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Abstract

We consider so-called Tusn�ady's problem in dimension d: Given an n-point set P

in R

d

, color the points of P red or blue in such a way that for any d-dimensional

interval B, the number of red points in P \ B di�ers from the number of blue points

in P \B by at most �, where � = �(d; n) should be as small as possible. We slightly

improve previous results of Beck, Bohus, and Srinivasan by showing that �(d; n) =

O

d

(log

d+1=2

n

p

log log n), with a simple proof. The same asymptotic bound is shown

for an analogous problem where B is allowed to be any translated and scaled copy of

a �xed convex polytope A in R

d

. Here the constant of proportionality depends on

A and we give an explicit estimate. The same asymptotic bounds follow also for the

Lebesgue-measure discrepancy, which improves and simpli�es results of Beck and of

K�arolyi.

1 Introduction

De�nitions of discrepancy. Let A be a family of Lebesgue-measurable subsets of the

d-dimensional Euclidean space R

d

, and let P be an n-point subset of the unit cube [0; 1]

d

.

The discrepancy of P for the family A is de�ned as

D(P;A) = sup

A2A

jD(P;A)j ;

where D(P;A) = n�

d

(A \ [0; 1]

d

) � jP \ Aj, with �

d

denoting the d-dimensional Lebesgue

measure. The discrepancy measures the irregularity of distribution of P with respect to the

sets of the family A (note that n�

d

(A\ [0; 1]

d

) is the expected number of points falling into

A of a random n-point set in the unit cube, for instance). The discrepancy function of A is

given by

D(n;A) = inf

P�[0;1]

d

; jP j=n

D(P;A) :

The family for which the discrepancy was de�ned �rst and studied most intensively is the

family R

d

of axis-parallel boxes in R

d

(or d-dimensional intervals), but more recently, lot of

work has also been devoted to investigating the discrepancy for other families, such as the

�
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balls or the halfspaces in R

d

, and so on. The history and overview of discrepancy theory

are presented, among others, in the survey Beck and S�os [10], in the book Beck and Chen

[7] or, more recently, in Drmota and Tichy [14].

The above-de�ned notion of discrepancy will be called the Lebesgue-measure discrepancy ,

in order to distinguish it from a seemingly di�erent but closely related notion of combinatorial

discrepancy , to be de�ned next. Let X be a �nite set and let S � 2

X

be a family of subsets

of X. By a coloring we mean a mapping � : X ! f�1;+1g. The discrepancy of S, denoted

by disc(S), is the minimum, over all colorings �, of

disc(�;S) = max

S2S

j�(S)j ;

where we use the shorthand �(S) for

P

x2S

�(x). For a survey of basic results and techniques

in combinatorial discrepancy theory see Beck and S�os [10], or also Spencer [24] or Alon and

Spencer [1].

If A is a family of subsets of R

d

and P is a �nite point set in R

d

, we let disc(P;A)

denote the discrepancy of the (�nite) set system induced by A on P , that is, of the set

system fA\P : A 2 Ag. The quantity disc(P;A) is called the combinatorial discrepancy of

P for A, and the corresponding discrepancy function of A is

disc(n;A) = max

P�R

d

; jP j=n

disc(P;A) :

The combinatorial and Lebesgue-measure discrepancy are related: Roughly speaking, the

combinatorial discrepancy function is an upper bound for the Lebesgue-measure discrep-

ancy function. This relation has been used in numerous papers. Currently, lower bounds

for geometric discrepancy are usually easier to prove in the Lebesgue-measure setting, while

for many interesting families, the best known upper bounds for the Lebesgue-measure dis-

crepancy are obtained via the combinatorial setting (one example is the family of halfspaces

in R

d

, but as we will see later, the classical discrepancy for axis-parallel boxes is a notable

exception). The following proposition is one possible precise formulation of the relationship

of the combinatorial discrepancy and the Lebesgue-measure discrepancy:

Proposition 1.1 Let A be a class of Lebesgue-measurable sets in R

d

containing a set A

0

with [0; 1]

d

� A

0

. Suppose that D(n;A) = o(n) for n !1, and that disc(n;A) � f(n) for

all n, where f(n) is a function satisfying f(2n) � (2� �)f(n) for all n and some �xed � > 0.

