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Abstract

A defect set in a bipartite graph with vertex classes V' and W is a subset
X C V such that the neighbourhood N(X) satisfies |N(X)| < |X|. We study a
lemma on defect sets in bipartite graphs with certain expanding properties from
the algorithmic complexity point of view. This lemma is the core of a result of
Friedman and Pippenger which states that expanding graphs contain all small
trees. We also discuss related problems of finding shortest circuits of matroids
represented over a field. In particular, we propose a new straightforward method
to derive a weaker form (PR-completeness) of the recent NP-completeness results
of Khachiyan [11] and Vardy [17] concerning this problem for the field of rationals
and GF(p™), respectively.



1 Introduction.

Let G = (V, E) be a graph with vertex set V' and edge set E. For each X C V, we let
N(X) = Ng(X) be the set of vertices of G joined by an edge to at least one vertex of
X. In 1987 Friedman and Pippenger [7] proved the following nice theorem.

Theorem 1.1 If H is a non-empty graph such that, for every X C V(H) with |X| <
2n — 2, we have
INu(X)| = (d + 1) X],

then H contains every tree with n vertices and mazimum degree at most d.

The statement of this theorem and its proof are used to obtain several interesting
consequences in combinatorics and computer science (see Feldman et.al [6], Aggarwal
et.al. [1], Haxell, Kohayakawa [8]). The proof is non-constructive: it only shows the
existence of the tree, but does not give an efficient (i.e. polynomial-time) method to
find it. Actually no such method has been found so far, unless the assumptions of
Theorem 1.1 are made much stronger (see Aggarwal et.al. [1]).

In this note we study the algorithmic complexity of Theorem 1.1. We restrict our-
selves to bipartite graphs, for which the theorem has the following form.

Theorem 1.2 If H = (V,W,E) is a non-empty bipartite graph such that, for every
X CV and every subset X C W with |X| < 2n — 2,

INu(X)] = (d+1)[X],

then H contains every tree with n vertices and mazimum degree at most d.

In Section 2 of this note, we give Friedman and Pippenger’s proof of Theorem 1.2
in a different form, in particular we isolate the core of the proof as a lemma (Lemma
2.1). A proof of the lemma based on an efficient algorithm would lead to an efficient
method to find the trees whose existence is guaranteed by Theorem 1.2. In order to
study the algorithmic complexity of 2.1 we introduce the following notion.

Let P be an N P-complete problem. A polynomial-time algorithm A will be called
an NP-decider if, given three instances of P such that the answer of P is “YES” to
one instance and 'NO’ to the other two, A chooses one of the “NO”-instances.

It seems unlikely that an NV P-decider exists. More concretely, its concept is similar to
the definition of the complexity class DIF* (see Papadimitriou, Yannakakis [13], Welsh
[19]). A typical complete problem for DIFF is SAT — UNSAT : Given two Boolean
formulas £ and Es in conjunctive normal form, is F; satisfiable and Es not satisfiable?
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open conjecture (see Berlekamp et.al. [4]) on whether finding the smallest cardinality
of a circuit of a matroid represented over a finite field, particularly GF'(2), is an NP-
complete task. This problem was known to be N P-complete if we restricted ourselves
to circuits containing a given element (see Berlekamp et.al. [4]).

Theorem 4.12 and its proof have some interesting consequences.

Definition 4.13 Let p be a fized prime. Let MOD, be the following decision problem:
Given a rational matriz A and integers m and k, find out whether A has k columns

which are linearly dependent modulo p™.

Definition 4.14 Let ¢ be a fized positive integer. Let MOD*® be the following decision

problem: Given a rational matriz A, prime q and integer k, find out whether A has k
columns which are linearly dependent modulo ¢°.

Corollary 4.15 Both MOD,, and MOD¢* are PR-complete, for each ¢ and p > 1.

Proof. We proceed in the same way as in the proof of Theorem 4.12 for the field
of rationals, but instead of applying algorithm AL(Q) we apply a random polynomial
algorithm which solves MOD,, or MOD*® for the matrix P(R), k and m =n? +2n +1
or ¢ > 2" +2" yegpectively.

By the choice of P(R), the absolute value of each of its subdeterminants is at most
on*+2n Hence the counting modulo p™ or ¢¢ respectively is the same as counting in the
rationals as far as the subdeterminants of P(R) are concerned.

