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Abstract

The importance of posets in theoretical computer science
increases in last years. The useful data structure to store
posets are Hasse diagrams. In this paper we show an oper-
ation on the diagrams: amalgamation. We investigate some
types of amalgamation of the diagrams and show bounds on
the dimension of them.

1 Introduction

A partially ordered set (poset) P consists of a pair (X, P), where X
is a ground set (always finite in this paper) and P is a reflexive, an-
tisymmetric and transitive relation on X. The relation P is called
partial order on X. To emphasize the order concept we write z < y
in P instead of (z,y) € P. We will also write y > z in P and, when
x # y, x < yin P. When the poset remains fixed throughout a
discussion, we will sometimes abbreviate < y in P by just writing
z < y. Distinct points z,y € X are said to be incomparable, denoted
z || y, if neither z < y nor y < z is in P. A pair of points (z,y) for
which z || y is called incomparable pair. When for P is no incom-
parable pair, then P is called a linear order on X and P is called a



linearly ordered set or a chain. If x > z > y in P implies z = y, then
we say x covers y and write y < x in P.

When P = (X, P) is a poset and Y is nonempty subset of X, the
restriction of P to Y, denoted P(Y'), is a partial order on Y and we
call (Y, P(Y)) a subposet of P. A point z € X is called mazimal point
(minimal point respectively) if there is no point y € X with ¢ < y in
P (z > y in P respectively). If P has the only one maximal point,
this point is called a greatest point. Similarly the only one minimal
point is called a least point.

The two partial orders (X, P) and (Y, Q) are isomorphic if there
exists a bijection f : X — Y such that for z,y € X x < y in P if
and only if f(z) < f(y). The dual of a partial order P on a set X is
defined by P? = {(z,y)|(y,z) € P}.

With a poset we associate cover graph G = (X, E). The edges of
the cover graph consist of those pairs zy for which z < y or y < z in
P. The poset is completely determined by suitable diagram of cover
graph in the Euclidean plane. We require that the y-coordinate of
the point corresponding to y be larger than the y-coordinate of the
point corresponding to x whenever z < y in P and the edges are
monotone in y-coordinate. Such diagrams are called Hasse diagrams
(or just diagrams). We will often identify the points of the diagram
with the points of the corresponding poset.

One can characterize diagrams as those oriented acyclic graphs
which has no guasicycle i. e. a set of edges of the form

(:1;17:1;2)7 (I2ax3)7 R (In—laxn)a (Ilaxn)

for some n > 2. If such a quasicycle exists, we call the edge (z1,z,)
a transitive edge. The overview about drawing the diagrams is [2].

If P and @ are partial orders on X and P C () then @ is called
an extension of P. If () is also a linear order, then () is called a linear
extension of P.

When P = (X, P) is a poset, the dimension of P denoted dim(P)
is the least positive integer t for which there exists a family R =
{L1,Ls,..., L} of linear extensions of P so that

t
P=(R=()L
i=1



The concept of dimension was introduced by Dushnik and Miller [1] in
a paper which continues to have significant impact on combinatorics
and set theory. The overview about the dimension theory is the
famous book of Trotter [3]. A family R = {Li, L, ..., L} of linear
orders on X is called a realizer of a partial order Pon X if P = NR. It
is easy to see that if R = {Lj, Lo, ..., L;} is family of linear extensions
of P then it is a realizer of P if and only if for every incomparable
pair (z,y) there exists an extension L; in which is y < x. We say
that L; invert (z,y).

When P = (X, P) is a poset, we will frequently want to specify
a linear extension L of P satisfying certain properties. At times we
will construct L explicitly. At times we will not be entirely precise
in defining linear extension. For example suppose X = AU B is a
partition, L, is a linear extension of P(A) . Then we write

L=1IL.(A),B
to denote any linear extension of P satisfying
1. z; < 9 in L whenever z; € A, x5 € B
2. L(A) =L,

We also say that the set A is before the set B and B is after A in a
linear order L.

