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Abstract

This is a continuation of our paper ‘A Theory of Pfaffian Orientations I’.
We present a new combinatorial way to compute the generating functions of 7'-
joins and edge-cuts of graphs. As a consequence we show that the computational
problem to find the size of a maximum edge-cut is polynomially solvable for the
graphs which may be drawn on an arbitrary fixed orientable surface. We also
survey the related results concerning a duality of the Tutte polynomial and we
give interesting expressions for the chromatic polynomial and the flow polynomial
of a graph. In a continuation of this paper which is in preparation we present an
application to the Ising problem of three-dimensional crystal structures.
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1 Introduction

We start by repeating basic notions and theorems of [3]. G = (V, E) will always be a
graph and z. will be a variable associated with each edge e of G. We let & = (z.;e € E)
be the vector of the variables associated with the edges of G. For M C E let #(M
denote the product of the variables of the edges of M. An orientation of graph G =
(V, E) is a digraph obtained from G by giving an orientation to each edge of G.

Let AAB denote the symmetric difference of the sets A and B.

Definition 1.1 The generating function of the perfect matchings of G is polynomial
P(G,z) equal to the sum of x(P) over all perfect matchings P of G.

Given a graph G = (V, E), an eulerian subgraph of G is any graph G' = (V, E')
with £’ C E and all degrees even.

Definition 1.2 The generating function of eulerian subgraphs of G is polynomial £(G, x)
equal to the sum of @(U) over all eulerian subgraphs U of G.

Given a graph G = (V, E) and T C V, a T-join is any graph G’ = (V, E’) such that
E' C E and the degree of a vertex v of G’ is odd iff v € T'. Eulerian subgraphs are
T-joins for T = 0.

Definition 1.3 Let G = (V, E) be a graph and T C V. The generating function of
T-joins of G is polynomial Tr(G, ) equal to the sum of x(W) over all T-joins W of G.

Next we consider multicuts.

Definition 1.4 Let k > 1 and let G = (V, E) be a graph. A pair ({V1,...,Vi}, E') is
called k-cut if {V1,...,Vi} is a partition of V into k non-empty disjoint subsets and E’
s the set of all edges with the end-vertices in different parts V;, 1 = 1,.... k.

Definition 1.5 The generating function of k-cuts is polynomial Cyp(G, ) equal to the
sum of ©(C) over all k-cuts ({Vi,...,Vi},C) of G.

Definition 1.6 Let G be a graph and let D be an orientation of G. Let M be a perfect
matching of G. For each perfect matching P of G let sgn(D, MAP) = (—1)" where n
equals to the number of clockwise even alternating cycles of M U P and let P(D, M)
equals the sum of sgn(D, MAP)x(P) over all perfect matchings P of G.



Definition 1.7 Let G be a graph and D be an orientation of G. Denote by A(D) the
skew-symmetric matriz with the rows and the columns indexed by |V (G)| = 2n, where
Uy = T(pw) 0 case (v,w) is an arc of D, Gy = —T(ww) in case (w,v) is an arc of D,
and Gy, = 0 otherwise.

The Pfaffian of the skew-symmetric matriz A(D) is defined as

Pf(A(D)) = ;S*(P)aim S i,

where P = {{i1j1}, -, {ingn}} is a partition of the set {1,...,2n} into pairs and s*(P)
equals to the sign of the permutation (i11 ... 4nJn)-

FEach nonzero term of the expansion of the Pfaffian of A(D) equals x(P) or —z(P)
where P is a perfect matching of G. Let s(D, P) equal the sign of the term x(P) so that

Pf(A(D)) = _s(D, P)x(P)

P

The following theorem was proved by Kasteleyn ([5]).

Theorem 1.8 Let G be a graph and D an orientation of G. Let P, M be two perfect
matchings of G. Then

s(D,P) = s(D,M)sgn(D, MAP).
Hence,
Pf(A(D) =} s(D,P)e(P) = s(D, M)} sgn(D, MAP)z(P) = s(D, M)P(D, M)
P P
The following theorem is well-known (see [7]).

Theorem 1.9 Let G = (V. E) be a graph and let D be its orientation. Then Pf?(A(D)) =
det(A(D)).

Kasteleyn ([5]) introduced the following notion.

Definition 1.10 Graph G is called Pfaffian if it has a Pfaffian orientation, i.e. an
orientation such that each alternating cycle with respect to an arbitrary fized perfect
matching M of G has an odd number of edges oriented clockwise.

Hence if a graph G has a Pfaffian orientation D then P(G,z)* = det(A(D)).
Kasteleyn ([5]) also observed that the planar graphs have a Pfaffian orientation.
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Theorem 1.11 FEach planar graph has a Pfaffian orientation.

