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Abstract

In this paper we study the question of existence of a basis consisting
only of cycles for the lattice Z (M) generated by the cycles of a binary
matroid M. We show that, if M has no Fano dual minor, then any
set of fundamental circuits can be completed to a cycle basis of Z(M);
moreover, for any one-element extension M’ of such matroid M, any
cycle basis for Z(M) can be completed to a cycle basis for Z(M’).

1 Introduction

Let M = (E,C) be a binary matroid on a (finite) set E with cycle space
C; that is, C is a family of subsets of E which is closed under taking sym-
metric differences, whose members are called the cycles of M. The minimal
nonempty cycles are called circuits; then every nonempty cycle is a disjoint
union of circuits. In this paper we consider the lattice' Z(M) generated by
the cycles (or circuits) of M; that is,

Z(M):={>_ Aex® | A\c €ZVC € C}.
ceC

!The set Z(M) is clearly a lattice; that is, a discrete subgroup of RE .



The lattice Z(M) is called the cycle lattice of M. More specifically, we are
interested in the conjecture proposed by Hochstattler and Loebl [7] whether
every cycle lattice admits a basis consisting only of cycles (then called a cycle
basis). This problem has been considered by Gallucio and Loebl ([4],[5])
who showed that it has a positive answer for graphic matroids and, more
generally, binary matroids with no F7 minor. This conjecture is, in fact,
a special case of a more general problem posed by Deza, Grishukhin and
Laurent ([2],[3]) in the setting of Delaunay polytopes; see Corollary 1.3
below for details.

The proof of Gallucio and Loebl [5] in the case of binary matroids with
no F7 minor relies on Seymour’s decomposition results for these matroids
([12]). We give here in Section 2 a short elementary proof for their result.
Moreover, we show that a cycle basis can be obtained from any fundamental
set of circuits (basis over GF(2)) by adding some circuits that are the binary
sum of two fundamental circuits. We then consider in Section 3 one-element
extensions of matroids with no F minor. We show that their cycle lattice
also admits a cycle basis consisting of circuits which can be obtained by
extending a cycle basis of the cycle lattice of the original matroid. Hence in
both cases we construct a cycle basis consisting of circuits.

Note that a matroid M without an F7 minor has the lattice of circuits
property; that is, its cycle lattice contains all even integer vectors (assuming
M is cosimple). It remains an open problem to determine whether the cycle
lattice of any binary matroid with the lattice of circuits property has a cycle
basis.

In what follows, we introduce some further definitions and preliminaries
that are needed in the paper. Our notation and terminology are fairly
standard and can be found, e.g., in the textbooks by Oxley [11] or Welsh
[14].

Definitions. Let M = (E,C) be a binary matroid. Setting
C*:={DCE:|DNC|€2ZVC €},

then M* := (E,C*) is also a binary matroid, called the dual of M; the
members of C* are also called the cocycles of M. The minimal nonempty
cocycles are called the cocircuits of M. Every nonempty cycle is a disjoint
union of circuits. A set I C E is independent in M if it contains no circuit;
the maximum cardinality of an independent set is the rank of M.

Let 7" be a maximal independent set in M. For e € E\ T, we let C,
denote the fundamental circuit of e with respect to T' (that is, Ce is the
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circuits property while F7 does not have it. To see that Sg has the lattice
of circuits property, one can note that Sg is, in fact, a graft matroid and
use Corollary 3.4. Indeed, Sg is the graft matroid of the graph from Figure
1 taking T := {1,2,3,4} (and labeling the edges 15,25,35,45,12,13,14 as

e1,...,er, respectively, and the additional element ¢ as eg). Therefore, Sg
admits a cycle basis by Theorem 3.1. (Alternatively, one can note that the
set T' := {e1,e9,e3,e4} is a maximal independent set in Sg and that the

pairwise intersections of fundamental circuits are the sets {e;} and {e;,e;}
for ¢ = 2,3,4. This argument shows that Sg has the lattice of circuits
property and that a cycle basis for Z(Ss) can be constructed by applying
the technique from Section 2.)

1 5

Figure 1: The matroid Sy is a graft
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unique circuit such that e € C, C T'U {e}); then (C. | e € E\T) is called
the fundamental set of circuits of T'.

An element e € E is a coloop of M if {e} is a cocircuit and two elements
e, f € E are said to be coparallel if {e, f} is a cocircuit. A coparallel class P
is a maximal subset of £ whose elements are pairwise coparallel; it is said
to be trivial if |P| = 1 and nontrivial otherwise. The matroid M is said to
be cosimple if every cocircuit has cardinality > 3.

The cycle space of a binary matroid M on E can be realized as the set of
solutions = € {0,1}¥ of a linear equation of the form: Mz = 0 (modulo 2),
where M is a binary matrix whose columns are indexed by E; such matrix
M is called a representation matriz of M.