Throughout this paper we define some types of amalgamations
of the diagrams. Notice that the amalgamation of the diagrams is
different from the amalgamation of the posets in general, although
in special cases (and these are all cases which we investigate in this
paper) it is the same. The difference is that in amalgamation of the
posets the same structure is in the common parts. On the other
hand in amalgamation of the diagrams we only identify the vertices
of the diagrams thus it is possible that in first diagram the pair of
the vertices is comparable, while its copy in the second poset is in-
comparable.



2 The amalgamation of two diagrams over
a vertex

The simplest case of amalgamation of diagrams is the amalgamation
over one vertex. We say that the poset P = (X, P) (its diagram
H = (X, E) respectively) was obtained by amalgamation of the Hasse
diagrams H, = (X1, E1) and Hy = (Xs, E2) over the vertez if the
Hasse diagram of P was obtained from the Hasse diagrams H; and
H, by identifying the pair of vertices « € X;, y € Xy in graph
theoretical sense.

It is easy to see that the preceding definition is correct, that means
the resulting oriented graph H is acyclic and does not contain a
quasicycle.

The following theorem gives the bound on the dimension of the
poset which was obtained by the amalgamation of two diagrams over
the vertex.

Theorem 1 Let Py = (X1, P1) be the poset with Hasse diagram
H, = (X1,E1) and led Py = (X3, P,) be the poset with Hasse di-
agram Hy = (X5, E2). Let the poset P = (X, P) with the diagram
H = (X, E) was obtained by the amalgamation of the diagrams H,
and Hy over the vertex. Then the following inequality holds

dim(P) < max(dim(Pq),dim(Pg)) +1

Proof: Let x1 € X7 and z2 € X5 are the vertices which was iden-
tified in the amalgamation of the diagrams H; and Hs. The vertex
which was created by their identification we call z and in the follow-
ing we use the symbol = for both the vertices ;1 and xz2. We then
define the following sets

A ={ye Xily<z}
A ={ye Xuoly <z}
B, ={ye Xily >z}
By ={y € Xoly >z}
Ci={yeXily| =}
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6 Open problems

Since the area of amalgamations of diagrams has not been much
investigated so far, there are a lot of open problems. We present only
some of them.

Problem 1 Let P = (X, P) be a poset which was obtained by an
amalgamation of diagrams Hy of the poset Py and H» of the poset
Po over one vertex. What is the characterization of the posets Py
and Po for which dim(P) = max(dim(Py), dim(Psg)) holds?

Problem 2 Does there exist for any integer k and posets Py and Po
such that dim(Pyq) =k, dim(Pg) < k and after the amalgamation of
diagrams of P1 and Po over one vertex a poset P is obtained such
that dim(P) =k + 17

The second problem can be easier than the first one, but it also
seems to be difficult. In our opinion if the answer is positive then we
need a quite new class of posets with unbounded dimension to prove
it. In this paper we only showed that the answer is positive for k = 2
and k = 3.

The whole group of problems arises from the amalgamation of
diagrams over a set of general vertices. We present only the principal
one.

Problem 3 Let P = (X, P) be a poset which was created by the
amalgamation of diagrams H, of the poset Py and Hy of the poset Po

over a general set of vertices of the size k. Does it exists a function
f(dim(Py),dim(P9), k) such that

dim(P) < f(dim(Py), dim(Py), k)
for any P and Po?

Similar problems as for the amalgamation of the two diagrams
over one vertex can be said for the amalgamation of more diagrams
over one vertex.