Then we have

D(n;A) = O(f(n)):

The main idea of this proposition was formulated by Beck [2], and a general formulation

for classes of planar convex sets was given by Lov�asz, Spencer, and Vesztergombi [19] (the

proof for our more general formulation remains almost the same, though). Let us also remark

that an upper bound on the combinatorial discrepancy function implies a corresponding

upper bound not only on the Lebesgue-measure discrepancy, but also on the discrepancy with

respect to an essentially arbitrary probability measure on R

d

(under some mild assumptions

on the family A).

Tusn�ady's problem in dimension d. For the family R

d

of axis-parallel boxes, the best

known asymptotic upper bound for the Lebesgue-measure discrepancy is

D(n;R

d

) = O

d

(log

d�1

n)

2

It remains to show that if we make such decompositions for all possible B 2 POL(H),

altogether we obtain at most k = O

d

(`

d�1

) distinct families of the form POL(G) participating

in these decompositions, where G is a d-tuple of hyperplanes. Let G be one such family of

d hyperplanes. By inspecting the construction of the decomposition, we �nd that this G is

determined by a sequence F

d�1

� F

d�2

� : : : � F

1

of faces of some polytope B 2 POL(H),

dim(F

j

) = j (see Fig. 3). We show that G is also determined, up to a parallel translation,

by a (d� 1)-tuple of hyperplanes from H.

We put F

(1)

= F

d�1

. Then we choose a facet F

(2)

of B with F

d�2

= F

(1)

\ F

(2)

, and in

general we let F

(j)

be a facet of B such that F

d�j

= F

(1)

\F

(2)

\ : : :\F

(j)

, j = 1; 2; : : : ; d�1

(such an F

(j)

need not be unique in general but we �x some arbitrarily). Let h

j

be the

hyperplane containing the facet F

(j)

(this hyperplane is parallel to some hyperplane of H).

The family G can be reconstructed from the (d� 1)-tuple (h

1

; h

2

; : : : ; h

d�1

) as follows: G =

fg

1

; g

2

; : : : ; g

d

g, where

g

j

= f(x

1

; : : : ; x

d

) 2 R

d

: (x

1

; : : : ; x

d�j+1

; t

1

; : : : ; t

j�1

) 2 h

1

\ : : : \ h

j

for some t

1

; t

2

; : : : ; t

j�1

2 Rg

(in particular, g

1

= h

1

and g

d

is a parallel translate of the hyperplane fx

1

= 0g). Therefore,

the number of possible families G, up to a parallel translation, is no larger than the number

of ordered (d � 1)-tuples of hyperplanes of H, which is O

d

(`

d�1

). This concludes the proof

of Lemma 4.1. 2
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�. For any B 2 POL(H), we get j�(P \ B)j � q disc(�;M) = O

d

(q

p

s logn). Iteration

of the partial coloring step �nishes the argument, leading to a total discrepancy bound of

O

d

(q

p

k � log

d+1=2

n

q

log(`+ logn)).

Proof of Lemma 4.1 (i). We decompose a given convex polytope B 2 T

A

by the follow-

ing recursive procedure (generalizing the approach used for convex polygons in Section 3).

Without loss of generality, we assume that no face of B contains a segment parallel to one of

the coordinate axes. Regarding the x

d

-axis vertical, we write B = U n L, where L is the set

of points lying vertically below B and U = L

_

[B. We further decompose both L and U into

semiin�nite vertical prisms, each prism being bounded from above by one of the facets of B.

If d = 2, this is the whole decomposition, but for larger dimensions, we have to decompose

these prisms further.

Consider one such vertical prism T

F

bounded from above by a facet F (see Fig. 3).

