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Abstract

A geometric graph is a graph G = (V, E) drawn in the plane
so that the vertex set V' consists of points in general position
and the edge set E consists of straight line segments between
points of V. Two edges of a geometric graph are said to be
parallel, if they are opposite sides of a convex quadrilateral.

In this paper we show that, for any fixed & > 3, any ge-
ometric graph on n vertices with no k pairwise parallel edges
contains at most O(n) edges, and any geometric graph on n
vertices with no k pairwise crossing edges contains at most
O(nlogn) edges. We also prove a conjecture of Kupitz that
any geometric graph on n vertices with no pair of parallel edges
contains at most 2n — 2 edges.
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1 Introduction

A geometric graph is a graph G = (V, E) drawn in the plane so that
the vertex set V' consists of points in general position and the edge set
E consists of straight line segments between points of V.. See [9] for a
survey of results about geometric graphs. Two edges of a geometric
graph are said to be parallel, if they are opposite sides of a convex
quadrilateral. Two edges cross, if their relative interiors intersect.

Pach and Térécesik [11] proved that any geometric graph on n
vertices with no k pairwise disjoint edges contains at most (k —1)*n
edges. In particular, their result implies that for any fixed & > 2
any geometric graph on n vertices with no k pairwise disjoint edges
contains at most O(n) edges. In this paper we show that the number
of edges is at most linear in n also in a more general case.

Theorem 1 Let k > 2 be a constant. Then any geometric graph on
n vertices with no k pairwise parallel edges has at most O(n) edges.

The case k = 2 of Theorem 1 was considered first by Kupitz [7]
who constructed, for any n > 4, a geometric graph with n vertices
and 2n — 2 edges containing no pair of parallel edges. Kupitz [7] also
conjectured that the lower bound 2n — 2 given by his construction is
tight. A nearly tight upper bound 2n — 1 was shown by Katchalski
and Last [5, 8]. In this paper we show a refinement of the proof of
Katchalski and Last [5, 8] giving Kupitz’s conjecture.

Theorem 2 For n > 4, any geometric graph on n vertices with no
pair of parallel edges contains at most 2n — 2 edges.

A related question is how many edges can be contained in a ge-
ometric graph with no &k pairwise crossing edges. For k = 2, Euler’s
formula gives the upper bound 3n — 6 (n > 3). Pach, Sharokhi,
and Szegedy [10] proved that any geometric graph on n vertices with
no k pairwise crossing edges contains at most O(n log%_4 n) edges
(k > 3). This bound was improved to O(nlog?*=®n) in [2] (k > 3)
(thus, in particular, to O(n) for k = 3). For k > 4 we further improve
this bound to O(nlogn).

Theorem 3 Let k > 3 be a constant. Then any geometric graph on
n wvertices with no k pairwise crossing edges has at most O(nlogn)
edges.

4 Graphs with no £ pairwise crossing edges

Here we show Theorem 3. Let k > 2 be a constant, and let fi(n)
be the maximum number of edges in a geometric graph on n vertices
with no k pairwise crossing edges. Let G = (V, E) be a geometric
graph on n vertices with no k pairwise crossing edges. Introduce
Cartesian coordinate system so that the y-axis partitions V' into two
parts which are as equal as possible, thus the sets

V'~ = {v € V|the z-coordinate of v is negative},
V+ = {v € V|the z-coordinate of v is positive}
have sizes
Vol =1In/2l,  [VT[=[n/2].

Partition E into three subsets ET, E~, E' such that ET contains the
edges with both endpoints in V', E~ contains the edges with both
endpoints in V', and E’ contains the edges crossing the y-axis.

To obtain a bound on the size of E', consider the mapping T' given
by (z,y) = (%,%) (z # 0). Further, consider the graph G on the
vertex set V = {T(v)|v € V'} with two vertices T (v), T'(w) connected
by an edge if and only if {v,w} € E'. The graph G contains no
k pairwise parallel edges, since otherwise the corresponding &k edges
in E' would be pairwise crossing. By Theorem 1, G contains O(n)
edges. Consequently,

|E'| = O(n).
Obviously,
|E-| < fu(ln/2]),  [ET] < fil[n/2]).
Thus,
fr(n) < fi(ln/2]) + fi(In/2]) + O(n).
Consequently,

fr(n) =O(nlogn). O
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able comments.
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Proof. If two intervals I(v;),I(vj),i # j, intersect and none of
them is contained in the other one, then the points aj ), @jj),
Qir(i)s Qjr(j) appear in this order on C, and Lemma 10 implies that
two of the edges v;vy(;), vivy(i), Vjvi(j), VjVr(j) are in convex position,
a contradiction. O

Let vy, be a vertex of G such that the angle between m and
m is maximal. Consider the two points a, (), and o). They
both lie outside I(vg), since the angle between vz, (;§ and Vv is
smaller than 7.