Proof. Let G be a planar graph, and let M be its perfect matching. Consider G drawn
on the plane. Orient edges of G so that each face, except possibly the outer omne, is
clockwise odd. Each such face ‘encircles’ no vertex of G. Observe that the orientation
has the property that a cycle C of G 1s clockwise odd iff C' encircles an even number of
vertices. Each alternating cycle with respect to M encircles an even number of vertices
and hence it is clockwise odd.

O

Definition 1.12 We define surface S, , g positive integer, as follows. It consists of
a base By and 2g bridges B;:, i =1,....9 and 7 = 1,2. By is a convexr 4g-gon with
vertices ay,...,an, n = 4g, numbered clockwise. Bridge Bj is a 4-gon with vertices
zt xh 2t 2y numbered clockwise . It is glued with By so that edge (z%,z%) of Bl is
identified with edge (as(i—1)11, aaii—1)42) of Bo and edge (w%,}) of By is identified with
edge (a4(i—1)-|—.37a4(i—1)-|—4) of By . S

Bridge B3 is a 4-gon with vertices yi,ys, ys, ys numbered clockwise . It is glued with
By so that edge (yi,y3) of By is identified with edge (asi_1)42, Gai—1)+3) of Bo and edge
(vs,yi) of By is identified with edge (@4(i—1)+4> Ba(i—1)+5modag) Of Bo .

Definition 1.13 We say that a graph G is a g-graph if it may be drawn on S, so that
all the vertices belong to the base By, and each edge uses at most one bridge. The set of
the edges drawn on the base will be denoted by Ey = Eo(G) and the set of edges drawn
on bridge B;: will be denoted by E; = E;(G)

If moreover the following conditions are satisfied then we say that G is a proper
g-graph.

1. The outer face of the subgraph embedded on By is a cycle, and it is embedded on

the boundary of By,

2. Fach vertez is incident with at most one edge out of Ey,
3. The subgraph embedded on By has a perfect matching.

If G is a proper g-graph then we denote by Cy the cycle which forms the outer face
of By, and we denote by My a perfect matching of the subgraph of G embedded on By.

For each g-graph we fix its embedding on S,.



Definition 1.14 Let G = (V, E) be a proper g-graph. The graphs Gy = (Vo, Eo) and
G; = (V,Ey U E;) are planar. We define orientations of Gy and G; as follows: orien-
tation Doy of Gy is Pfaffian and such that each face of Gy is clockwise odd (as in the
proof of Theorem 1.11). Neat we draw G; on the plane so that the drawing of Gg is
unchanged, and edge (2%, %) ((yi,ys) respectively)of B;: belongs to the outer face of the
drawing of G%. Now complete Dy to an orientation of G, according to Theorem 1.11,
i.e. so that each face is clockwise odd. This defines orientation +D3 of the edges of E.
— D’ is defined obviously by reversing the orientation of +D5.

Remark 1.15 If G s a proper g-graph and Pfaffian orientation Do of Gy s fized, then
for each ij —|—D§ s uniquelly determined.

Definition 1.16 Let G be a proper g-graph, g > 1. An orientation D of G which
equals to —|—D§ or —D; on E; and to Dy on Ey is called relevant. We define its type
r(D) € {+1,-1}* as follows. Fori=0,..9—1 and j = 1,2, r(D)ay; equals to +1 or
—1 according to the sign of D;"’l in D.

Definition 1.17 Let G = (V, E) be a proper g-graph and let A be a subset of its edges.
We define its type t(A) € {+1,—1}* as follows. Fori=0,..9—1 and j = 1,2, we let
t(A)aiyj equal to (—1)*Aziti  where s(A)giy; equals to the number of edges of A which
belong to E;"'l.

Definition 1.18 Let r = (rq1,...,724) and r; € {1, —1}. We let ¢(r) = (—1)"279, where

n=[{i; 7241 = 72iq2 = —1}].
The following theorem and its corollary are the main results of [3].

Theorem 1.19 Let G be a proper g-graph. Then P(G,z) equals to linear combination
L(G,z) of Pf(A(D)), where D is a relevant orientation of G. The coefficient of L at
Pf(A(D)) equals to s(D, My)e(r(D)). Moreover s(D, My) is constant for each relevant
orientation D of G.

Corollary 1.20 Let G be a graph of orientable genus g. Then P(G, x) may be expressed
using Theorem 1.19.

The following proposition is a consequence of Theorem 1.11.

Proposition 1.21 Let D be a relevant orientation of a proper g-graph G and let P, M
be two perfect matchings of Go. Then s(D, P) = s(D, M).

This Proposition implies that the following definition is correct.