We project F vertically into the fx

d

= 0g plane, obtaining a (d � 1)-dimensional convex

F

T

F

x

d

= 0

�

F

F

1

Figure 3: The decomposition of a vertical prism T

F

; one set in the resulting decomposition,

corresponding to the sequence F � F

1

of faces, is drawn by long dashes.

polytope

�

F , whose faces are in one-to-one correspondence with the faces of B contained

in F . Identifying R

d�1

with the fx

d

= 0g hyperplane in R

d

, we recursively express

�

F as

a member of AC

�
k

(POL(

�

H

1

) [ : : : [ POL(

�

H

�

k

), where

�

H

1

; : : : ;

�

H

�

k

are suitable collections of

d � 1 hyperplanes in R

d�1

and

�

k � 
c(F ). It remains to extend each of the sets in the

decomposition of

�

F vertically and intersect it with the halfspace lying below the hyperplane

h

F

containing the facet F . This yields an admissible

�

k-decomposition of T

F

using sets from

POL(H

1

) [ : : : [ POL(H

�

k

), where H

i

= fh � R : h 2

�

H

i

g [ fh

F

g. Combining these

decompositions appropriately for all facets F , we get an admissible k-decomposition of B,

where k �

P

F


c(F ) = 
c(B) = 
c(A).

Obviously, if we do this decomposition procedure for another copy B

0

2 T

A

of the polytope

A, the resulting families POL(H

i

) used in the decomposition are the same. This �nishes the

proof of part (i).

Proof of Lemma 4.1 (ii). Given a polytope B 2 POL(H), we apply exactly the same

decomposition procedure as in the proof of part (i); we may again assume that H is in

a suitably general position with respect to the coordinate axes. This yields an admissible

decomposition of B using sets from POL(H

1

) [ : : : [ POL(H

q

), where q � 
c(B) � 
c(H)

and each H

i

consists of d hyperplanes.
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[26, 15, 16] (here and in the sequel, the subscripts of the O() or 
() notation denote that the

constant of proportionality may depend on the quantities in the subscript). This bound is

known to be tight in dimension 2 [23], but for all higher dimensions, the known lower bound

is considerably smaller, only 


d

(log

(d�1)=2

n) [22], with a small improvement for d = 3 [5].

The lower bounds for the combinatorial discrepancy for axis-parallel boxes are derived

from the Lebesgue-measure discrepancy and thus asymptotically the same, but the known

upper bounds are somewhat worse than those for the Lebesgue-measure case. Mainly the

upper bounds in the two-dimensional case have been studied; this is the so-called Tusn�ady's

problem. An upper bound of O(log

4

n) for the (2-dimensional) Tusn�ady's problem was ob-

tained by Beck [3], and later improved to O((logn)

3:5+"

) [6]. This was further strengthened

to O(log

3

n) by Bohus [13] via a bound for the so-called \k-permutations problem". An

O(log

5=2

n) bound was recently proved by Srinivasan [25], also via the k-permutations prob-

lem and using the so-called entropy method (see, e.g., [20] or [1]). Independently, I noted

an O(log

5=2

n

p

log logn) bound several years ago in unpublished lecture notes on geometric

discrepancy (currently a book manuscript). As for higher dimensions, for d � 4, the best

published bound is O((logn)

(3d�1)=2

) [25], and for d � 5, it is O

d;"

((logn)

d+3=2+"

) [6]. (Here

and in the sequel, " > 0 denotes a constant that can be chosen arbitrarily small.) Here we

prove

Theorem 1.2 For any d � 2, we have

disc(n;R

d

) = O

d

�

log

d+1=2

n

q

log logn

�

:

This bound is a bit worse for d = 2 than Srinivasan's result but slightly better than

the previously known results for all dimensions d > 2. Our proof is quite simple, using

only the simplest version of Beck's \partial coloring" technique, and with only a very small

modi�cation, it will be used also for proving results concerning convex polytopes formulated

below. By employing the entropy method and more complicated calculations, it is probably

possible to remove the

p

log logn factor in the bound in Theorem 1.2 (certainly so for d = 2),

but since I have no reason to suspect that the resulting O

d

(log

d+1=2

n) upper bound is tight,

I prefer to present the little worse bound with the considerably simpler proof. The proof is

given in Section 2.