O
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The UNIQUE — SAT problem, which asks whether a formula in conjunctive normal
form has exactly one satisfying assignment, belongs to DIFF. There is no efficient
algorithm to solve UNIQUE — SAT unless NP = RP (see Vazirani, Vazirani [18],
Welsh [19]), where RP denotes the class of decision problems which may be solved by
a random polynomial algorithm. We postpone the definition of RP to Section 4, but
remark that RP = NP is considered as unlikely as P = NP.

In Section 3 we introduce a decision problem called “Special Defect Set (SDS)”
and show that its algorithmic complexity is equivalent to the algorithmic complexity
of Lemma 2.1 in the following sense. If SDS may be solved in polynomial time then
an efficient method exists to solve 2.1. On the other hand, no such method exists if
SDS is N P-complete, unless an N P-decider exists. We also include some results on the
complexity of SDS, in particular a formal variant of SDS is in the complexity class UP
(see Section 3 for the definition of UP).

Finally in Section 4 we make a connection with “shortest circuit” problems in ma-
troids represented over a field. In particular, we use the notion of random polynomial
completeness for NP (see Vazirani, Vazirani [18], Johnson [9]) to derive weaker forms of
two recent results of Khachiyan [11] and Vardy [17]: we show that the following problem
is PR-complete: given a matrix over a field F and a number k, find out whether the
matrix has & linearly dependent columns.

2 The Lemma.

A weighted bipartite graph H = (V,W, E, A) is a bipartite graph H with vertex classes
V and W and edge set E, together with a function A which assigns a non-negative
integer to each vertex of V. For X C V let A(X) = ¥ ,ex Ax).

Let H = (V,W, E,A) be a weighted bipartite graph and let v € V and w € W be
such that vw € E and A(v) > 0. We denote by H (v, w) the weighted bipartite graph
H = (V' W, E A" where V! =V, W =W — {w}, A'(z) = A(z) for x # v in V and
A'(v) = Av) = 1.

The following lemma is the core of Friedman and Pippenger’s proof of Theorems
1.1 and 1.2. Tt is more natural to formulate it in the language of weighted bipartite
graphs here. We remark though that as a result on a density of hypergraphs it may be
of independent interest.

Lemma 2.1 Let | be a positive integer and H = (V,W, E,A) be a weighted bipartite
graph with the following properties.

(1) For each X C V with |X| < 2l, [Ny (X)| > A(X),



(2) If for X C V with | X| <2, |[Ng(X)| = A(X), then | X| <L

Then for each v € V with A(v) > 0 there is w € W such that H(v,w) satisfies (1).

Proof. Let A(v,w) denote the weight function of H(v,w). Fix a vertex v with A(v) >
0.

Suppose the result is not true. Then for each w € N(v), there exists a ‘bad* set Y,
with |Y,,| < 20 and [ Np(ew) (Ya)| < A(v, w)(Ys).

Then by (1), each Y, must satisfy |Ny(Yy,)| = A(Y,), and moreover v ¢ Y, (see
the definition of A(v,w)). Hence by (2) of 2.1 we see that |Y,,| <.

The trick is to observe that the function F' defined on the subsets of V by F(X) =
Ny (X)| — A(X) is submodular for any weighted bipartite graph H: it is well-known
for the function Ny(X), and A(X) is modular by its definition.

Let wy, wy be two vertices in W adjacent to v. We have Y, UY,,| < 2 and, using
submodularity of F, |Ng(Ye, UY,)| = A(Yy, UY,,). Hence |V, U Y| < I by (2).

In this way we find that the union Y of all Y, w € Ny(v), satisfies | Ny (V)| = A(Y)
and |Y] < 1. Then however Y U {v} does not satisfy (1) for H, which is a contradiction.

O

Note that Lemma 2.1 is no longer true if Property (2) is deleted. Next we show how
to prove Theorem 1.2 using 2.1. It is easy to see that the proof would give a polynomial
time algorithm if the Lemma 2.1 subroutine were polynomial. If G is a graph and v a
vertex of G, we denote by degq(v) the degree of v in G.

Proof of Theorem 1.2.
Let G = (V,W, E) be a non-empty bipartite graph such that, for every X C V or
X C W with |X] < 2n -2,
[Na(X)] > (d+1)]X].