24

Co={y € Xalyll «}

Let n = max(dim(Pq),dim(P9)). We know that there exists a real-
izer

Ro={L',..., L'}
of the poset P and a realizer
R2 = {Lfa7sz}

of the poset Pg. At the first of these realizers in each L} the set A,
is before x and Bj is after x. Similarly in the second one A, is before
x and B, is after z. So we can for i = 1,2,...,n correctly define
linear orders

L; = Lj(A2), Li (A1), @, L (B2), Li (By)

These linear orders we extend to the orders Lq,..., L, in such a
way that:

1. For every ¢ € C1,y € X; if y covers ¢ in L} then y covers ¢ in
L fori=1,...,n.

2. For every ¢ € Cs,y € Xy if ¢ covers y in L? then ¢ covers y in
L;fori=1,...,n.

Lq,...,L, are then extensions of P. Let
Ln+1 = Al,Cl,Ag,x,Bl,Cg,Bg

Foreachi=1,...,nis L;(X1) = L} and L;(X,) = L?. Hence all
the incomparable pairs of the type (y,z) where y,z € Xj or y,z € X»
are inverted. Furthermore all the incomparable pairs of the type
(y,2) where y € A; and z € Ay or y € By and z € By are inverted.
Furthermore there are inverted all the following incomparable pairs:

1. y € X; and z € (s, because there exist 4 for which is z < z in
L;, thus less then any point of Xj.

2. y € C and z € X5, because there exist ¢ for which is y > x in
L;, thus greater then any point of X5.



It remains to invert the following types of incomparable pairs
(y,2):

l.ye Ay aze A
2.y€Bsaze DB
.yeXsaze(;
4. ye(Craze X

These incomparable pairs are inverted in the linear extension L, 41.
Extensions Ly, ..., Ly41 are thus the realizer of the poset P.

The following example shows that the inequality is tight.
Example: The posets Py and P9 on the figure 1 have dimensions 2.
After the amalgamation which is shown on the figure, we obtain a
poset P,which has dimension 3.

3 Amalgamation of more diagrams over
common vertex

We say that the poset P = (X, P) (its diagram H = (X, E), re-
spectively) was obtained by amalgamation of the Hasse diagrams
H, = (Xy,E), Hy = (X»,Es),...,H, = (X, E) over common
vertex if the Hasse diagram of P was obtained from the Hasse dia-
grams Hy, H, ,... Hy by identifying the k-tuple of vertices z; € X7,
Ty € Xo,...,xr € Xy in graph theoretical sense.

Theorem 2 For an integer k > 2 let P = (X1, P1) be a poset with
a Hasse diagram H, = (X1,E1), Pg = (X3, %) be a poset with a
Hasse diagram Hy = (X3, E),..., Py = (X, P) be a poset with a
Hasse diagram Hy, = (X4, Ey). Further let a poset P = (X, P) with a
diagram H = (X, E) was obtained by amalgamation of the diagrams
H,, H,,... ,Hy over common vertex. Then

dim(P) < max(dim(Py),dim(Pg),...,dim(Py)) + 2

rest of the diagrams everything holds, which holds above in the proof
of the special case. Hence all the incomparable pairs are inverted.
This completes the proof.

In the preceding we presented an example in which the dimension
increase by two in the amalgamation of diagrams over a common ver-
tex. We now show another example in which each point is a common
vertex of at most two diagrams.

Example: A poset which diagram is on the figure 6 has dimension
three. It can be built by an amalgamation of five diagrams over one
vertex. [

Figure 6: 3-dimensional poset obtained by amalgamation of chains

We showed that the inequality in the theorem 4 is tight and thus
we solved the problem of dimension of the posets obtained by the
amalgamation of diagrams over one vertex.
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Suppose that the vertex H; of the tree G has the immediate suc-
cessors

H;,...,Hj
such that
XinX;, Nn---NX; ={z;}
Then we work with the diagrams Hj,,..., Hj; as with one diagram

in the amalgamation, which has just one common vertex z; with its
immediate predecessor. This diagram (we call it H; = (X;, E;)) has
by the theorem 2 a realizer

1 2 n n+1 n+2
L},L%,... L7 L L

which extensions are the same as in the proof of the theorem 2 (es-
pecially the last two ones).