Convex polygons and polytopes. For a �xed convex set A in R

d

, let T

A

= faA + x :

a 2 [0;1); x 2 R

d

g denote the family of all translated and scaled copies of A (no rotation

allowed). Here we are going to investigate the combinatorial discrepancy disc(n; T

A

) for A

being a given convex `-gon in the plane or a convex polytope with at most ` facets in R

d

.

The Lebesgue-measure discrepancy D(n; T

A

) for a �xed convex `-gon in the plane has

been considered by Beck [4] and by Beck and Chen [8] (see also [9] for a related work). The

best published asymptotic bound for this case is due to Beck [4]:

D(n; T

A

) = O

A;"

((logn)

4+"

) : (1)

Let us remark that this result and some of the upper bounds of Beck and of K�arolyi mentioned

below are actually proved in a somewhat di�erent and slightly stronger setting (they consider

the discrepancy of an in�nite point set spread out in the whole R

d

, the scaling factor a in

the de�nition of T

A

is restricted to [0; 1], and the bounds depend on the diameter of A).

3



Beck (private communication) noted that the argument in his paper [6] can be com-

bined with the approach of [4] to yield an O

A;"

((logn)

3:5+"

) bound for D(n; T

A

) and also for

disc(n; T

A

). Here we prove

Theorem 1.3 Let A be a convex `-gon in the plane. Then

disc(n; T

A

) = O

�

` (logn)

2:5

q

log(`+ logn)

�

:

This theorem is proved in Section 3.

Beck's upper bound (1) was actually proved for the discrepancy for a family larger than

T

A

, namely for the family of all convex polygons whose all sides are parallel to the sides of A.

K�arolyi [17] continued investigations in a similar spirit in higher dimensions. To formulate

the results, we need the following de�nition: For a �nite set H of hyperplanes in R

d

, let

POL(H) denote the set of all polytopes

T

`
i=1




i

, where each 


i

is a halfspace with boundary

parallel to some h 2 H (obviously, for each h 2 H, it su�ces to consider at most two 


i

's in

the intersection). So in the plane, Beck's results provide the strengthening of (1) mentioned

above, i.e. D(n;POL(H)) = O

H;"

((logn)

4+"

). K�arolyi [17] proved the estimate

D(n;POL(H)) = O

H;"

�

(logn)

max(3d=2+1+";2d�1)

�

for any �xed �nite set H of hyperplanes in R

d

. Here we establish a somewhat better bound

with a considerably simpler proof. To formulate the results, we need some terminology and

facts concerning convex polytopes; we refer to Ziegler [27] for background, references and

proofs. A convex polyhedron in R

d

is de�ned as an intersection of �nitely many closed

halfspaces, and a convex polytope is a bounded convex polyhedron. Since we are interested

in discrepancy of �nite point sets, we may assume that all the polyhedra we are dealing

with are bounded (this saves us some terminological and technical complications). A d-

dimensional convex polytope A has faces of dimensions 0 through d; the 0-faces are the

vertices, the 1-faces are the edges, the (d�1)-faces are called the facets of A, and the unique

d-face is A itself (the empty set is sometimes regarded as a face of dimension �1). For our

purposes, we de�ne a 
ag of A as a sequence F

0

; F

1

; : : : ; F

d�1

; F

d

= A, where F

i

is an i-face

of A, i = 0; 1; : : : ; d, and where F

0

� F

1

� : : : � F

d

. The 
ag complexity of A, denoted by


c(A), is the number of 
ags of A. Note that for a convex `-gon A in the plane, we have


c(A) = O(`). For an arbitrary polyhedron in R

d

that is an intersection of ` halfspaces we

have, by an extension of the Upper bound theorem, 
c(A) = O

d

(`

bd=2c

). For a �nite set H

of hyperplanes in R

d

, we put 
c(POL(H)) = maxf
c(A) : A 2 POL(H)g.