Definition 1.22 Let D be a relevant orientation of a proper g-graph G. Then we let
(D) = s(D, My)c(r(D)) be the coefficient of Pf(A(D)) in L (G,z).



2 T-joins.

In this section let G = (V, E) be a graph and let T C V.

We generalize a construction of Kasteleyn ([6]).

Definition 2.1 Let G be a g-graph. Construct g-graph G from G so that each vertex
v of G is replaced by a cycle C(v) of length d(v). If degg(v) is even and v ¢ T or
degg(v) is odd and v € T then d(v) = degg(v). Otherwise d(v) = dega(v) + 1.

If ey, ...,er are the edges of G incident with v, listed in the clockwise order, and
(215 -0y Zd(w)) 15 an order of the vertices of C(v) then we let e; incident with z; in GT.
In this way each edge of G incident with v is incident with one vertez of C(v) in GT.
GT is a g-graph and each C(v) is a face of its planar part Eo(GT).

Nezt, let GT be the graph obtained from GT by adding all the edges between the
vertices of each C(v), v vertez of G. Hence in GT, each C(v) is replaced by a complete
graph with the same vertices. This complete graph will be denoted by K(v). Finally we
let zT =1 for each edge of GT — G and T = z. for each edge of G N GT. We denote
by xT the restriction of T to the edges of GT.

Let Fy denote a Pfaffian orientation of Eo(GT) such that each face of Eo(GT) is
clockwise odd (as in Theorem 1.11). Particularly each C(v) is clockwise odd in F.

Let e be an edge of K (v)—C(v). Orient it so that both cycles it forms with C(v) C Fy
are clockwise odd. Note that this is always possible since C(v) is clockwise odd in Fy.
This gives an orientation of Gy and of the edges of all K(v), v vertez of G. Denote it
by Fs.

Let D be an orientation of GT. We denote by D' the restriction of D to GT. We
will call an orientation D of GT T-relevant if Fy C D and the restriction D' of D is a
relevant orientation of GT.

Theorem 2.2 Let G be a graph such that GT is a proper g-graph.

Then Tr(G,z) equals to linear combination ,CZ; of Pf(A(D)), where D is a T-
relevant orientation of GT and the coefficient of Pf(A(D)) equals to the coefficient
#(DY) of PA(A(DY)) in £)(GT.4T).

Proof. Let D be a T-relevant orientation of GT. Each term of Pf(A(D)) equals to
zT(P) or —zT(P) where P is a perfect matching of GT. We remind that s(D, P) denotes
the sign of z7(P) in Pf(A(D)).

Let P be a perfect matching of GT and let P’ = P N E(G). Then P’ is a T-join of
G, and z(P') = zT(P).

If W is a T-join of G then W is a matching of GT which may be completed into
a perfect matching. Let R(W) denote the set of the perfect matchings of GT which
contain W.



Each R(W) is non-empty and there are in general many ways in which T-join W
may be completed into a perfect matching of G7.

Let W be a T-join of G. Let v € V. Let V(W,v) be the set of vertices of K(v)
not incident with an edge of W. Then |V (W, v)| is even. Let K(W,v) be the complete
subgraph of GT induced on V(W,v) and let D(W,v) be the orientation of K(W,v)
induced by the T-relevant orientations of GT.

Consider the arcs of D(W,v) drawn inside the face C(v) of E(GT).

Observe that D(W, v) has a non-intersecting clockwise odd Hamiltonian cycle H(W, v):
this is true since C(v) is clockwise odd in any relevant orientation of GT, and each arc
of D(W,v) — C(v) is by definition directed so that both cycles if makes with C'(v) are
clockwise odd.

Let GT(W) = GTU(H(W,v);v € V). GF(W) is a proper g-graph and each H(W,v)
is a face of its planar subgraph. Let Do(W) denote the restriction of Fy to the planar
subgraph Eo(GT(W)) of GF(W). All faces of Do(W) are clockwise odd and hence
Do(W) is a Pfaffian orientation.

The remaining arcs of D(W,v) — H(W,v) may be drawn inside the area bounded
by H(W,v) and they are directed in D(W,v) so that the two cycles they form with
H(W,v) are clockwise odd.

Let W(v) be a perfect matching of H(W,v) and let M(W) = W U (W(v);v € V)
be a perfect matching of GT (W) (and GT as well) which contains W.

Claim 1. Let W be a T-join of G and let D be a T-relevant orientation of GT.
Then
Y s(D,P)=s(D,M(W)).
PER(W)

Proof. Let P € R(W). By Theorem 1.8 we have

s(D,P) = sgn(D, M(W)AP)s(D, M(W)) = (-1)"s(D, M(W)),

where n equals to the number of clockwise even alternating cycles of P and M (W). Each
such alternating cycle belongs to D(W,v) for some vertex v of G. We let P(W,v) =
PN D(W,v) and we let M(W,v) denote the set of the perfect matchings of D(W,v).