We want to show that G contains every tree with n vertices and maximum degree at
most d.

Let S be a subgraph of G. We associate a function Cg defined on the subsets of V'
and the subsets of W' as follows:

CS(‘Y) = AS()() 735()&’), where AS()&’) = |Ng()() \S| and Bs(4Y) = erx BS(CZ?),
where Bg(z) = d — degs().

A subgraph S of G is called correct it Cg(X) > 0 for each X C V and X C W with
|X| <2n—2.

Let T be a fixed tree with n vertices and maximum degree at most d. We will show
that for each subtree S’ of T there is a correct subtree S of G which is isomorphic to
S’. Let R' be a minimal counterexample. R’ must have at least two vertices. Let v be
a leaf of R' and let S’ = R' — v. Let S be a correct subtree of G which is isomorphic to

The random polynomial completeness of a problem for NP is convincing evidence
that an efficient algorithm to solve it is unlikely. See Vazirani, Vazirani [18] for another
problem of this type, and [9] for a discussion on random polynomial completeness.

Definition 4.11 We let Que(F, A, k) be the following decision problem: Given a field
F, integers m,n, k, k < n, such that |[F| > 22", and an (m x n) matriz A over F, find
out whether A has k columns linearly dependent over F.

We will show that Que(F, A, k) is random polynomial complete for NP, even when
restricted to inputs where the field F is chosen from a fixed sequence of fields, whose
sizes grow to infinity: an example is when F is the field of rationals always, or when
F = GF(p") for some prime p and integer n.

Having these two examples in mind, we will not discuss here in detail the issue of
how the fields F are given: for simplicity we assume from now on that addition and
multiplication in F are given by an oracle, and the elements of F are numbers in binary
notation.

Theorem 4.12 Que(F, A, k) is random polynomial complete for NP, even when re-
stricted to inputs where the field F is chosen from a fized sequence of fields, whose sizes
grow to infinity.

Proof. Let ALQ be a random polynomial algorithm which solves Que. Without loss
of generality assume that the probability of error when AL(Q answers " YES” is at most
1/4. Using ALQ, we design a random polynomial algorithm ALT for the N P-complete
problem to decide whether a transversal matroid has a circuit of at most &k elements.
(see 4.7).

Let G = (V,W, E) be a bipartite graph defining the transversal matroid T, let
|[V|=nand k < n. Let F be a field of at least 2% elements, from the fixed set of fields.

Our algorithm ALT to find out whether 7 has a circuit of at most & elements is
very simple: It constructs the matrix P(R) as in the proof of Theorem 4.6 and then
applies ALQ to (F,P(R), k).

It follows from 4.6 that ALT is a random polynomial algorithm.

O

Khachiyan [11] proved that the problem discussed in Theorem 4.12 is N P-complete
when F is the field of rationals. In fact, he can show that the problem to decide
whether a set of rational vectors is in general position is NP-complete. Using essen-
tially the same method as Khachiyan, Vardy [17] has proven recently that the problem
discussed in Theorem 4.12 is NP-complete when F = GF(p™) for an arbitrary fixed
p. Vardy [17] has been able to use his result to answer affirmatively a longstanding
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Theorem 4.6 gives a “very likely” representation of a transversal matroid on n
elements over an arbitrary field with at least 22" elements. It has also some interesting
algorithmic consequences.

The result of Blum et.al. [5] mentioned in the beginning of Section 3, that it is NP-
complete to find out whether a bipartite graph has a 1-defect set of at most [ vertices,
has the following form for transversal matroids.

Theorem 4.7 The problem to find out whether a transversal matroid has a circuit of
at most | elements is N P-complete.

Theorems 4.4 and 4.7 have the following immediate consequence.

Corollary 4.8 Let K be a fized characteristic. Then the following problem is NP-
hard: Given a matriz A over field F of characteristic K, together with an oracle for
the operations of addition and multiplication in F, and an integer [, find out whether
A has 1 linearly dependent columns over F.

Further consequences use the notions of random polynomial algorithms and PR-
completeness. These definitions follow Vazirani and Vazirani [18] and Johnson [9].

Definition 4.9 A random polynomial algorithm is a deterministic polynomial algo-
rithm whose steps may depend on flips of an unbiased coin. A computation that results
from a particular sequence of K coin flips has probability 1/2K.