The Fano matroid Fr is the matroid on E := {1,...,7} represented by
the matrix:

6
0
1

—_ =

2
0
(1.1) 1

oo R R~
— o o W
— O = ot
— = = =g

0 0 1

and the Fano dual matroid is the dual F7 of F;. For r > 2, the projective
space Py is the binary matroid represented by the r x (2" — 1) matrix whose
columns are all nonzero 0, 1-vectors of length r; hence, P, has rank r and
P3 = Fr.

Let M = (E,C) be a binary matroid and let e € E. Setting

C\e:={CeClegCl, Cle:=1{C\{e}|CecC}

then M\e:= (£ {e},C\e) and M/e := (E\ {e},C/e) are binary matroids
obtained from M by, respectively, deleting and contracting e. A minor of
M is any binary matroid N that can be obtained from M by a sequence of
deletions and/or contractions.

For a set A C E, we let x** denote its incidence vector with x2' := 1 if
e€ Aand x4 :=0ife € E\ A. Moreover, for a finite subset X C R¥, we
set: Z(X) :=={>,cx Aax | \s € ZVz € X}.

Preliminary Results. Let M = (E,C) be a binary matroid. Then, the
following holds obviously for all z € Z(M) :

(1) Z z, is even for all cocircuits D € C*,
eeD

(ii) z. =0 if e is a coloop of M and



(iii) zy = x4 if f and g are coparallel in M.

Following Goddyn [6], we say that M has the lattice of circuits property®
if the above necessary conditions (i)-(iii) are already sufficient for ensuring
membership of any z € Z¥ in Z(M). As can be easily verified, M has the
lattice of circuits property if and only if 2x” € Z(M) for every coparallel
class P of M or, equivalently (for M cosimple), if the dual lattice* (Z(M))*
is contained in 1ZF. Note that F¥ does not have the lattice of circuits
property (since Z(F3) C 4Z7).

The dimension of the cycle lattice Z(M) is denoted by dim M and is
given by

dim M = |E|- N — > (|P| - 1),

P coparallel class

where N denotes the number of coloops of M. Clearly, for the purpose of
studying the cycle lattice Z (M), we may restrict ourselves to the case when
M is cosimple; then Z(M) is full-dimensional.

An early result of Cunningham [1] asserts that, if M has no F¥ minor
then, for every element e, there exist two circuits C, C' such that C N C' =
{e} if and only if every cocircuit containing e has cardinality > 3. This
implies that every binary matroid with no F7 minor has the lattice of circuits
property. Lovész and Seress ([9],[10]) study the lattice of circuits property
in detail. In particular, they characterize the binary matroids having the
lattice of circuits property and they show that, if M is cosimple with no
P}, minor, then 2" "1ZF C Z(M), i.e, (Z(M))* C 52ZE.

Let P C R¥ be a full-dimensional polytope with set of vertices Vp ad-
mitting the origin as a vertex. Then, P is said to be a Delaunay polytope
if it satisfies the following conditions: (i) the set L := Z(Vp) is a lattice;
(ii) P is inscribed on a sphere S with, say, center ¢ and radius r (that is,
|| z—c||=r for all z € Vp); and (iii) ||  —c ||> r for all z € L, with equality
if and only if 2 € Vp. (Here, || 2 || denotes the Euclidean norm of = € R¥.)
Deza, Grishukhin and Laurent ([2],[3]) posed the following question:

2This terminology reflects the analogy with the sums of circuits property considered
by Seymour [13], a binary matroid having the latter property if the cone generated by its
cycles is completely described by some ‘obvious necessary’ linear conditions.

3Lovész and Seress [9] call a binary matroid M Eulerian if its dual M* has the lattice
of circuits property.

AThe dual L* of a lattice L C R* consists of the vectors # € R¥ such that 2%y € Z for
ally € L.

a one-element extension of M. Then, My, does not have the lattice of cir-
cuits property if and only if there exist elements f1,..., fx, fify--o, f,j ek
(k > 3) such that the set {fi,...,frx} is a cocircuit of M while the sets
{fi, £} (i =1,...,k) are odd cocircuits of M.

PROOF. Suppose first that such cocircuits exist. We show that My, does
not have the lattice of circuits property by constructing a vector z € QFult)
with denominator 4 and such that z(C) € Z for every cycle C of Mx. For
this, set z(f;) = z(f;") = 1 (i = 1,...,k) and z(¢) = 0,3,%, 1 if k is con-
gruent to 0,1,2,3 modulo 4, respectively. The converse implication follows
from the proof of Theorem 3.1. |

We conclude this section with an observation on the limits of local con-
structions. It has been observed in [7] that, given a cycle basis of the cycle
lattice of a contraction minor M /e of a binary matroid M, it is in general
not possible to extend it to a cycle basis of the cycle lattice of M. We now
give an example showing that the same holds if we are given a cycle basis
of a deletion minor M\e of M.