We have
z(: )S(D,P) =
s(D, M(W)) z(: )H/sgn(D(W,v),W(v)AP(W,v)) =

s(D, M(W)) 11/ z(: ))sgn(D(W,v),W(v)AP).



It suffices to show that 3= pe pyw) sg(D(W,v), W(v)AP) =1 for each v € V.

We will prove it by induction on |V(W,v)|.

If |V(W,v)| = 2 then it is clearly true.

Hence let |V(W,v)| > 2 and let e = 2y be an edge of W (v).

First observe that Y pecaqw)ccp $gn(D(W,v), W(v)AP) = 1 by the induction as-
sumption for D(W,v) — {z,y}.

The perfect matchings of D(W,v) which do not contain e are paired as follows.

Each perfect matching of D(W,v) not containing e may be obtained from a perfect
matching M’ containing e and another edge f disjoint with e, by replacing e and f by
other two disjoint edges with the same end-vertices. This replacement may be done in
two ways, which produces a natural pairing of the perfect matchings of D(W,v) which
do not contain e.

Let My, M> be a pair of perfect matchings of D(W, v) obtained by replacing e, f € M’
by edges ey, f1 and es, fa respectively. Observe that the drawing of f inside face H(W,v)
of GT(W) doesnot intersect ¢, since ¢ is an edge of H(v). Hence the edges of exactly
one of the pairs e, f; and es, fo intersect when we draw them inside face H(W,v) of
GT(W). Let it be ey, fi.

In order to simplify the presentation we will write a =b if @ = b modulo 2.

By the definition of sgn we have
sgn(D(W,v), W(v)AM;) + sgn(D(W,v), W(v)A M) =1+ sgn(D(W,v), MiAM,)

=0
since there is exactly one alternating cycle @) of M;AM,, and it is clockwise even. This
may be proved as follows:

Let @' denote cycle (es, €, fa, f) of D(W,v). Q' is clockwise odd since es, fo do not
intersect, H(W,v) is clockwise odd and each arc of D(W,v) — H(W,v) is by definition
directed so that both cycles it makes with H(W,v) are clockwise odd. From the same
reason all four cycles of D(W,v), each consisting of e; or f; and two arcs of @)’ are
clockwise odd. This implies that @) is clockwise even and thus sgn(D(W,v), MiAM,) =
—1.

Summarising we have Y peprw) eep sgn(D(W,v), W(v)AP) = 0.

End of Claim 1.

Let W be a T-join of G. Let D/, ..., D}, be the relevant orientations of GT (W)
containing Do(W). Let " denote the restriction of 7 to the edges of GT (W).

By 1.19, P(GT(W),z") equals the sum over all perfect matchings P of GT (W) of
S8, (DY)s(DY, P (P) where ¢/(D}) = o( DL M(W) )e(r( D))

Hence %, ¢/(D})s(DL, M(W)) = 1.

For each D}, i = 1,...,49, there is exactly one T-relevant orientation D; of GT such
that D! C D;. We have that s(D., M(W)) = s(D;, M(W)). Finally observe that
¢(DY) = &(DY): (DY) = r(DE) and s(Df M(W)) = (D} My(GT)) = (D}, My(GT)).
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Hence we get
Claim 2.

49
3 (D)8 (D: M(W)) = 1.
=1
End of Claim 2.
In summary, the linear combination ,CZ; of Pf(A(D)), where D are the T-relevant
orientations of G, equals to the sum of a(W)z(W) over the T-joins W of G, and by
Claims 1 and 2,

49

W)=Y Y (DH)s(DiP) =1

i=1 PER(W)

. This proves the Theorem.

Corollary 2.3 Let G = (V,G) be a graph of orientable genus g, and let T C V. Then
Tr(G,z) may be expressed using Theorem 2.2.

Proof. We proceed in a similar way as in the proof of Corollary 1.20 given in [3].

If G has orientable genus g then it may be embedded on S, so that each vertex
belongs to By, but some edges may use several bridges. We construct graph G’ so that
we replace each edge e which uses k bridges, & > 1, by a path P, consisting of new
edges (€1, ..., eapy1). We let w’el =1 for each 7 > 1 and :13’81 = z.. Next we add edges so
that the outer face of the planar part is a cycle. We let z = 0 for each such edge e.

Observe that Tr (G, z) = Tr(G', 2'), G’ is a g-graph and each vertex of G’ is incident
with at most one edge which does not belong to GY.