A random polynomial algorithm P solves a decision problem D if P is always correct
when answering "NO” and wrong with a fived probability independent of the input and
less than 1 when answering ”"YES”.

The class of decision problems that admit a random polynomial algorithm is denoted
by RP.

Note that by running a random polynomial algorithm repeatedly the probability of
an error decreases exponentially.

Definition 4.10 A decision problem A is called random polynomial complete for NP
(PR-complete) if there is an NP-complete problem B and a random polynomial algo-
rithm P(B) which solves B, provided there is a random polynomial algorithm to solve

A.
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S’ and let w be a vertex of S’ such that attaching a vertex of degree one to it leads to
a tree isomorphic to R'. Without loss of generality let w € V. Let H be the weighted
bipartite subgraph of G induced by V' U (W \ S), where the weight of each u € V' is
defined to be Bg(u). Then note that Bg(w) > 1.

According to our assumptions, H satisfies (1) of 2.1 with [ = n — 1, and it also
satisfies (2) since for |X| < 2n — 2, Cg(X) > (d + 1)|X| —n + 1 — d|X| and thus
Cs(X)=0onlyif | X|<n-—1.

Let y be the vertex of H whose existence is guaranteed by 2.1 and let R be obtained
from S by attaching vertex y to w. Then R is isomorphic to R’ and it is a correct
subgraph of G: if X C W then Cr(X) > Cs(X), and if X C V, |X| < 2n — 2 then
Cp > 0 follows from 2.1.

This contradicts the choice of R/, and so the proof is complete.

3 Complexity Questions.

Let G = (V,W, E) be a bipartite graph and D positive integer. A subset X C V is
called a D-defect set if |[N(X)| < D|X|. If A is a function on the subsets of V' then
X C Vis called A-defect if |N(X)| < A(X).

To find the smallest cardinality of a D-defect subset of V' is an N P-complete problem
even for D fixed. This was first observed by Blum et. al. in [5], who proved that to
decide whether a bipartite graph B = (14, V3, E) with |V;| = |V3] has a 1-defect set
of at most |V;/2| vertices is NP-complete. Proposition 3.7 below shows that another
special case of the “smallest 1-defect set problem” is N P-complete.

There is a basic difficulty concerning the investigation of the algorithmic complexity
of Lemma 2.1 (and Theorem 1.2), namely, that it is already an NP-complete task to
check whether the assumptions of the lemma are satisfied for an arbitrary weighted
bipartite graph. In a typical application of Theorem 1.2 however, we know, usually by
the way the graph was constructed, that the assumptions of the theorem are satisfied,
and we want to know how hard it is to find the tree whose existence is guaranteed by
the theorem. Since there is no algorithmic proof of Theorem 1.2, to actually construct
the tree one must start with a bipartite graph satisfying much stronger assumptions
(see Aggarwal [1]).

Therefore the algorithmic complexity of Lemma 2.1 that interests us lies in finding
the vertex w, given that the assumptions hold, rather than in checking the assump-
tions themselves. Strictly speaking then, the problem of finding w does not satisfy the
definition of “problem” according to Johnson [10], for example, since it is not known
that the input can be recognised in polynomial time. This is not an unusual situation,




see e.g. Barany, Onn [3], where the complexity of Colourful Caratheodory’s Theorem
is studied.

To overcome this difficulty we introduce the following formal construction. We
assume that each input graph for our given problem is accompanied by a 1-bit “cer-
tificate” which states whether or not the input satisfies the conditions required for the
problem. Then the complexity question becomes that of solving the problem, given the
information that the input is acceptable.

Using this device, we now introduce the Special Defect Set Problem (SDS).

Definition 3.1 Let SDS be the following decision problem: We are given a positive
integer 1 and a weighted bipartite graph G = (V,W,E,A) and a certificate equal to
"YES” if G satisfies property EXP, and "NO” otherwise.

EXP: if X C V, |X| < 2l is a A-defect subset then |[N(X)| = [A(X)] — 1 and
|X| <.

SDS outputs "YES” if the certificate is equal to "YES” and G has a A-defect set of
at most | vertices.

Theorem 3.2 If SDS is polynomially solvable then there is an efficient method to find
the vertez which existence is assured by Lemma 2.1.