Lemma 3.5. Let M be a cosimple binary matroid on E and let e € E.
Assume that M has the lattice of circuits property and that M\e does not
have the lattice of circuits property. Then any cycle basis for Z(M) must
have at least two cycles containing e. Therefore, if M\e is cosimple, then
no cycle basis of Z(M) ezists that contains a cycle basis of Z(M\e).

PROOF. By the assumption, there exists a coparallel class P in M\e such
that 2x* € Z(M) \ Z(M\e). This implies that any cycle basis of Z(M)

must contain at least two cycles containing the element e. 1

As an example of a matroid satisfying the conditions of Lemma 3.5,

consider the matroid Sg on the set {e1, ..., es} represented by the following
matrix:

€1 €2 €3 €4 €5 €6 €7 €8

1 0 0o 0o 1 1 1 1

o 1 0 0 1 0 o0 1

o 0 1 0 0 1 o0 1

o 0 0 1 0 o0 1 1

Then, Sg\e; ~ F7, both F and Sg are cosimple, and Sg has the lattice of
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NOW, 2XC'0(ZU{1}) — XZU{t} +XC_XC'A(ZU{t}) c Z(B), QXC'HCZ — XC+XCi _
XCAC € 7(B), and 2xCNCAEU) = € 4 yCAEL{t]) _ y CACAEUI) ¢
Z(B). This implies that 4xCNCNEUD € 7(B), ie., 4%} € Z(B) and,
thus, 4x19} € Z(B). From the identity:

95 (CACIN(EU{I}) _ 9, CN(SU{1)) CAC;: CACIA(SU{L})

=x —y C’A(Eu{t})’

-x“+x
we obtain that 2X{hz'+} — 2X{9i+} € Z(B) and, therefore, that 4X{hi+}, 4xthit €
Z(B). Now, 4x1" e Z(B) follows immediately. So we have shown that
47294 C 7(B).

We finally verify that B spans every augmented join B U {¢} containing
f. Note that xPU{ € Z(B) if and only if 2x“"(BUD) ¢ 7Z(B) because
B 4 € — CABUIY) = 94 CN(BUY | To conclude, we use the identity:

2 CN(BU{L}) — 9, CN((BU{L)ASU(L)) _ 9, CN(SU{H}) | 4, CO(ZUENN(BU{L))
— (DAB _(CASAB _ (S0t} 4\ CA(ZULL)) | 4, COEU{LHN(BU{L))

Let us consider separately the case when N3 = §) and 2x” € Z(By U B')
for each coparallel class P of V.. From

X(ZU{L})AC + XZU{L} _ XC —9 (BU{tH\C

X
we have that 2x1 € Z(By U B') and, also, 2y} € Z(By U B') and
2"} e Z(By U B).

Finally, in order to finish the proof of Theorem 3.1 it remains to adjust
B so that it contains circuits only. By assumption, By¢ C B consists of
circuits. Each augmented join B € B\ By which is not a circuit of My is
a disjoint union of one augmented join B which is a circuit, and a cycle of
M. Replacing each B by B in B\ B yields the desired basis of circuits.
This concludes the proof of Theorem 3.1. |

Remark 3.3. The assertion from Theorem 3.1 that 4x”“{} C Z(My) if
M is cosimple with no F minor also follows from the result of Lovasz and
Seress [10] which states that 4Z7 C Z(N/) for any binary matroid A" with no
P; minor. Indeed, one can verify that My, does not contain P; as a minor
if M has no F7 minor.

Corollary 3.4. Let M be a matroid on E with no F;7 minor and let Mx be
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Given a Delaunay polytope P, is it always possible to find a basis
of the lattice L = Z(Vp) consisting only of vertices of P ?

No example of a Delaunay polytope is known for which this question has
a negative answer. On the other hand, a basis consisting only of vertices
has been constructed for several concrete instances of Delaunay polytopes
in [2]. Observe that the question addressed in this paper of existence of
a cycle basis for any cycle lattice arises as a special instance of the above
problem. Indeed, as we show below, the polytope conv(C) which is defined
as the convex hull of the incidence vectors of the cycles of M, is a Delaunay
polytope in the lattice Z(M).

Lemma 1.2. Let X be a finite full-dimensional subset of {0,1}* and set
Y :=Z(X)N{0,1}*. Then, the polytope conv(Y) is a Delaunay polytope.

PROOF. The polytope P := conv(Y) is full-dimensional in R¥ since X is
full-dimensional. Assertion (i) holds obviously since Y consists of integer
vectors. Let S denote the sphere in RF with center ¢ := (3,...,3) and ra-
dius r := %\/E Then all points of Y lie on the sphere S, i.e., (ii) holds.
We have that || z —c |2 —r? = Y cpze(ze — 1) > 0 for all z € Z(X).
Moreover, equality holds if and only if z € {0,1}*, i.c., if z € Y; thus, (iii)
holds. This shows that P is a Delaunay polytope.