If T'= 0 then G/T is a proper g-graph since each C(v) has a perfect matching, and
we can use Theorem 2.2 to get T7(G', z') = Tr(G, z).

If T # 0 we need to work more. We construct a graph G” as follows. Let |T'| = 2k
be even, otherwise G has no T-join. We connect pairs of vertices of T' embedded on B,
by disjoint lines Ly, ..., Ly on By such that the interior of each L;, i = 1,..., k, contains
no vertex of G'. Let L; connect vertices x;,y; of T

For each i € {1,...,k} we do the following construction. Let zi, ..., z,, be the inter-
sections of L; with the lines representing the edges of Gy, ordered along L; from z; to
yi- Let f; be the edge of G|, containing z;, j = 1,...,m and let 2} be a vertex of the
interior of the line representing f; which is located on the right hand-side of z; when
staying on L; and looking towards y;. Moreover let 2} be sufficiently near to z;. We
add vertices 21, 21, ..., Zm, 2, to G', replacing each edge f; by the corresponding path of



an even number of new vertices. As before, if f; is replaced by path ( jl, ...; f7) then we
let 2, = :B’fj, :B’f’l =1for I > 1 and 2! = z. for each edge of G'.
J

f
Moreover we add edges ;21, 2122, ..., Zoy_1%m, ZinYi to G” and we let «! = 0 for each
such edge e.
This finishes the construction of G”.
Let R; denote the path x;21, 2121, 2129, 2225, ..oy 2zl 20 y; of G”.

Observe that Tr(G",2") = Tr(G',2'), the outer face of Gj is a cycle and each
vertex of G” is incident with at most one edge which does not belong to Gjj. Moreover
R ={Ry,..., Ry} is a T-join of Gjj. Each path R; has the property that for each vertex
v of R;, the edges of R; incident with v are neighbouring in the clockwise order of the
edges incident with v. Hence G/7 is a proper g-graph and we may use Theorem 2.2 to

get Tr(G",2") = Tr(G, z).
This finishes the proof of the corollary.

3 The Multicuts.

We start with a theorem of van der Waerden (see [11], [13], [6]). We use the following
standard notation.

sinh(z) = 1/2(e” — e™™), cosh(z) = 1/2(e” + e *), th(z) = sinh(z)/cosh(z) and
coth(z) = cosh(x)/sinh(z).

We let d(z,y) equal to 1 if # = y and —1 otherwise.

If G=(V,E)is a graph and A C E then we let

U((V;A) = > (II d(aigy)).

oe{l,..k}V (ij)eA

Theorem 3.1 Let G = (V, E) be a graph and k > 1.
koo (k
erGEmf[k + Zi!(,)@(G, (e7*1: f € E))] =
=2 ¢

(IT cosh(z)) >_ (Uk((V; A)) IT th(zs)).

ferE ACE feEA

Proof. We use a simple fact that

6905(0',’0']') _ COSh(ZB) + 5(0‘10'])3’1,71,]7,(113)



We have: L
ereEmf[k + Zi! (lz)ci(Ga (e_mf :fEE)))=
1=2

Z (H 65(0i01)wi1) —

oe{l,..k}V ijEE

Y (I (cosh(wij) + d(ai0;)sinh(xi;))) =

o€{l,...k}V ijEE

(IT cosh(zs)) D (II (1 + d(oioy)tanh(zy;))) =

fEE oe{l,....k}V ij€E

(H cosh(zy)) Z Z ( H d(o;0)tanh(x;;)) =

fEE oc{l,...,k}V ACE ijcA

(11 cosh(ws)) 3 (Uk((V; A)) ] th(zy)).

ferE ACE feEA

Theorem 3.2 Let G be a graph and let Co(G,z) = C2(G, z) + 1. Then
20312871 CY(G, (71, f € B)) =

(IT cosh(wf))2|v|5(G, (th(zys) : f € E)).

FEE

Proof. We have from Theorem3.1 that
2215 1C}(G (7. f € B)) =

(I cosh(zy)) > (U=((V, A)) [ tanh(zy)).
fEE ACE fea
Now observe that if A C E is a cycle and o € {1,2}V arbitrary then [[;;e4 6(0i0;) =
1. Hence Uy((V, A)) = 2!Vl when (V, A) is an eulerian subgraph. Moreover, if (V, A) is
not an eulerian subgraph, then observe that Us((V, A)) = 0.
O

Theorem 3.3 Let G = (V, E) be a graph and let the edges of G be partitioned into a
bounded number of classes so that the variables x¢ are equal in each class. Then there
is a polynomial algorithm which, given E(G,x) and G as input, produces C2(G, x).
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Proof. We have
(H cosh(:nf))2|v|5(G, (tanh(zs): f € E)) =

feE
el + et el — e %
- olVlg@, (—m— E)) =
I G.(S = fe B))

e?®r + 1 e?®r — 1
——alVlg(@ . fEE)) =
L5260 y £ € B)

2 [T e™Cy(G. (7. f € E)).

felE
Hence,
Co(G, (71, f € B)) = 2VI"EH [T em*rex(e*1 : f € B)),
felE

where
62:17f _ 1

€™ : f e B)) = [I (e + DEG,(

fE€E e**1 +1

: f € E)).