Proof. Following the proof of 2.1, it is enough to recognize which choice of w is bad.
Let A(w) be the weight function of H(v,w). We need to know whether H (v, w) has a
A(w)-defect set of at most [ vertices. Moreover from the assumptions of 2.1 we know
that if X C V, |X| < 2l is A-defect then [N(X)| = A(X)—1and | X| <. SDS answers
"YES” to H(v,w) if and only if w is a bad choice for 2.1.

O

Theorem 3.3 If SDS is N P-complete then there is no efficient method to find a vertex
whose existence is assured by Lemma 2.1 unless an N P-decider exists.

Proof. We design an N P-decider under the assumption that SDS is N P-complete and
there is an efficient method to find the vertex w in Lemma 2.1.

Let [ be a positive integer. Let G; = (V;, W, E;, A;), i = 1,2, 3 be weighted bipar-
tite graphs and let (I, G;, C;) be three inputs of SDS, where C; is a certificate for G;.
Moreover let the answer to SDS be "YES” for one of the three inputs and "NO” for
the other two inputs.

If one of the C; is equal to "NO” then SDS answers "NO” to the input with that
certificate. Hence let all three certificates equal " YES”.

Let G = (V,W, E, A) be the weighted bipartite graph constructed as follows:

ot

bipartite graph G over GF(p*"), where m is the number of edges of G. We do not
know whether it is possible to construct efficiently a representation over GF(p@™),
where (@ is a polynomial.

Applying randomness one can nevertheless find such a representation.

We use the following well-known theorem (see Schwartz [15], Zippel [20]).

Theorem 4.5 Let F be a field and let H(zy, ..., x,) be a multivariate polynomial over
F of total degree d, where the total degree of a polynomial is the mazximum over its
terms of the sum of the exponents of the variables. Fiz any finite set S C F, and let
71, ..., Tp be chosen independently and uniformly at random from S. Then

Pr[H(ry,...,rn) = O0|H(z1, ..., x,) # 0] < d/|S].

Theorem 4.6 Let G = (V,W,E) be a bipartite graph, |V| = n and let T be the
transversal matroid defined by G. Let F be a field with at least 22" elements and let
R CF, |R| = 2. Let P(R) be obtained from P(G) be replacing each x., by an ele-
ment chosen independently and uniformly at random from R. Then the following two
properties hold.

(1) If a subset S of columns of P(R) is linearly independent over F then S € T,

(2) The probability that “there exists a subset S of V' such that S € T but the columns
of P(R) indezed by S are linearly dependent over F” is at most n/2".

Proof. If a subset of columns of P(R) is linearly independent then it must have a
square submatrix with non-zero determinant of full row-length, and hence also a non-
zero transversal. Using Theorem 4.2 we get the first property.

Let S be an arbitrary subset of V' and assume S € 7. Then by 4.2 P(G)s has a
submatrix A of full row-length such that, when A is considered as a matrix of different
indeterminants over the field F, det(A) is not identically equal to zero.

The columns of P(R) indexed by S are linearly dependent over F if and only if they
do not contain a regular submatrix of full row-length.

Hence the probability that “the columns of P(R) indexed by S are linearly depen-
dent over F” is at most the probability that submatrix A becomes singular after the
substitution of random elements of R for the indeterminants, which is at most |.S|/22"
by Theorem 4.5. Summing this over all subsets of V' we get that property (2) holds.

O
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(2) P(G)s has a non-zero transversal,

(3) P(GQ)s has a square submatriz A of full row-length such that, when A is considered
as a matriz of different indeterminants over an arbitrary field F, det(A) is not
identically equal to zero.

Proof. The conditions (2) and (3) are clearly equivalent. We also have immediately
that (2) implies (1). Finally, if (2) does not hold then by Hall’s theorem this means
that a 1-defect subset of S exists.

O

We will use the following notation. If F is a field, we denote by F[x] the field of
polynomials of degree at most 1 with coefficients in F, where the field operations are
performed modulo an irreducible polynomial over F of degree 2.

Definition 4.3 Let F be a field and let G = (V,W, E) be a bipartite graph. We define
the field F(G) as follows. Let ey, ...,em be an arbitrary total order of the edges of G.
Then we let F(G) = F[Xe, |[Xes |- [Xem] -

Proposition 4.4 Let F be a field and let G = (V,W, E) be a bipartite graph. Then
P(G) represents the transversal matroid defined by G on 'V, over the field F(G).

