) = ‘/(VVu) U {wm+1}a E(Wu) = E(Wu) u {(w7nawm+1)}7
with z, as its initial vertex. Then (W,,z,) € W and v € T(W,, z,). Thus
®(W,, z,) > f(v) according to the definition of f.

Let h : (W,,2,) — (P,7) be a homomorphism such that h(w,,.1) =
O (W,, z,). Since h restricted to (Wy, z,) is a homomorphism from (W, z,)

o (P,r), we have h(wy,) < ®(Wy, 2,). Since (Wp, Wpi1) € E(W,) and h is
a homomorphism, then (A(wm), H(wms1)) € E(P). Therefore h(wp) — 1 <
hwms1) < h(wy) + 1 and h(wy,) # b(wmi1). We get h(wy,) < @(Wy, 2,) =
fu) < f(v) < ®(Wy,2) = Mwmy1) < h(wy) + 1. Hence h(wy) = f(u),
Mwmi1) = f(v). Since (h(wp), h(wmi1)) € E(P), then (f(u), f(v)) € E(P).

(5) Every path (W,z) € W such that s € T(W, z) can be transformed
to a cycle (C,q) by identifying the initial and the terminal vertex of W
and calling this new vertex ¢. Then (C,q) — (G,s). According to the
premise there is a homomorphism ¢ : (C,q) — (P,r). Then a mapping
g (W,z) = (P,r) defined by ¢'(w) = g(w) for any w € V(W), w # z,
w# W), ¢'(z) = ¢'(t(W)) = r, is a homomorphism. Therefore ®(W, z) > r
for every path (W, z) € W such that s € T(W, z). We have f(s) >r

It remains to show that f(s) < r. Let (W, z) be the path consisting of a
single vertex z. Thus (W,z) € W, s € T(W, z) and ®(W, z) = r. We have
f(s) < r according to the definition of f. O

4. Algorithm for the (H,r)-colouring problem

We describe a polynomial algorithm which is a rooted digraph modifi-
cation of a procedure given in [3] (called consistency check). We call our
algorithm s—consistency check and use an abbreviation (x—CC') for it. We
discuss only the connected rooted digraphs in this section. For the compo-
nents of connectivity which do not contain the root can be used the procedure
described for unrooted digraphs in [3]. Let (H,r) be a fixed rooted digraph.
Let {e1,ea,...e;m} be an enumeration of its edges.

Algorithm 4.1. (x—consistency check)