Note that, with the notation of Lemma 1.2, it may happen that the set
Y contains strictly the set X. For such an example, let X consist of the unit
vectors in R¥ in which case Y = {0,1}*. On the other hand, if X consists
of the incidence vectors of the cycles of a binary matroid M, then equality®
X =Y holds. Indeed, the only (0,1)-vectors in the cycle lattice Z(M) are
the incidence vectors of cycles (which follows essentially from the fact that

(M) = M).

Corollary 1.3. Let M = (E,C) be a cosimple binary matroid. Then, the
polytope conv(C) which is defined as the convex hull of the incidence vectors
of the cycles of M, is a Delaunay polytope. |

®Note that the equality: Z(X) N {0,1}* = X for a finite subset X C {0,1}*, does
not imply that X is closed under taking binary sums (i.e., X is not necessarily the cycle
space of a binary matroid). For a counterexample, let X C {0,1}® consist of the vectors
(0,0,0), (1,1,0) and (1,0,1).



2 Cycle basis for matroids with no F7 minor

We indicate here a very simple method for constructing a cycle basis of the
cycle lattice of any binary matroid with no F7 minor. The method can
also be applied to some other binary matroids, for instance, for projective
spaces. As was observed earlier, we can restrict our attention to cosimple
binary matroids.

Let M = (E,C) be a cosimple binary matroid. Let T' be a maximal inde-
pendent set in M, T := E\ T and, for e € T, let C, denote its fundamental
circuit. So, |T| =7, |E\T| =m —r if M has rank r and |E| = m. Clearly,
r < m — 1 since M has no coloop. If r = 0, then C, = {e} (for e € E) are
the fundamental circuits. If r = m — 1 then F is the unique fundamental
circuit and thus the unique nonempty cycle. Therefore, in both cases, Z (M)
has trivially a basis of cycles (consisting of fundamental circuits). Thus we
can now assume that 1 <r <m — 2. We start with an easy observation.

Lemma 2.1. Let A be a set of vectors in ZE. If A generates (over 7.) the
fundamental circuits and the vectors 2x° (for e € T), then A generates all
elements in 2Z(M).

PrROOF. Let C be a cycle in M. Then, C' is the symmetric difference of the
fundamental circuits C, for e € C NT. Hence, z := x¢ — YoecCnT X% is
an even vector (i.e., z € 2ZF) which is zero on T. Hence, = € Z(A) by the
assumption, which implies that x¢ € Z(A) too. |

The following result will be the main tool for constructing a cycle basis.

Theorem 2.2. Let M be a cosimple binary matroid with no F7 minor. Let
T be a mazimal independent set in M and assume that |T| > 1 and |T| > 2.
Then there ezist two fundamental circuits C' and C' such that |C N C'| = 1.

ProoF. Let C, and C, (where z,y € T) be two fundamental circuits for
which C;NCy # 0 and |C;NCy| is minimum. Such circuits do exist. (Indeed,
let e € T', let C be a fundamental circuit containing e (which exists since e is
not a coloop), and let z € CNT; then then there exists another fundamental
circuit C' containing e, since e and z are not coparallel.) If |C, N Cy| =1
we are done. Else, let e, f € C; NCy, e # f. As e and f are not coparallel,
there exists a fundamental circuit C, such that, for instance, e € C,, f € C..
Then, there exists an element g € C, N (C; \ Cy) since, by our minimality

cycles of F\ f (as F has no F7 minor); one of the two cycles does not contain
g2, ha. Assume now k > 3 and that {g1,h;} is not a cycle of F. Let Cy
be a cycle containing f; say, Co = {f,91,-..,9x}.- Applying the induction
assumption to matroid F/{g;, h;}, we find that {g1, h1,gi, h;} is a cycle of F
for every i # 1. Set Cy := {g1,h1,92,h2} and Cy := {g1, h1, gk, hx }- The set
I:={f,91,h1,92,93,-..,9k—1} is independent in F and the sets I U {ho},
IU{gr}, IU{hy} are not independent as they contain, respectively, the cycles
Cy, Cy and CyACy. Let J be a maximal independent set in F containing
I and set X := J\ {f,g1,h1,92} and Y := F\ (J U {ha, g, hr}). Then,
the matroid F/X\Y coincides with F>*. Note indeed that the incidence of
Co, C1, CyAC5 on the elements of F is as follows:

f o1 hi g2 X hy gr by Y
4 0 1 1 1 = 1 0 0 0...0
Co 1 1 0 1 =% 0 1 0 0...0
C[)ACQ 1 0 1 1 * 0 0 1 0...0

We construct the set B* in the following manner. Let {f,¢g;,hi} (i =

., N3) denote the cocircuits containing f and contained in Fy and set
Fr:={f,g1,h1,..,9Ns, by}, E1 := F1U{z" | x € F;}. By applying Claim
3 to the cosimple matroid M/(E\ F}), we can find cycles C; of M such that
CiNE; = {gi,g;‘, hi,h?'} fori =1,..., N3. Let C be a cycle of M containing
f and, thus, also f*; to fix ideas suppose that CNFy = {f,g1,-..,9n,}- We
let B* consist of the sets (EAC)U{t} and (EACAC;)U{t} fori=1,..., Ns.
In order to conclude the proof, it suffices to verify that B = By, U B' U B*
spans all the augmented joins containing f and that 4ZEY{ C Z(B); this
is done in the next claim.