In the construction of the linear extensions Li,...,L, we use,
instead of a realizer of H;, the linear extensions L},..., L. In the
construction of the linear extension L,y; we use instead the order
Li(A;), Li(Cy), the order

L;(Ail)7 L;(Cil)7 L;(Ailq): L;’(Cizq): s 7L;'(Ai1)a L;(Ch)
and, instead of L}(B;), we use the order
L;(Bi1)7 L;(Biz)a ) L;(B”)

Similarly in the construction of L, we use, instead of L}(A;)
the order
L;(Ail)7 L;(Aiz—1)7 ) L;(All)
and, instead of L}(C};), L;(B;), we use the order
L;(Ch):L;(B@l):L;(Clz)a L;(Niz)a s 7L;'(Cil)7Ll'(Bil)

(3

Thus for 1 <j<n+2

holds and thus all the incomparable pairs of the type (y,z) where
Y,z € X; are inverted. At the same time for the diagram H; and the
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Figure 1: The dimension can increase after the amalgamation dia-
grams over one vertex



Proof: Let z; € Xy, 2 € Xs,...,x;, € X} be the vertices which

was identified in the amalgamation of the diagrams Hy, Hs,... ,Hy.
The vertex which was created by the amalgamation we call  and
in the following by = we also mean the vertices z,zs,...,z;. For

i=1,2,...,k we define the following sets
A ={y e Xily < x}
B, ={y € Xi|ly > «}

Ci={y € Xily || «}

Let
n = max(dim(Py),dim(Pg),...,dim(Py))

There exist a realizers Li, ... ,L¥ of P; for each ¢ =1,2,... k.
Fort=1,...;kand j=1,...,nlet Df C X; be the set such that

for y € D! y <z in L} and U} C X such that y € U/ y > z in L.

We construct a realizer of the poset P of size n + 2.
Fori=1,2,...,n let

Ly = L{(D}), Ly(D3), . . ., Li (DY), @, Ly, (U}), Li—y (Ui ), - -, L3 (UY)
and
Ln+1 = Ak,Ck,Akfl,Ckfl,. .. ,Al,Cl,QZ,Bl,BQ,,.. .,Bk

Ln+2 = AkaAk—la"'7A17I7017317027B27'"7CkaBk

In Ly, L,,..., L, are inverted all the incomparable pairs of the
type (z,y) where 2,y are both from the same X; for some 1 < j <k,
because L;(X;) = L; It remains to show that Ly, Lo, ..., Ly1o invert

all the incomparable pairs of the type (z,y) where z € X, y € X,
for 1 <I,m <k, # m. We investigate all the possible cases:

1. z€ A,y € Ay If Il <m then y < z in Ly,y1. In the opposite
casey < z in L.

2. z€ A,y € By, Then z < y in P and (z,y) is not an incompa-
rable pair.

construction of Ly4o (because z;, < zj,), that B;, > Bj, in
Ly yo. Further B, > B;, and C, > B;, in L, 2. Because in the
construction of L2 we put the points of X, after the points of
Xi, and X, and in the construction of L,» we put the points
of Bj, just after Xj;, X;, < B;, in L, holds. Similarly for
X; ., Xj, = Xs. We proved that B, > X, a C. > X in
Ln+2.

It remains to show that Ay < X, and Cs < X, in L,,4;. It can
be done by the symmetrical way to the preceding steps. We
can use the fact that A;; < Aj in Lyy;.

35 - -

We proved that if z, < z, then all the incomparable pairs of
the type (y, z), where y € X, and z € X are inverted.

2. z, || zs. In this case all the points of the set X, are incom-
parable with all the points of X . By the same way as in the
item 1 we can show that B, > X and C, > X, in L,42 and
that A; < X, and Cs < X, in Ly41. It remains to show that

B, < A,.
Without lost of generality we assume that z; % xj,. Let x;
be the first vertex from the sequence zj,,...,zq = x5, which

is greater than its immediate predecessor. Then z; € Cj,_, U
Aj,_, and thus in L,11 z;, < Xj,_, and thus z;, < X;.

Since x;, < xj, in P, it is Aj, < A;, in Lyyq. Further in Ly 44
is A, > Aj, in L,y1 and similarly for A;,,..., A;, we obtain
A, > Aj, in L4, and thus z;, < A, in L,4. For B, it holds,
that its points are in L, just after z; and thus B;, < A, in
Lyy1. That means X; < A,. Similarly for B; ,Bj, = X
we obtain By < A, in Ly41.