Theorem 1.4

(i) Let A be a convex polytope in R

d

, d � 3, with at most ` � d+ 1 facets. Then

disc(n; T

A

) = O

�


c(A)

3=2

(logn)

d+1=2

q

log(`+ logn)

�

=

O

�

`

3
2

bd=2c

(logn)

d+1=2

q

log(`+ logn)

�

:

(ii) Let H be a family of ` � d hyperplanes in R

d

, d � 2. Then

disc(n;POL(H)) = O

�


c(H)`

(d�1)=2

log

d+1=2

n

q

log(`+ logn)

�

=

O

�

`

(d�1)=2+bd=2c

log

d+1=2

n

q

log(`+ logn)

�

:

4

be written as a disjoint union of some number of sets from F

i

plus a set of at most O(t logn)

extra points. Hence, the intersection P \ U can be written as a disjoint union of sets from

F plus a set M

U(B)

of at most s = O(`t logn) points, and similarly for L and M

L(B)

.

We put M = fM

U(B)

;M

L(B)

: B 2 T

A

g. We claim that jMj = O(`

3

n

3

) (this is a

weak bound but it is easy to see and su�cient for our purposes). Since M

L(B)

and M

U(B)

only depend on P \ B, it su�ces to show that the set system induced by T

A

on P has

O(`

3

n

3

) distinct sets. To see this, represent each polygon B = aA+(x; y) 2 T

A

by the point

(x; y; a) 2 R

3

. For each point p 2 P , the set of polygons B 2 T

A

containing p is a polyhedral

cone in R

3

bounded by ` facets (the slice by a horizontal plane fz = ag is a congruent copy

of the polygon aA). The number of distinct subsets of P de�nable by sets from T

A

is no

larger than the number of cells in the arrangement of n such polyhedral cones in R

3

. This in

turn is no larger than the number of cells in an arrangement of `n planes in R

3

, i.e. O(`

3

n

3

).

The Partial coloring lemma 2.1 yields the existence of a substantial partial coloring �

with �(F ) = 0 for all F 2 F and j�(M)j = O(

q

s log jMj) = O(` (logn)

3=2

q

log(`+ logn))

for all M 2 M (note that we may assume n � ` for otherwise the bound in Theorem 1.3

is trivial). For any B 2 T

A

, we have j�(P \ B)j = j�(P \ U(B)) � �(P \ L(B))j =

j�(M

U(B)

)��(M

L(B)

)j = O(` (logn)

1:5

q

log(`+ logn)). Theorem 1.3 now follows by iterating

the partial coloring step as in the previous section.

4 Convex polytopes

Here we prove Theorem 1.4. We begin with some preparatory de�nitions and lemmas. Let

S be a set system. For q � 0, we de�ne the system of AC

q

(S) of admissible q-combinations

of sets from S as follows. We put AC

0

(S) = f;g, and

AC

q+1

(S) = fA

_

[B : A 2 AC

q

1

(S); B 2 AC

q

2

; A \ B = ;; q

1

+ q

2

= qg[

fA nB : A 2 AC

q

1

(S); B 2 AC

q

2

; B � A; q

1

+ q

2

= qg :

By induction on q, it is easy to see that if � is a (partial) coloring of the ground set of S

with disc(�;S) � � then disc(�;AC

q

(S)) � q�.

Lemma 4.1

(i) Let A � R

d

be a convex polytope. There exist k � 
c(A) families H

1

; H

2

; : : : ; H

k

consisting of d hyperplanes each, such that any B 2 T

A

belongs to AC

k

(POL(H

1

)[POL(H

2

)[

: : : [ POL(H

k

)).

(ii) Let H be a family of ` hyperplanes in R

d

. There exist k = O

d

(`

d�1

) families

H

1

; H

2

; : : : ; H

k

consisting of d hyperplanes each, such that any B 2 POL(H) belongs to

AC

q

(POL(H

1

) [ POL(H

2

) [ : : : [ POL(H

k

)), where q � 
c(H).

First, we derive Theorem 1.4 from Lemma 4.1. This is quite similar to the proofs in the

previous sections and we only write out part (ii) here. For a given n-point set P � R

d

, we let

F =

S

k
i=1

F

i

, where F

i

= CI

t
V

i

(P ), with V

i

being the set of normal vectors for the hyperplanes

in the family H

i

as in Lemma 4.1(ii). The parameter t is set to Kk log

d�1

n log(` + logn).