Claim 4. The set B spans (over Z) all the augmented joins of M contain-
ing f and 4ZF1 C Z(B).

PROOF OF CLAIM 4. We first verify that 4x{*} € Z(B) for all z € E U {t}.
We already know that 2x{%} € Z(B) for every z € E\ Ey and 2x199"} ¢ Z(B)
for every g € Fy (as M has the lattice of circuits property). By Claim 2,
we obtain that 4y {9}, 45197} € Z(B)if g € Fy\ {f} is not involved in one of
the N3 coparallel classes of type 3, i.e., if ¢ & Fi. Consider the identity:

9y CNCARI) _ 9y CNC: 4 4, ONCNULE) — 9, COU(H})
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cocircuits {f, z;,y;}. Then, u(y;) = 0 and

w(z;) = u(z;) +uly;) =1 — Z)\i -2 Z I

j‘IiECj

is an even integer. Therefore, u € Z(M) = Z(Baq). This shows that
XA e Z(Bou B).

Let P be a coparallel class of V. Then, 4x" € Z(By+ U B") by the
induction assumption. Thus, keeping the same notation as above,

4y = Z )\iX(Ai\X)U{t} + ZHjXCj\X-

Set again
U= 4XP — Z )\,-XA’U{t} — Z ,ujxci.

Thus, 0 = u(t) = 4xF(t) — ¥ ); and

u(z) = u(zs) +ulys) =40 (@) +x W) =D Xi—2 Y
Jlzi€C;

is an even integer. Therefore, u € Z(M) = Z(Bar) which shows that
4xF € Z(Bpm U BY). ]

Note that if 2" € Z(Ba» U B") we even obtain that 2xT € Z(By U B').
We now show how to extend the set By U B’ to a cycle basis of Z(My).
For this, we have to find a set B* of augmented joins of M (containing f)
such that the set
B:=ByUB UB*

forms a basis of Z(My). Necessarily, |B*| = N3 + 1 as |B'| = Ny — N3. We
need an intermediary result.

Claim 3. Let F be a cosimple binary matroid on F :={f,g1,h1,..., 9k, hi}-
Assume that F has no F¥ minor and that the sets {f,g;,h;} for 1 <i <k
are cocycles of F. Then, the set {g;, h;} is a cycle of F for everyi=1,... k.

ProOF orF CrAIM 3. We show the result by induction on k. The result
holds obviously for & = 1. Consider first the case k = 2. The set {g1,h;} is
a coparallel class in F\ f and, thereforeS, is a cycle or the intersection of two

SWe use here the result from [1] that in a matroid with no F minor every coparallel
class is a cycle or the intersection of two cycles.
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assumption, C;, N Cy € Cp N Cy \ {f}. Similarly, there exists an element
he€C,N(Cy\Cy). Set X =T\ {z,y,z} and Y := T\ {e, f,g,h} and
consider the matroid M’ := M\ X/Y (delete X and contract Y). Then, M’
coincides with the Fano dual matroid F7, as the circuits Cz, Cy, C, have the
following form:

e f g h Y z y =z X
C;(1 1 1 0 = 1 0 0 0...0
Cy/1 1.0 1 = 0 1 0 0...0
c;:\1 0 1 1 = 0 0 1 0...0
This contradicts our assumption that M has no F7 minor. |

Corollary 2.3. Let M be a cosimple binary matroid with no F7 minor.
Let T be a mazimal independent set in M and assume that r := |T| > 1 and
IT| > 2. Then, the elements of T can be ordered as e, ..., e, in such a way
that, for everyi =1,...,r, there exist two fundamental circuits C;, C} such
that e; € C; N C! C {e,..., e}

PRrROOF. We show the result by induction on the size of the groundset. By
Theorem 2.2, there exists an element e; € T and two fundamental circuits
C1,C (with respect to M, T) such that C; N C] = {e1}. We are done
if |T| = 1. Otherwise, we consider M’ := M/e;. Then, T \ {e1} is a
maximal independent set in M’. As M’ is cosimple with no F¥ minor, we
deduce from the induction assumption that the elements of 7'\ {e;} can
be ordered as eg,...,e, in such a way that, for every ¢ = 2,...,r, there
exist two fundamental circuits D;, D} (with respect to M', T'\ {e1}) such
that e; € D; N D; - {62,... ,62‘}. Then, D; = C; \ {61}, D; = CZ’ \ {61}
where C;, C/ are circuits of M. In fact, C;, C! are also fundamental circuits
with respect to T in M as each of them contains a unique element of 7.
Moreover, e¢; € C;N C} C {e1,ez,...,¢€i}. |

Corollary 2.4. If M is a cosimple binary matroid of rank r with no Fy
minor, then the lattice Z(M) has a basis consisting only of circuits of M.
Moreover, such a basis can be obtained by extending any set of fundamental
circuits by v circuits that are the binary sum of two fundamental circuits.
Therefore, M has the lattice of circuits property.