I410° "

We proved that all the incomparable pairs of the type (y, z),
where y € X, and z € X are inverted.

Under the assumption that every vertex is a common vertex of at
most two original diagrams we proved that the linear orders Ly, Lo, . . .
invert all the incomparable pairs from P.

Now we describe the general case. The construction of linear
orders is almost the same as in the preceding special case.
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common vertex x;;. In the sequence

T =Ty, Tigy oo, Tiy, = T
let x;, is the first vertex, which is not less then its prede-
cessor. Then z;, € B;,_, UCC;,_, and thus in L, aisx;,

behind X,. Then no vertex of
Xit UXit+1 U---UX,

is less than any vertex of X, and in L, 12 are these vertices
behind X,. Thus y > z in L, for every z € X,. and thus
all the incomparable pairs with the vertex y and any vertex
of X, are inverted.

3. For y € B, is the proof symmetrical to the preceding case.

Now let H, and Hy are not on the same oriented path in the tree
G. Let H; be the nearest common predecessor of H, and Hy. Let

Hy=H,;, H;,H;,,..., H

ip

= H,
be a path from the vertex H; to the vertex H, in G and
H; = Hj,,H;, ,Hj,,...,H; = H,

a path from the vertex H; to the vertex H,; in (G. Recall that the
diagrams H; and H;, , have the common vertex z;  for m > 1.

Suppose that x;, || «; in P. Then all the points of X, are
greater then the immediate predecessor of x;, in each linear order
from L}, ..., L} (the realizer of P;) and less then the immediate suc-
cessor. The same holds for the points of X and z;,. The order of
z;, and z;, are different in at least two orders from Lj,..., L} and
thus also the order of the sets X, and X, are different.

Hence we can assume that z;, < zj;. Thus X, < X, in all the
orders Ly, ..., L,. All the incomparable pairs of the type (y, z) where
y € X, and z € X, are inverted. We distinguish two possibilities.

1. , < x5 in P. Then any point of A, is less then any point
of By in P. We prove that for the sets B, and C, the facts
B, > X, and C, > X in L5 holds. It follows from the
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3. z€ Aj,ye Cp,. If l < m then y < z in Ly41. In the opposite
case, because y ||  in P, there exists j such that y < z in L],.
Hence y € D},. At the same time z € D]. Thus y < z in L;.

4. z€ Bj,y € Ay,. Then z > y in P and (z,y) is not an incompa-
rable pair.

5. 2 € B,y € By,. If l > m then y < z in Ly4;1. In the opposite
casey < zin Lj.

6. z€ B,y € Cp,. Then y < zin L;41.
7. zeCy€ A, Then y < zin Ly yo.

8. z€ (C,y € By,. Ifl > m then y < z in Lyyo. In the opposite
case, because z || v Pp,, there exists j such that y > x in L],.
Hence y € UJ,. At the same time z € Uj. Thus y < z in L;.

9. z€ C,y € Cpy. Ifl > m then y < z in Ly4o. In the opposite
case y < zin Ly41.

All the incomparable pairs are inverted and it completes the proof.
O

4 Square posets

To show that the inequality in the preceding theorem is tight, we
now define a new class of posets. For an integer n > 2 we define the
square poset T,, = (X, P) such that

X ={z,a1,a2,...,6,,b1,b2,...,b,,c1,C0,...,¢,}
and for each i =1,2,....,n:
1. a; <z
2. a; < ¢
3. a; <b;

4. ¢; < b;



5. ¢ < b;

in P. No other comparabilities are in P. The diagram of square poset
T, is on the figure 2.

by by

Figure 2: The square poset T}

We now show what is the dimension of the square poset T),.
Theorem 3 Let T, = (X, P) be the square poset. Then

1. Forn=1,2 it is dim(T,,) = 2.

2. Forn =3,4,5,6 it is dim(T},) = 3.

3. Forn > 7 it is dim(T},) = 4.

Proof: For each case we have to show that there exists a realizer of
the needed size and does not exist a realizer of the less size.