For each T 2 POL(H

i

), P \ T can be written as a disjoint union of some sets of F

i

plus

a set M

T

of s = O

d

(t log

d�1

n) extra points. We put M = fM

T

: T 2 POL(H

1

) [ : : : [

POL(H

k

)g and apply the Partial coloring lemma, obtaining a substantial partial coloring

9



number of points is reduced at least by the factor

9

10

, the number of iterations is O(logn).

Hence, for any B 2 R, we have

j�(P \ B)j � j�

1

(P \ B)j+ j�

2

(P \ B)j+ � � � � O(� logn) =

O

d

((logn)

d+1=2

q

log logn) :

This concludes the proof of Theorem 1.2. 2

3 Convex polygons

Here we prove Theorem 1.3. Let A be the given convex `-gon, and let h

1

; h

2

; : : : ; h

`

be the

lines extending the sides of A. Without loss of generality, we may assume that none of the

h

i

's is vertical. For i = 1; 2; : : : ; `, we de�ne a two-element set H

i

consisting of the line h

i

and of the vertical line fx = 0g.

Consider a convex polygon B 2 T

A

. Let L = L(B) denote the set of points lying vertically

below B, and let U = U(B) = L

_

[B, as in Fig. 2. We have B = U n L with L � U , and

both L and U can be further written as a disjoint union of vertical semiin�nite trapezoids

1

.

The total number of these trapezoids used in both L and U is `, and each of them belongs

to some of the families POL(H

i

).

=

�

U

L

B

Figure 2: Decomposing a convex `-gon.

Let P be a given n-point set in R

2

. To construct a substantial partial coloring for P ,

we proceed similarly as in the preceding section. Let v

i

be a normal vector of h

i

, let e

x

be the horizontal unit vector, let V

i

= (v

i

; e

x

), and let F

i

= CI

t
V

i

(P ), where t is a suitable

parameter. Putting F =

S

`
i=1

F

i

, we derive from Lemma 2.2 that if the condition (2) should

be satis�ed for F we must choose

t � K` logn log(`+ logn)

for a large enough constant K.

Let B 2 T

A

and let L = L(B) and U = U(B) be as above. If T 2 POL(H

i

) is one of the

vertical semiin�nite trapezoids from the decomposition of U or L, the intersection P \T can

1

Here we are not quite precise concerning the boundaries of U and L and of the semiin�nite trapezoids.

But since we are dealing with the discrepancy of a �nite set P , by a small perturbation of B preserving

the set P \ B we may assume that no points of P are on the boundary of B or on the boundaries of the

semiin�nite trapezoids.
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This theorem is proved in Section 4. Note that both part (i) and part (ii) imply Theo-

rem 1.2, and so in order to improve the dependence on n for A or H �xed one would have

to improve the bounds for Tusn�ady's problem as well.

In conclusion, let us remark that Beck [4] (see also [7]) used bounds on the discrepancy

for convex `-gons in an investigation of the Lebesgue-measure discrepancy D(n; T

A

) for an

arbitrary convex set A in the plane. He discovered that the behavior of this quantity depends

mainly on the smoothness of the boundary of A, and that the smoothness can be quanti�ed

here by the approximability of A by convex polygons. K�arolyi [18] obtained bounds in

a similar spirit in higher dimensions. It seems possible to simplify and slightly improve

these results using the basic approach as in the proofs of Theorem 1.3 and 1.4 and some

approximation arguments similar to those in [4], [18]. We will not elaborate on this in the

present paper.

2 Axis-parallel boxes

The Partial coloring lemma. We �rst recall a method for obtaining upper bounds in

combinatorial discrepancy due to Beck [2]. For a �nite set X, we de�ne a partial coloring

to be a mapping � : X ! f0;+1;�1g, and a let substantial partial coloring be a partial

coloring � with �(x) 6= 0 for at least

1

10

jXj points x 2 X. The points x with �(x) = 0 will

be called uncolored by �.