PROOF. Let T be a maximal independent set in M and let {C, | e € T} be
the associated set of fundamental circuits. The result is obvious if |7’ = 0



or [T| < 1. If |T| > 1 and [T| > 2, then consider the set B consisting of the
fundamental circuits C, (e € T) together with the cycles C;AC! (for e; € T)
provided by Corollary 2.3. We have |B| = |E|. Note that necessarily the
symmetric difference of two intersecting fundamental circuits is a circuit.
Furthermore, by Corollary 2.3, we obtain that 2x¢ € Z(M) for each e € T..
Subtracting these vectors from 2x% (e € T) shows that M has the lattice
of circuits property and Lemma 2.1 implies that B generates the full lattice

Z(M). |

We close this section with several remarks on possible further appli-
cations of the above construction method, as well as its limits and open
questions.

Let us first consider the projective space P, defined on the set E :=
GF(2)"\ {0} and whose cycles are the linearly dependent (over GF(2)) sub-
sets of E. As we now see, the above construction method applies very easily
for finding a cycle basis of the lattice Z(P;). Indeed, let T := {ey,...,er}
be a maximal independent set in P,. We can suppose that r > 3 (else there
is obviously a basis of cycles). Then, every element e; € T is the intersec-
tion of two fundamental circuits. For instance, the two fundamental circuits
{e1,e2,e1 @ ea} and {e1,e3,e1 D ez} meet in e;. Therefore, the conclusion of
Theorem 2.2 holds and, thus, the cycle lattice of P, has a basis consisting
of cycles.

We remark that the cycle lattice of the dual P; of the projective space
also has a cycle basis; this is obvious since the nonempty cycles of P; are
linearly independent.

On the other hand, the above construction method does not apply to
the Fano dual matroid Py = Fy. Indeed, suppose that Fy is represented by
the matrix from relation (1.1). Then, the set 7' := {4,5,6,7} is a maximal
independent set in F7. The fundamental circuits with respect to 1" are the
sets {1,4,5,7}, {2,4,6,7} and {3, 5,6, 7}. Hence, their pairwise intersections
have size 2 and, thus, the result from Theorem 2.2 does not hold for F;.

In fact, the technique from the next section will apply to the matroid
F7 since F7 can be seen as a one-element extension of a graphic matroid.

Finally, let us note again that the question of existence of a cycle basis
for the cycle lattice remains open for general matroids with the lattice of
circuits property. We make here some relevant remarks. Let M = (E,C)
be a cosimple binary matroid, let 7' be a maximal independent subset of
E and let C, (e € T) be the corresponding fundamental circuits. Consider

Hence,
dimNy = |E| =1 — Nf — Ny — 2N3, and

dim Ny — dimN = Ny + NY — Ns.

Relation (3.2) might be violated when N{ > 0. This leads us to considering
the matroid N := M\ f/X, where {z;,vy;, f} (¢ =1,..., N?) denote the N?
odd cocircuits of type 1 (with z;,y; € Ey) and X := {z; | ¢ = 1,..., N7}
Then, the coparallel classes of N, are {fT,¢} together with the Nf classes
{z,y} (for {z,y, f} even cocircuit with =,y ¢ Ey), the Ny classes of type 2
and the 2Nj classes of type 3. (By the notation Ay, we mean in fact ./\/'é\{f}.)
Therefore,
dimN': |E| —1—N0—N1 —NQ—N;;,
dlm./\&’] = ‘E| —-1- N1 - N2 — 2N3,
dim N2, — dim A’ = Ny — Ns.

Applying the induction assumption, let By U B” be a basis of Z(N73,),
where By is a cycle basis of Z(N”') and B” consists of augmented joins of
N'. Every join of N is of the form A\ X, where A is a join of M not
containing f. Denote by B’ the set of augmented joins of M defined from

B" in this manner; so, |B'| = |B"|. Let Byq be a cycle basis of Z(M). We
establish some properties of the set By U B'.