It follows that £ and, consequently, C; and C, may be expressed in polynomial time.
O

Next algorithmical result is a consequence of Theorem 3.3, Corollary 2.3 and The-
orem 2.2 and Corollary 1.20.

Theorem 3.4 Let S be an orientable surface and k a fized positive integer. Let G be
the class of graphs which may be embedded on S and such that the edges are partitioned
into at most k classes and the variables x. are equal in each class. Then Co(G,x) and
Tr(G,x) may be determined efficiently for G € G. In particular it is possible to find
efficiently the size of a mazimum edge-cut for the graphs of G.

Remark 3.5 A possibility to understand more about edge-cuts is to try to solve the
problem of finding a mazimum weighted edge-cut for the graphs of a fized surface. This

s polynomaial for planar graphs using the duality of planar graphs and a polyhedral
description of the Chinese Postman Problem.

A different construction of Fisher (see [2]) also yields an algorithm to compute

Cs(G, z), using Theorem 3.3 and Corollary 1.20.
To split a vertex v of a graph G means to replace v by a path of degg(v) vertices so
that each vertex of the path is incident with exactly one edge incident with v in G.
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Definition 3.6 Let G = (V, E) be a graph. We denote by G, = (Vi, E,) the graph
obtained from G by splitting of all the vertices of G. We let % = x; for each f € G,NG.

All vertices of G, have degree at most three and Cy(G, (e7*7 : f € E)) equals the
limit of C2(G,, (e72°f : f € E,) when each zy, f € G, — G, goes to infinity. Moreover,
if G is embeddable on orientable surface S then so 1s G,.

Definition 3.7 Let H be a graph where each vertex has degree at most three. We
denote by H' the graph obtained as follows:

1. let v be a vertex of H of degree two and let fi and fy incident with v. We delete
v, add two new vertices v1 and vy and three new edges fi, f, and g. f! is obtained
from f; by replacing v by v;, 1 = 1,2, and g = vyv,.

2. let v be a vertex of H of degree three and let fi, f» and f3 be the edges incident
with v. We delete v, add siz new vertices vy, ...,ve and ten new edges f|, fy, f4
and g1,...,97. fi is obtained from f; by replacing v by v;, 1 = 1,2,3. Moreover,
g1 = V1V2, g2 = VaVs4, §3 = V1V, Js = V4V, §=UsV3. G = V3V¢ and gy = V5vg.
Hence, g1, 92,93 and gs, gs, gr form triangles.

We let x, =1 for each e € H — H and z, = x. for each e € H' N H.

If H is embeddable on orientable surface S then so is H'.
Proposition 3.8 P(H'.2') = £(H, z).

Proof. The statement follows from a simple observation that for each eulerian
subgraph W of H there exists a unique perfect matching P(W) of H' such that W C
P(W).

O

In summary, if G is a graph embeddable on an orientable surface S then so is G/,
and C»(G, ) may be obtained from P(G,, z*) by applying Theorem 3.2 (as indicated
above it is necessary to make a limit for each x4, f € E(G,) — E(G'), going to the
infinity).

P(G,, z*) may be computed using Corollary 1.20.
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4 A Duality of Enumeration.

Let V = F” be a vector space over a field F. Each subspace of V is called a linear code
of length n. If linear code C of length n is given as the row space of a (k,n)— matrix
A ie. C = {ATz;z ¢ F*}, and M is the matroid represented by the columns of A,
then we let M = M(F,C) and C = C(F, M). The dual linear code C* = C(F, M)* is
the orthogonal complement of C in F”, ie. C* = {z € F*; Az = 0}.

The elements of a linear code are called codewords. The weight of a codeword is
the number of non-zero entries in it. If C 1s a linear code of length n then its weight
enumerator is the polynomial

Ac(t) =" At
=0
where A; denote the number of codewords of C' of weight .

The following theorem was proved by MacWilliams ([8]).

Theorem 4.1 Let C be a linear code of length n and dimension k over GF[q] and let
D be its dual code. Then

Ap(t) = ¢ [1+ (¢ = D" Ac((1 = t)(1 + (¢ — 1) ™).