1. Forn = 1,2 the poset T}, is not a chain thus it has the dimension
at least 2. On the other hand when we add the greatest and
the least point to T),, it stay planar, thus it has the dimension
two.
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e In L, 41 the points of A; and Cy are “before” the diagram H,
and each point of X is “as low as possible”.

e In L, > the points of By and C; are “after” the diagram H,
and each point of X is “as high as possible”.

The extensions L1, Lo, ..., L, invert all the incomparable pairs of
the type (y, z) where y,z € X; for j =1,...,k because

Li(X;) = L§
To see that
R={Li,La,...,Lp,Lyt1,Lpi2}

is a realizer of P, we have to check if all the incomparable pairs of
the type (y,z) where y € X,, 2z € Xsfor 1 <r,s <k and r # s are
inverted.

At first we investigate the case, when H, is a predecessor of H
in G.

We investigate three cases:

1. Fory € Cs it isy < zin Lpy1 and y > z in Ly4o for every
z € X, and so there are inverted all the incomparable pairs
with y and any element of X,.

2. Fory € Ag it isy < z in Ly4q for every z € X,.. Let 2" € X,
is the common vertex of H, and its common successor on the
path from H, to Hs in G. There are two cases:

(a) s < z"in P. Then for every z € X,., which is incompara-
ble with y in P it is either z || " or z < z" in P,.. For such
z there exists 1 < ¢ < n such that 2" > z in L% and so
y > z in L;. Hence all the incomparable pairs of the type
(y,z) and (z,y) where y € As; and z € X, are inverted.

(b) s £ 2" in P. Then y || z in P for every z € X,. Let
HT:HiUHin"'JHiq =H,

is the sequence of the vertices of G on the path from P,
to Ps. Let us recall that the diagrams P;; and P;;_, have
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step m Let ¢ be such that in Y;,_; are points of the set X, (ver- 2. For n = 3,4,5,6 the poset T,, contains both the posets from
tices of H;) but not vertices of diagrams which are immediate the figure 3 which are both 3-dimensional (see [4]).
successors of H, in the tree G. Let d be the outdegree of the
vertex H, in the tree G and
H; ,H;,,...,H;,
be the immediate successors of Hy such that z;_ % x;, in P; for
r < s. Then
Y =Y UX;, UX, U U KX,

td

and let
Yn‘ifl ={yeYn_1ly <z€ Mpt1,m—1 for every z € X}
In My 41,m is the order

Mn+17m*1 (Yrg—l)a L;'d (Aid)7 L;d (Cid)7 L; (Aid—1 )7

td—1
Lgd,l (Cid—l )7 R L;l (AH )7 L21 (Ci1)7 Mn+1,m—1 (Ym—l \ Yr;izfl)
and for 1 < u < d the points of B;, we put (in order of L} )

¢ - Figure 3: The 3-dimensional posets
immediately after z;,.

Similarly let On the other hand the realizer of Ty is
Y1 ={y €Y 1ly >2€ Myuy2,m1 for every z € X, } L, = as,¢3,a3,as,c3,a6,C5,a1,a04, T, b3, ba, e, bs, c4, b, by, €1, b1
In My42,m, is the order Ly = a4, c4,as5,a1,¢s5,0a2,¢1,03,ag, T, bs, ba, 2, b1, cg, b2, bg, 3, b3
Mogz2,ma(Yma \Y5_1), Li, (Ci,), L, (Biy), Li,_, (Cia_y), L = ag,¢q,a1,03, 1,04, C3, 5,02, T, by, bg, €4, b, €2, by, b, €5, b
Li, (Big_),---,Li (Ciy), L (Biy), Mpyom—1(Ym—1) and for n = 3,4, 5 the poset T, is the subposet of Ty and thus

it has dimension 3, too.
and for 1 < u < d the points of A;, we put (in order of L] )