Claim 2. The set By U B’ spans (over Z) all the augmented joins of M
that do not contain f, as well as 4xT for every coparallel class P of N,

PROOF OF CLAIM 2. Let A be a join in M with f & A. Then, A\ X is a
join in N’. Hence, x(\¥)U{ ig spanned by By U B". Say,

XAV = A (AN} 4§ 5 CAX,

where the first sum runs over the augmented joins A; U {¢t} composing B’
and the second sum involves cycles C; of M\ f and all \;, u;’s are integers.
Consider the vector

wi= XA =S =3 X

By construction, every component of u indexed by an element in (EU{t})\ X
is zero. In particular, u(t) =1 — > A; = 0. Consider one of the N{ odd
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(containing f) such that the set B := Byq UB'UB* forms a basis of Z(My).
However, relation (3.2) does not hold in general. As we see below, we have to
apply the induction assumption to a smaller matroid N’ := M\ f/X where
some further elements are contracted. The elements to contract will arise
from the cocircuits of size 3 containing f and contained in Fy. We now give
the details of the proof.

We begin with a detailed analysis of the dimensions of the cycle lattices
of matroids M, My, N, Nx. Here, N := M\ f where f is a given element
of Fy and X is a join of M not containing f. Clearly, dim M = |E| — Ny,
dim My, = |E| + 1 and, thus,

dim My —dim M = Ny + 1.

We now identify the coparallel classes in A, Ns. The cocircuits of size 3
containing f play an important role as they yield cocircuits of size 2 in N/
and, thus, contribute to the coparallel classes. The matroid A has {f*} as
unique coloop and its nontrivial (i.e., of size > 2) coparallel classes fall into
one of the following categories:

1. {z,y}, where {z,y, f} is a cocircuit in M with z,y & Ey.

2. {zr,g,9"}, where {z, f,g} is a cocircuit in M with z € Ey, g € Fy.

3. {g,9",h,hT}, if {f,g,h} is a cocircuit in M with g,h € Fp.

4. {g,g"} for g € Fy not yet involved in one of the above classes.

Denote by Ny, No, N3, Ny the number of coparallel classes of respective types
1,2,3,4. Clearly,
Ny=Np—1—Ny—2N;,
dlmN: ‘E‘ —1—N1—2N2—3N3—N4—1
=|E|—1—- Ny— N, — Ny — Nj.
Among the N cocircuits of type 1, denote by Nf (resp. N{ = Ny — Nf) the
number of those cocircuits that are even (resp. odd). Besides {f*,¢}, the
nontrivial coparallel classes of Ny are:
1. {x,y}, where {z,y, f} is an even cocircuit of type 1.

2. The one of {z,g}, {x,¢g"} which is even, for each cocircuit {z, f, g} of
type 2.

3. The two (disjoint) even sets among {g, h}, {g*,h}, {g,hT}, and {g*,h+}
for each cocircuit {f,g,h} of type 3.
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the matrix W whose rows are the incidence vectors of the sets C, N Cy (for
e,f € T). Lovasz and Seress [9] show that M has the lattice of circuits
property if and only if the matrix W has full column rank |E| over GF(2).
If we could find a set I of pairs (e, f) (e # f € T) for which the submatrix
Wy with rows C, (e € T) and C. N C} ((e, f) € I) has its determinant equal
to 1, then the set {C, (e € T), C.ACy ((e, f) € I)} would be a cycle basis
of Z(M). Note that, by the result of Lovdsz and Seress, such a submatrix
exists which has its determinant equal to 1 (modulo 2) ! What we have
shown in Corollary 2.3 is that this goal of finding such submatrix Wy with
determinant 1 can be achieved when M has no F7 minor.

3 One-element extensions of matroids with no Fano
dual minor

Given a binary matroid M on a set E, a one-element extension of M is any
binary matroid N on EU{¢t} (where ¢ is an additional element not belonging
to E) such that N\t = M. We show in this section that, if M is a matroid
with no F7 minor, then the cycle lattice of any one-element extension of M
also admits a cycle basis, obtained by extending any cycle basis of the cycle
lattice of M. In the special case when M is a graphic matroid this yields
a cycle basis of the cycle lattice of a graft matroid. Goddyn [6] posed the
question of describing the cycle lattice of graft matroids.

Before stating the result and its proof, we introduce some notation. Let
M be a binary matroid on E and let ¥ be a subset of E. A set A C FE
is said to be X-even (resp. X-odd) if |A N Y| is even (resp. odd). We may
simply say that A is even or odd if there is no ambiguity in the choice of
the sign set 3. We denote by My the binary matroid on E U {t} (¢ is an
additional element not belonging to E) whose cycles are:
- the cycles of M and
- the sets (CAX) U {t}, where C is a cycle of M.
Then the cocycles of My are:
- the even cocycles of M and
- the sets D U {t} where D is an odd cocycle of M.
For convenience, let us call any set CAY a join of M and (CAX) U {t} an
augmented join. (We borrow this terminology from the subcase of graphs;
see below for details.) Thus, the set ¥ itself is a join and, obviously, My =
My if ¥ is another join.