Lemma 2.1 (Beck's Partial coloring lemma) Let F and M be set systems on an n-

point set X, jMj > 1, such that jM j � s for every M 2 M and

Y

F2F

(jF j+ 1) � 2

(n�1)=5

: (2)

Then there exists a partial coloring � : X ! f�1; 0;+1g, such that at least

n

10

elements of

X are colored, �(F ) = 0 for every F 2 F , and j�(M)j �

q

2s ln(4jMj) for every M 2 M.

We remark that the constants in the lemma can be improved somewhat, for example the

constant

1

10

can be replaced by 0:48.

The Partial coloring lemma is usually employed as follows. When we need to �nd a

low-discrepancy coloring for some set system S on a set X, we de�ne an auxiliary set system

F such that

� F has su�ciently few sets. More exactly, it satis�es the condition (2), and

� each set S 2 S can be written as a disjoint union of some sets from F , plus some extra

set M

S

which is small (smaller than some parameter s, for all S 2 S).

We then de�ne M = fM

S

: S 2 Sg. The Partial coloring lemma yields a partial coloring �

that has zero discrepancy on all sets of F , and so j�(S)j = j�(M

S

)j = O(

q

s log jSj). In this

way, some 10% of points of X are colored. We then look at the set of yet uncolored points,

restrict the system S on these points, and repeat the construction of a partial coloring. In

O(logn) stages, everything will be colored.

Canonical intervals and canonical boxes. Next, we are going to de�ne appropriate

decompositions for the set system induced by axis-parallel boxes on a given �nite set P � R

d

.

5



We use decompositions as in the so-called range trees in computational geometry (Bentley

and Shamos [12], Bentley [11]; or see Preparata and Shamos [21]). These decompositions

are also similar to those used in the previous results on Tusn�ady's problem and no doubt in

other instances in mathematics as well.

For a future use, our de�nition is a bit more general than needed in this section. Let v

be a vector in R

d

, and let P be an n-point set in R

d

. Let p

1

; p

2

; : : : ; p

n

be the points of

P listed in a nondecreasing order with respect to their projections on v, that is, such that

hv; p

1

i � hv; p

2

i � : : : � hv; p

n

i. This ordering need not be unique, but we choose one such

ordering arbitrarily and consider it �xed once and for all. We de�ne a canonical interval of P

in the direction v as a subset of P of the form fp

q2

k

+1

; p

q2

k

+2

; : : : ; p

(q+1)2

kg, k; q = 0; 1; 2; : : :

(see Fig. 1). We let CI

v

(P ) be the family of all canonical intervals of P in the direction v;

v

Figure 1: A schematic illustration of CI

v

(P ).

note that this is a set system on the ground set P . If S is a system of �nite subsets of R

d

,

we write

CI

v

(S) =

[

S2S

CI

v

(S) :

Further we let, for an integer parameter t � 1,

CI

t
v

(P ) = fC 2 CI

v

(P ) : jCj � tg

and analogously for CI

t
v

(S). Finally, if V = (v

1

; v

2

; : : : ; v

k

) is a �nite sequence of vectors in

R

d

, we put

CI

V

(P ) = CI

v

1

(CI

v

2

(: : :CI

v

k

(P ) : : :)) ;

and similarly for CI

t
V

(P ).

It is well known, and easy to see, that if B is a slab in R

d

bounded by two hyperplanes

perpendicular to a vector v (or a halfspace with boundary perpendicular to v), then the

intersection P \ B can be expressed as a disjoint union of at most 2blog

2

n+ 1c sets from

CI

v

(P ). If we consider only canonical intervals of size at least t, i.e. ones from CI

t
v

, we get

the following statement: The intersection P \ B can be expressed as a disjoint union of at

most 2blog

2

n+ 1c � 2dlog

2

te � 2 log

2

2n

t

sets from CI

t
v

(P ) plus a set of size at most 4t.