immediately before z;. . 3. For i < j is T; the subposet of 7. To show that for n > 7 a
realizer of the size 3 does not exist, it is enough to show this for
Finally we set Ly+1 = Mpy1 and Lpyo = Mpi2. T;. Suppose for the contrary that R = {Li, Lo, L3} is a realizer
Observe the following: If H, is a predecessor of H; in the tree G of Tr.
then: For ¢t = 1,2,...,7 are ¢; and x incomparable in P and one of
e In Ly,..., L, all the points of X, are “inside” the diagram H,.. the following possibilities holds
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(a) ¢; isin Ly and in L; greater than « and in L, less than x
for k,1,m € {1,2,3}, k,l, m are pairwise different.

(b) ¢; isin Ly and in L; less than x and in L,, greater than x
for k,l,m € {1,2,3}, k,l, m are pairwise different.

Suppose that the first case holds. The point ¢; is incomparable
with the point a; for all j # i. Because each such a; is less
than z in 7%, it is less than ¢; in Ly and in L;. Because there
are inverted all the incomparable pairs of the type (a;,c;) for
J # 1, it must hold ¢; < a; in Ly,. Thus q; is the least point in
L,,, because a; < ¢; in T},.

This situation can not hold for three different values of i. For
at most three values of ¢ the first situation holds. Similarly one
can show that for at most three values of ¢ the second situa-
tion holds. But we have seven values of i. The contradiction
completes the proof.

On the other hand, for T,, there exists a realizer of the size 4:

L, = 017617027627'"7anacnam7b17b27"'7bn
L2 = an,cn,an_l,cn_l,...,al,cl,x,bl,bz,...,bn
L3 = al,az,...,an,x,cl,bl,cz,bz,...,cn,bn
L4 = 017027"'7an7macn7bnacn71;bn717"';clabl

Thus dim(7,) =4 for n > 7.

We investigated all the cases and the proof is complete.

Notice that the diagram of T, is planar for all n (see figure 4).
For n > 7 T), is 4-dimensional planar poset.

The following example shows that the inequality in the theorem 2
is tight.
Example: Let T4, T2, T35, Ty are isomorphic copies of Ty. By the
amalgamation of these posets over the common vertex, in which we
identify the copies of the vertex z, we obtain an isomorphic copy of
the poset Ts which has dimension 4. Thus the dimension increases
by two.

Let us remark, that by the amalgamation of two copies of 75 or
T, over the copies of x, the dimension increase by one.
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forj=2,....k

step j Let z;_; be the common vertex of the sets X/~ and X;.
Further let D} C X; be the set of points which are in L} less
than z;_; and similarly U; C X set of points which are greater,
D} € X7~ ! set of points which are in M; j_; less than z;_; and
U; C X771 set of points which are greater. Then

M; j = M; j1(D}), L5(D}), w1, L (U}), M; j_1 (U})

where X7 = X7=1 U X;.

Finally we set L; = M; .

Before we define the rest two linear extensions Ly 41 and Ly 2 we
define the following labeling. For each j such that 2 < j < k we mean
by z; the vertex for which is z; € Xin X, that means the common
vertex of H; and its immediate predecessor in the tree GG. Further

Aj ={y € Xjly < z;inP;}
C; ={y € X;ly || z;inP;}
Bj ={y € Xj|y > z;inP; }

Let Ly, Lo,..., L be any linear extensions of P, Ps,..., P re-
spectively. Further let ¢ is the number of leaves of G and | = k—t+1.
The extensions L,41 and L, we construct in such a way that we
construct in [/ steps sequences

Mpy11, Mpt1,2,--, Mpy1y

and
Myto,1, Myyo2,..., Mpyoy

on the sets Y7,Y5,...,Y;. In the following we suppose 1 < m <1

step 1 M,11,1 a M, 2, are any linear extensions of P, on the set
Y1=X;

Form=2,...,1
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in Ld.

If we identified in the amalgamation vertices z € X; and y € X
for 1 < i,j <k, then we say that the diagrams H; = (X, E;) and
H; = (X;, E;) has common vertex.