If A is a 0-1 matrix representing M, we obtain a representation matrix
for My, by adding a new column to A corresponding to element ¢; this new
column has a one precisely in the rows of A that have an odd number of 1’s
in the columns indexed by X.

Clearly, the matroids My, for varying 3 C E are nothing but all possible
one-element extensions of M.

When M is a graphic matroid, the matroid My is also known under
the name of graft matroid (cf. [8], [12]). Let A be the node-edge incidence
of a graph G = (V,E), ¥ C F and let T C V be the set of nodes having
an odd degree in the subgraph (V,X). (Hence, |T| is even.) Then, the sets
CAY (C cycle of G) are precisely the T-joins of G. We remind that an
edge set F' C E is a T-join if the nodes of T' are precisely those nodes that
are incident to an odd number of edges in F. Then, a cut §(5) is ¥-odd
precisely if it is an odd T-cut in the usual sense; that is, if |S N T is odd.

Note that the Fano dual matroid F7 is, in fact, a graft matroid. Indeed,
F7 can be seen as a one-element extension of the graphic matroid of the
complete bipartite graph K 3, taking for ¥ the set of edges adjacent to a
node of degree 3. Hence, the results of this section apply for constructing a
cycle basis of Z(F7). Moreover, this example shows that the one-element ex-
tension of a matroid with the lattice of circuits property needs not have this
property. We will give in Corollary 3.4 a characterization of the one-element
extensions of matroids with no F; minor having the lattice of circuits prop-
erty.

It is useful to observe how the deletion and contraction operations apply
to the one-element extension matroid My. Suppose that M is a matroid on
E, ¥ C E and My is cosimple. Clearly, My\t =M. If f € E and [ ¢ &,
then Mx\f = (M\f)s. (Note that, if ¥ contains f, one can replace ¥ by
another join ¥/ = LAC, where C is a cycle of M containing f (which exists
since f is not a coloop).) Moreover, My /f = (M/f)s\(s} for any f € E.

We consider in this section the cycle lattice Z(My) of the one-element
extension of a matroid M. We show that, if M has no Fano dual minor,
then this lattice admits a cycle basis 5. Moreover, such a basis can be
constructed by adding to any cycle basis Bag of Z(M) (obtained, for in-
stance, by applying the procedure proposed in Section 2) a suitable set B’
of augmented joins.

Theorem 3.1. Let M be a matroid on E with no F7 minor, let ¥ C E,
and let My, be the corresponding one-element extension of M. Then, for
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every basis By of Z(M) composed of circuits of M, there exists a basis B
of the lattice Z(My) composed of circuits of My, and such that By C B.
Moreover, 4x" € Z(Msy) for every coparallel class P of Mx.

PROOF. The proof is by induction on |E|. As was already observed earlier,
we may assume without loss of generality that the matroid My, is cosimple.
Moreover, we may assume that the matroid M is not cosimple. Indeed,

Claim 1. If M is cosimple then Theorem 3.1 holds. Moreover, My, has
the lattice of circuits property.

PrOOF OF CLAIM 1. Assume that M is cosimple. Then, dim My =
|E|+1=dimM+1. Set B:= By U{ZU{t}}. Let B be an arbitrary join.
From yBU{ 4 BAB _ 3U{t} — 94 B\Z we deduce that x5 e Z(B) if
and only if 2xZ\E € Z(B). But, 2x1¢} € Z(Bxy) for every ¢ € E as M is
cosimple (and has the lattice of circuits property). Therefore, B spans every
augmented join and 2Z7Yt C Z(B). If T U {t} is a circuit of My, then we
are done as B is composed only of circuits. Otherwise, ¥ U {t} is a disjoint
union of circuits out of which a unique one is of the form A U {t} for some
join A. Then, replacing XU {t} in B by AU{t}, we obtain a basis of Z(My,)
composed only of circuits. |

From now on we assume that M is not cosimple. As My is cosimple,
this implies that M has no coloop, but M contains some cocircuits of size 2,
all of them being odd. Say, M contains Ny > 1 (odd) cocircuits D1, ..., Dy,
of size 2. Note that every cocycle of size 3 in M is a cocircuit (as M has
no coloop). We use the following notation: D; := {f;, it} fori=1,..., No;
Eo:={fi, /i fno: f b Fo:=A{fi | i=1,..., No}; and we can suppose
that SN Ey = {f;" [i=1,..., No}.

The basic idea of the proof is as follows. Consider the matroid N :=
M\ f obtained by deleting an element f € Fjy in M. We remind that f ¢ X.
By the induction assumption, we can find a basis of the lattice Z(Ng) of the
form: By U B', where By is a basis of cycles of the lattice Z(N) and B’ is
composed of augmented joins of M not containing element f. If

(3.2) dim My, —dimM > dim Ny — dimN.

then a strategy can be to look for a set B* of suitable augmented joins
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