Proof. Let A be a square submatrix of P(G). We show A has a non-zero transversal
if and only if det(A) # 0 in F(G). This proves the proposition by 4.2.

It is clear that if A has no non-zero transversal then det(A) = 0 in F(G). Hence
assume A has a non-zero transversal. We will show by induction on the size of A that
det(A) # 0 in F(G).

Let i be the highest index of an edge of G such that z,, appears in a non-zero
transversal of A. Regard det(A) as a polynomial of degree 1 with variable z.,. The
coefficient of this polynomial at z,, is, up to a sign, the determinant of a submatrix A’
of A and it is non-zero by the induction assumption, since A’ has a non-zero transversal
by the choice of z.,.

We conclude that det(A) is non-zero as well.

O

Proposition 4.4 gives a construction of a representation of a transversal matroid over
a sufficiently large extension of an arbitrary field, i.e. in particular over a field with an
arbitrary characteristic.

The extension needed is very large unfortunately. Let F = GF(p), where p is
a prime. The construction shows how to represent a transversal matroid given by a

1. V=11UVaUV3U{z}, where z is a new vertex,
2. W =Wy UWoUW;3U{z1, 20, 23}, where 2y, 29, 23 are new vertices,

3. E is obtained from E; U E; U E5 by adding all edges between z; and V; U {z},
i=1,2,3,

4. A(z) =1 and for each z € V;, A(z) = Ay(z), i =1,2,3.

Here GG and [ satisfy the assumptions of Lemma 2.1 since all three certificates are
equal to ”YES”. However we also know that G(z, z1) does not satisfy (1) of 2.1. Hence
if an efficient method exists to choose i such that G(z, z;) satisfies (1) of 2.1 then an
N P-decider exists.

O

This leaves us with the interesting question of determining the complexity of SDS.
By making just a formal adjustment to the definition, we can show that SDS with
A(v) =1 for all v € V belongs to the complexity class UP. This class is defined to be
the class of decision problems that may be solved by a non-deterministic polynomial-
time algorithm with at most one accepting computation (see Welsh [19]).

Definition 3.4 Let minSDS be the following decision problem: We are given a positive
integer | and a bipartite graph G = (V,W, E) and a certificate equal to "YES” if G
satisfies property EXP(1), and "NO” otherwise.
EXP(1): if X CV, |X| <2l is a I-defect set then |N(X)| = |X|—1 and | X| <L
minSDS outputs "YES” if the certificate equals "YES” and G has a 1-defect set of
at most | vertices which is minimal with respect to inclusion.

Note that minSDS is just a formal variant of SDS with A = 1: for every input to
SDS, the output of SDS is “YES” if and only if the output of minSDS is “YES” for the
same input.

Lemma 3.5 Let | be a positive integer and G = (V,W, E) be a bipartite graph with
Property EXP(1). Suppose X, Y C 'V are both 1-defect sets of size at most I, and that
X is minimal with respect to inclusion. Then X CY.

Proof. It suffices to recall that the function on the subsets of V' which maps U C V'
to |[N(U)]| is submodular. Therefore

IN(XUY)| - |XUY|+

N(XNY)|~ X 0Y] < [N(X)] -~ |X]+[N©)] - [¥] = 2

Since EXP holds for both X UY and X NY” we have that |[N(XUY)| = | XUY|—1 and
IN(XNY)|=|XNY]|— 1. Hence in particular X NY is a 1-defect set, which implies
by minimality of X that X = X NY. Thus X C Y.
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This lemma shows that if a bipartite graph G = (V, W, E) satisfies the conditions
for minSDS then the minimal 1-defect set of size at most [ is unique, if it exists. Note
also that for X C V it can be verified in polynomial time that X is a minimal defect
set, since it suffices to check that X is a defect set, and that for each z € X there is a
complete matching from X \ {z} to W.
Therefore for a given input to minSDS, there is at most one accepting computation,
and so minSDS belongs to UP.

We conclude this section by showing that another SDS-type problem is in fact NP-
complete.