Let G = (V, E) be a graph and let N(G) be the graphic matroid of G. Let O(G)
be the oriented incidence matrix of G, i.e. V by E matrix obtained from the incidence
matrix of G by replacing exactly one ‘1’ of each column by ' —1’. The columns of O(G)
represent N(G) over an arbitrary field F.

Consider the following example. The set of the characteristic vectors of edge-cuts of
a connected graph G (including the empty cut) equals C(GF[2], N(G)) and the set of
the characteristic vectors of eulerian subgraphs of G equals C(GF[2], N(G))*. Indeed,
Theorem 4.1 generalises Theorem 3.2.

Theorem 4.2 Let G = (V, E) be a graph. Then

q

Acerigne)(t) =1+ (¢—1)..(g— i+ 1)Ci(G, (¢, ....1)).

=2

Proof. Let C = C(GF|q], N(G)). We have C = {O(G)Tz;z € GF[q]V} and Ac(?)
is the weight enumerator of C. Let us define an equivalence on GF[q]" by = = y if
O(G)Tz = O(G)Ty. Observe that each equivalence class consists of q elements since
O(G)'z = O(G)Ty if and only if z — y is a constant vector, i.e. (z —y); = (z — y);

13



for each 7,7 € {1,....|V|}. Let C* be the system (i.e. some elements may be repeated
several times) defined by C* = (O(G)Tz;z € GF[q)V). Let Ac+(t) = Zlilo Aft
where A equals the number of vectors of C* with 7 non-zero components. Then
Ac+ (t) == ch(t).

If © = (21,....,xy)) € GF[q]V then let I, be the number of different values of =;,
i=1,....|V|and let V", ..., Vj* be the partition of V into [, non-empty classes such that
the components of & equal in each class.

Let cut(xz) be the l,-cut of G determined by V..., V/?, ie. the subset of E of
the edges with the end-vertices in different sets V;*, i = 1,...,1, and let Cut(z) =
Vi, ..., Vi, }, cut(z)).

Each Cut(z) is a l,-cut of G and the weight of codeword O(G)Tz equals |cut(z)|.
Let C**+ be the system defined by C*+ = (cut(z);z € GFlq]V). Let Ac++(t) =
Ywect+ tWl. We have Ag+(t) = Agt+(t).

Fori=1,...,qlet X; = {x € GF|[q]V;l, = i}. Define an equivalence on X; by z = y
if Cut(z) = Cut(y). Observe that each equivalence class consists of g(g—1)...(¢—¢+1)
elements. Hence

q

Acrs(t) = g+ Y alg— 1)e(qg—i + 1)C(G, (£, ... 1)).

=2

This proves the Theorem.
O

We have C(GF[q], N(G))* = {z € GF[q)?;0(G)z = 0}. Hence the elements of
C(GFlq], N(G))* are flows on G with values in GF[q|. An element of C(GF[q], N(G))*
is called nowhere-zero flow if its weight equals |E|. Let F'(G,q) be the subset of
C(GFlq], N(G))* counsisting of nowhere-zero flows. F(G,q) = |F'(G,q)| is called flow
polynomial of G.

Theorems 4.1, 4.2 express a duality between flows and cuts of a graph. It is a duality
of the Tutte polynomial.

Tutte polynomial was defined by Tutte ([9]). It may be expressed as a minor mod-
ification of the Whitney rank generating function ([15]).

Definition 4.3 Let G = (V, E) be a graph. For A C E let r(A) = |V| — k(A), where
E(A) denotes the number of connected components of (V, A). Then let

T(G,z,y)= > (z— 1) B =r(A) () _ 1)lAl=r(4)

ACE

T(G,z,y) is called Tutte polynomial of graph G.
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More generally, Tutte polynomial of a matroid (see [12] for basic notions of matroid
theory) is defined as follows.

Definition 4.4 Let M be a matroid on set E. For A C E let v(A) denote the rank of
Ain M. Then let

T(M.z,y) = 3 (o — 178y - 1)Air(a),
ACE

T(M,z,y) is called Tutte polynomial of matroid M.

For example if G is a graph and N(G) the graphic matroid of G then T(G, z,y) =
T(N(G),z,y).

If M is a matroid and M* its dual then r*(E) — r*(A) = |A| — r(A) and we imme-
diately get that T(M,z,y) = T(M*,y, ). This expression is called duality of the Tutte
polynomial.