Let
n = max(dim(Py),dim(Pg),...,dim(Py))
We know that there exists a realizer Li,..., L of the poset Py, a
realizer L3, ..., LY of the poset Pog, etc., a realizer L, ..., L} of the
poset Py .

At first we prove the special case of the theorem in which for any
i, 7,1 pairwise different, 1 <14, j,l < k holds: If = is a common vertex
of the diagrams H; and Hj; then x is not a vertex of H;. Hence at
most two diagrams are amalgamate over one common vertex. Lately
we show that the proof works with small adaptations also for the
general case.

We show that there exists a realizer

R =A{Li,La,...,Lp,Lp+1, Lpt2}

of P.
For ¢+ = 1,2,...,n we construct an extension L; in such a way
that we construct linear orders

M1, Mio,...,M;y
where for 1 < j <k is M; ; linear order on the set
X' =X;UXoU - UX;

which is an extension of P(X7) and M;, = L;. Notice that the
order Ly gives that the sets X7 and X;;1 has a common point for
1<j<k-1

In the following is 1 < ¢ < n an index for the extensions and
1 < j < k an index for the diagrams. We then construct linear orders

M1, Mio,...,M;y
in the following way:

step 1 M;; = Lt, where X! = X
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Figure 4: Planar drawing of T,

5 The amalgamation over one vertex

We say that the poset P = (X, P) (its diagram H = (X, E) re-
spectively) was obtained by amalgamation of the Hasse diagrams
H, = (X4,E,), Hy = (Xo,E»),... ,H, = (X, Ex) over a vertex if
there exists their ordering

H; ,H;,,...,H;,

such that the diagram H was obtained in k — 1 steps by the following
way:

At the first step a diagram H' was obtained by amalgamation of
diagrams H;, and H;, over one vertex.

At the second step a diagram H? was obtained by amalgamation
of diagrams H' and H;, over one vertex.

Etc.

At the k — 1 step a diagram H was obtained by amalgamation of
diagrams H*~2 and H;, over one vertex.
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In the definition we repeatedly amalgamate two diagrams and
thus the definition is correct, H is a Hasse diagram. W. T. Trotter
in [3] defines an amalgamation of a family of rooted posets over a
poset. In fact it is a special case of our amalgamation over a vertex.
We now present a bound on the dimension of a poset obtained by
amalgamation diagrams over a vertex, which is a generalization of
Trotter’s one.

Theorem 4 For an integer k > 2 let P1 = (X1, P1) be a poset with
a Hasse diagram H, = (X1,E1), Pg = (X3, %) be a poset with a
Hasse diagram Hy = (X3, Es) etc., Py = (Xg, Py,) be a poset with a
Hasse diagram Hy = (X, E). Further let a poset P = (X, P) with
a diagram H = (X, E) was obtained by amalgamation of diagrams
H,, H,,... ,Hy, over a vertex. Then

dim(P) < max(dim(Py),dim(Pg),...,dim(Py)) + 2

Proof: The resulting diagram H has a tree structure in the sense:
Let G = (Vg, E¢) be a graph such that

Vo = {Hi,Hs,...,Hy}

Eq¢ = {{H;,H,}H; H; € Vg,a vertex of the diagram H;
was identified with a vertex of the diagram H;}

then G is a tree. We use this tree structure. We choose any
diagram among the diagrams H;, Ho,...,Hy, say H; to be a root of
G and the edges we orient in direction from the root to leaves (see
figure 5). From this moment G is oriented rooted tree.

The orientation of G' gives a partial order on the set of the di-
agrams Hy, Ho,...,H). For vertices H;, H; € Vi we say that the
vertex H; is successor of the vertex H; and H; is predecessor of H;
if an oriented path from H; to H; exists in . Further we say that
H; is immediate successor of H; and Hj is immediate predecessor of
H; if (H;,H;) € Eq is an oriented edge in . Let Ly be any linear
extension of the partial order on Viz. Without lost of generality we
suppose that

Hi < H, <--- < H,
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Figure 5: A tree G

15