Definition 3.6 Let SDS(e) be the following decision problem: We are given € > 0, a
positive integer I and a bipartite graph G = (V,W, E) and a certificate equal to "YES”
if G satisfies property EXP(e), and "NO” otherwise.

EXP(e): if X CV is a I-defect set with |X| < (1 +17°)l, then
and | X| < 1.

SDS(e) outputs "YES” if the certificate equals "YES” and G has a 1-defect set with
at most | vertices.

N(X)| = |X] -1

Proposition 3.7 The decision problem SDS(e) is NP-complete for every e > 0.

Proof. Let € > 0 be given. Let t = [2/€]. Let k be an integer satisfying & > ¢* such
that & divides (’:) We give a transformation from the decision problem (k, z)-CLIQUE,
which decides, given an instance consisting of an integer k, a graph G and a vertex x of
G, whether G contains a clique of size k that contains z. Let such an instance G with
vertex set V and edge set E be given. We construct a bipartite graph H = (U, W, E')
by letting U be the set of all subgraphs of G isomorphic to the complete graph K;, and
W= {(v,i):veV\{z}1<i< (¥)/k}U{(a,i):1 <0< (})/k—1}, and we join
uw € U and (v,i) € W by an edge if v is a vertex of u in G.

We claim that H satisfies the conditions for SDS(e) with [ = (’;), and that H
contains a 1-defect set if and only if G' contains a k-clique that contains x. Suppose
that X C U satisfies | X| > |N(X)|. Let V[X] denote the set of vertices of G spanned by
the K;-subgraphs in X. Note that if # ¢ V[X] then the neighbourhood N(X) of X in
H consists of (f)/k copies of V[X], and if z € V[X] then N(X) consists of (’;) /k copies
of V[X]\ {z} together with ('f) /k — 1 copies of z. Hence |[N(X)| > V[X]|(’;)/k -1,
with equality holding only if z € V[X]. But since |X]| < (MtX”) we have |V[X]| > k.
IET(SW if X is the set of K;-subgraphs of a k-clique that contains z then clearly |N(X)| =

B 1= |x]-1.
i

Now suppose that X satisfies | X| > |N(X)]| but it is not the set of K;-subgraphs of
a k-clique in G that contains z. Then we must have |[V[X]| > k + 1, and so |[N(X)| >

(k+1)(5)/k—1> (1 +1/k)l - 1.
By the choice of ¢ and k we have that [ = (’t‘) > (k/t)! > k'2. Hence I¢ > k, and so
|X| > (1+17¢)l. Therefore H satisfies the required conditions.

O

The importance of the class UP lies in the fact that one-way functions exist if and
only if P # UP (see Welsh [19]). For the definition of one-way functions see e.g. Welsh
[19]; loosely speaking, a function f is one-way if it is computable in polynomial time but
it is difficult to solve equations of type f(z) =y for given values of y. Hence a one-way
function exists if minSDS is hard. This makes the fact that SDS(e) is NP-complete
more interesting.

4 Short Circuits of Matroids.

Let G = (V,W, E) be a bipartite graph. The collection 7 of subsets S of V such that
S does not have a 1-defect subset, is called a transversal matroid. The elements of T
are called independent sets of the matroid. All the remaining subsets of V' are called
dependent. The minimal (with respect to inclusion) dependent sets are called circuits.

Let F be a field. We say that T is representable over F if there is a matrix of
elements of F whose columns are indexed by V', and each S C V' is independent if and
only if the columns indexed by S are linearly independent over F.

Transversal matroids are representable over all sufficiently large fields, i.e. over
fields with an arbitrary characteristic. The proof given in Oxley [12] is not constructive,
however it is not hard to propose a natural construction.

Definition 4.1 Let G = (V,W, E) be a bipartite graph. Let z., e € E, be distinct
variables. We let P(G) be the matriz whose columns are indexed by V and rows are
indexed by W, and each entry (w,v) equals x. if e = wuv is an edge of G, and 0 otherwise.
If S C V then let P(G)s denote the subset of the columns of P(G) indezed by the
elements of S.
A non-zero transversal of P(G)g is a set of |S| non-zero entries of P(G), no two in
the same row, such that each column of P(G)s contains exactly one of them.

Proposition 4.2 Let G be a bipartite graph and S C V. Then the following properties
are equivalent.

(1) S does not have a 1-defect subset,