The following theorem was proved by Green ([4]).
Theorem 4.5 Let C be a lincar code of dimension k and length n over GF[q]. Then
Ac(t) = (1= t)""*T(M(GF[q],C), (1 + (g — D)1 — )", ¢7).
As an immediate corollary we get

Corollary 4.6 Let M be a matroid represented over GF[q] and let C(GF[q], M) be the
linear code of length n and dimension k. If (z — 1)(y — 1) = q then
T(M,z,y) =y (1 —y) Ac(erig.mn(y ™).
By Corollary 4.6 and Theorem 4.1 we have

Corollary 4.7 Let G = (V, E) be a graph and let N(G) be the graphic matroid of G.
If (# —1)(y — 1) = 2 then

T(G,z,y) = T(N(G),z,y) =y =PI 1 —y VI 1 4+ (G, (v oy

It follows that the Tutte polynomial of a graph of genus g may be expressed along the
hyperbola (z — 1)(y — 1) = 2 as a linear combination of 49 Pfaffians, and hence it may
be determined efficiently for the graphs embeddable on an arbitrary fixed orientable
surface.

It is natural to ask whether there is an analogy of this statement for binary matroids.

Note that Theorem 4.1 also follows immediately from Theorem 4.5 and the duality
of the Tutte polynomial.

Finally we make some remarks on the chromatic polynomial and the flow polynomial
of a graph.
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Definition 4.8 Let G = (V, E) be a graph and © > 1 an integer. Any function f from
V to {1,...,z} is called x-colouring. Let p;(G,x) be the number of proper x-colorings of
vertices of G, in which there are 1 monochromatic edges. Let

|E|

B(G7 L, 3) = Z Sipi(Gv :13)
=0
B(G, z, ) is called monochrome polynomial. po(G,x) is called chromatic polynomial.

Chromatic polynomial was introduced by Birkhoff ([1]) and the following expression
was found by Birkhoft ([1]) and Whitney ([15]).

Theorem 4.9 Let G = (V,E) be a graph. Then po(G,z) = Ypcp(—1)Elz(V.H)
where c¢((V, H)) denotes the number of the connectivity components of graph (V, H).

The following Theorem was proved by Tutte (see [10]).
Theorem 4.10 Let G = (V, E) be a graph. Then

pO(G7 k) = (_1)|V|_C(G)kC(G)T(G7 1- kv 0)

Using Theorem 3.1 we obtain another interesting expression for the chromatic poly-
nomial. It is a special case of a Lemma on p. 501 of [14].

Theorem 4.11 Let G = (V, E) be a graph and k > 1. Then

po(G, k) = 27171 37 (~1)HlUL (v, /).

HCE

Proof. Let Q(z) be the polynomial such that
e
1Bl 4 >l ( ,)Ci(G, (e72,...,e7 %)) = Qi(c*).
=2 v

Observe that po(G, k) equals to the constant term of Qr(z). By Theorem 3.1 we
have

6—|E|ka(62m) —
(62 4 1)/PlaIBlemlBle 3 [U((V. H)) (e — 1)1 4 1))

HCE
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Hence

Qu(e™) = 27171 37 Uk((V. H))(e* — 1)!I(e2 4 1)1#1 1L
HCE
It follows that the constant term of Q(z) equals to

27BN () HElgy (v, H)).

HCE

The following proposition is straightforward.
Proposition 4.12 (—1)#lU,((V, H)) = B((V, H), k, —1).
Hence we get

Corollary 4.13 Let G = (V, E) be a graph. Then po(G, k) = 27181 Sy g B(V, H), k, —1).

Nowhere-zero flows are studied extensively. The following theorem was proved by

Tutte ([10]).
Theorem 4.14 Let G = (V, E) be a graph and let q be a power of a prime. Then
F(G,q) = (-1)VE=A9T(G, 0,1 - g).
We give an interesting expression for F/(G, q) which is new as far as we know.
Theorem 4.15 Let G = (V, E) be a connected graph. Then

F(G.q) = g V12771 YT Uy (V. A))gHl(g — 2)71-141

ACE

Proof. Let C = C(GF[q], N(G)) and let D = C(GF[q], N(G))*. By Theorem 4.1 we

have
Ap(t) = ¢ VL + (¢ = DI Ac((1 = )1+ (¢ = 1)t) 7).
From Theorem 4.2 and Theorem 3.1 we get for z > 0

qAc(zh) = q+ iq(q —1)qg—i+DC(G, (27, ., 27h) =

27 E1 7 EL ST ULV A)) (= = DIz + 1)L

ACE
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Ifwelet z=(1+(q—1)t)(1—¢)"' weget forall t >0,¢t#1

Ap(t) = ¢ V1271 ST U, (V. A))(gt) (2 + (q — 2)8) B4

ACE

It follows that the leading coefficient of Ap(t), which equals F(G, q), is equal to

g Via-IEl Z U,((V, A))qlAl(q_ 2)|E|—|A|‘

ACE
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