Using these observations and proceeding by induction on k, one gets

Lemma 2.2 Let V = (v

1

; v

2

; : : : ; v

k

) be a sequence of k vectors in R

d

, let t � 1 be an integer,

let P be an n-point set in R

d

, and let B 2 POL(H), where H consists of hyperplanes with

normal vectors v

1

; v

2

; : : : ; v

k

. Put C = CI

t
V

(P ). Then we have

(i) P \B can be written as a disjoint union of at most O

k

((log

2n

t

)

k

) sets from C plus a

set of size at most O

k

(t(log

2n

t

)

k�1

).
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(ii)

log

Y

C2C

(jCj+ 1) = O

k

�

n

t

(log

2n

t

)

k�1

log 2t

�

:

Proof sketch. As was remarked above, the proof goes by induction on k. As for part (i),

we can write an B 2 POL(H) as an intersection B

1

\B

2

\ : : :\B

k

, where each B

i

is a slab (or

halfspace) bounded by hyperplanes perpendicular to the vector v

i

. The intersection P \B

k

can be written as C

1

_

[C

2

_

[ : : :

_

[C

q

_

[R

1

, where C

1

; : : : ; C

q

are sets from CI

t
v

k

(P ), q � 2 log

2

2n

t

,

and R

1

is a set of size at most 4t. By the inductive assumption, each C

i

can be expressed

as a disjoint union of sets from CI

t
(v

1

;:::;v

k�1

)

(C

i

) plus a set of size O

k

(t(log

2n

t

)

k�2

), and part

(i) follows easily.

As for part (ii), we observe that the set system CI

t
v

k

(P ) has bn=2

j

c sets of size 2

j

,

t � 2

j

� n. Thus, if p

k

(n; t) denotes the maximum possible value of log

2

Q

C2C

(jCj + 1) for

C = CI

t
V

(P ) with jP j � n and V having k vectors, we get the recurrence

p

k

(n; t) �

X

t�2

j

�n

n

2

j

p

k�1

(2

j

; t) :

with the initial condition p

0

(n; t) � log

2

(n + 1), and the claimed bound in part (ii) follows

by a simple calculation. 2

Proof of Theorem 1.2. Let P be a given n-point set in R

d

. We use the Partial coloring

lemma 2.1 with F = CI

t
E

(P ), where E = (e

1

; e

2

; : : : ; e

d

) is the orthonormal basis in R

d

(e

i

is

parallel to the x

i

-axis) and t is a suitable parameter, to be determined by calculation. From

Lemma 2.2(ii), we get that in order that the condition (2) in the Partial coloring lemma be

satis�ed, we need that

K

n

t

(log

2n

t

)

d�1

log 2t �

n� 1

5

;

where K is some constant (depending on d). Therefore, we must choose

t � K

0

log

d�1

n log logn

for another large enough constant K

0

.

Consider an axis-parallel box B 2 R

d

. According to Lemma 2.2(i), the intersection

P \ B can be written as a disjoint union of some sets from F plus a set M

B

of size at

most s = O

d

(t(log

2n

t

)

d�1

) = O

d

((logn)

2d�2

log logn). Clearly, the set system induced by

axis-parallel boxes on P has no more than n

2d

distinct sets, and hence also the set system

M = fM

B

: B 2 R

d

g has at most n

2d

sets. The Partial coloring lemma applied on the set

systems F and M yields the existence of a substantial partial coloring � with �(F ) = 0 for

all F 2 F and j�(M)j = O

d

(

q

s log jMj) = O

d

(log

d�1=2

n

p

log logn) for all M 2 M.

To get a full coloring, it remains to iterate this coloring procedure. Namely, we set

�

1

= �, we let P

1

� P be the set of points that remain uncolored under �

1

, and we use P

1

in the role of P in the above considerations, obtaining a substantial partial coloring �

2

(note

that the auxiliary set systems F andM are de�ned from scratch for P

1

; we do not re-use the

ones de�ned for P ), and so on. We �nish the iterations as soon as only few points remain

uncolored (say � points, where � = O

d

(log

d�1=2

n

p

log logn) is the discrepancy bound for

the �rst partial coloring �

1

), and we color these points arbitrarily. A full coloring � of P

is obtained by combining all the partial colorings �

1

; �

2

; : : :. Since in each iteration, the
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