Observation 12 No interval I(v;) contains both o (kyr and o)y -

Proof. If an interval I(v;) contains both ), and oy, then,
by the maximality of the angle between vkvr(kg and vkvl(kg, one of the
rays vivr(ig, vivl(i3 intersects one of the rays vr(k)vz, vl(k)vZ outside

C, and the corresponding two edges of G are in convex position. O

It follows from Observation 12 that there are at least three maxi-
mal intervals I(v;) (the interval I(vg) and the two maximal intervals
containing v,y and ay(y), respectively).

By Observation 11, maximal intervals I(v;) are pairwise disjoint.

Observation 13 Each mazimal interval 1(v;) containing m; inter-
vals I(vy) (incl. the interval 1(v;) itself) contains at most 2m; — 1
points of D(G).

Proof. The part of PS(G) corresponding to I(v;) N D(G) is a
Davenport—Schinzel sequence of order 2 on m; integers (i.e., it con-
tains no alternating subsequence of length 4). As we have already

mentioned in Section 2.1, it is well-known [3] that the length of such
a sequence is at most 2m; — 1. O

Thus, the length of D(G) (and also of PS(G)) is at most
2n — (4 of maximal intervals I(v;)) < 2n — 3,

a contradiction. This completes the proof of Theorem 2. O
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One can ask about the dependence of the estimates in Theorems 1
and 3 on k. Our proof shows that the bound O(n) in Theorem 1 could
be replaced by the upper boound cn, where 1/¢;, is exponential in k3.
Similarly, the bound O(nlogn) in Theorem 3 could be replaced by
the upper boound cgnlogn, where 1/cy, is exponential in k3. These
bounds follow from the upper bound dyn (1/d) exponential in k)
in Theorem 4, which can be obtained from the proof of Theorem 4
in [6]. However, it is possible that the bound in Theorem 4 can be
improved to egn, where 1/e; is polynomial in k. It would give the
above bounds in Theorems 1 and 3 with 1/¢; polynomial in k.

Theorem 3 is derived from Theorem 1. In the proof of Theo-
rem 1 we apply a projection method of Katchalski and Last [5, §],
Dilworth’s theorem, and results on generalized Davenport—Schinzel
sequences. Theorem 1 is proved in Section 2, Theorem 2 in Section 3,
and Theorem 3 in Section 4.

2 Geometric graphs with no k£ pairwise
parallel lines

2.1 Generalized Davenport—Schinzel sequences

For [ > 1, a sequence is called [-regular, if any at most [ consecutive
terms are pairwise different. For [ > 2, a sequence

S = 51,82, ---,531-2

of length 31 — 2 is said to be of type up-down-up(l), if the first [ terms
are pairwise different and, fori =1,2,...,1,

Si = S21—i = S(21-2)+i-

Thus, a sequence is of type up-down-up(2) if and only if it is an
alternating sequence of length 4. It is well-known [3] (and not difficult
to prove) that any 2-regular sequence over an m-element alphabet
containing no alternating subsequence of length 4 has length at most
2n — 1. In the proof of Theorem 1 we apply the following related
result.



Theorem 4 (Klazar and Valtr [6]) Letl > 2 be a constant. Then
the length of any l-regular sequence over an n-element alphabet con-
taining no subsequence of type up-down-up(l) has length at most

O(n).

2.2 Proof of Theorem 1

Let G = (V, E) be a geometric graph on n vertices, with no k pairwise
parallel edges. Let V = {v1,v2,...,v,}. W.lo.g., we assume that no
two points lie on a horizontal line.

Let e € E. An oriented edge @ is defined as the edge e oriented
upwards. The direction of e, dir(e), is defined as the direction of the
vector v;0}, where @ = (v;,v;). Let E = {e1,ea,...,en,}, where

0 < dir(er) < dir(ez) < --- < dir(ey,) <

(if necessary, we perturb the vertices of G to make the directions of
edges of G pairwise different).
Let P, and P5 be the sequences of m integers obtained from the

sequence

by replacing each edge ef = (vs,v;) by integer ¢ and by integer j,
respectively. We call the sequences Py, P, the pattern sequences of
G. Inspired by [5, 8], our proof of Theorem 1 is based on a careful
analysis of the pattern sequences.

Lemma 5 For each l > 1, at least one of the pattern sequences Py,
P, contains an l-regular subsequence of length at least |E|/(4l) =
m/(41).

Lemma 6 Neither of the pattern sequences Py, P> contains a subse-
quence of type up-down-up (k* ).

Before proving Lemmas 5 and 6 we complete the proof of Theo-
rem 1.

Proof of Theorem 1. According to Lemma 5, at least one of the
sequences Py, P» contains a k3-regular subsequence S of length at
least |E|/(4k%). According to Lemma 6, the sequence S contains no

3 Proof of Kupitz’s conjecture

In this section we prove Theorem 2. Our proof is based on the proof
[5] of a weaker form of Theorem 2 (with 2n — 2 replaced by 2n — 1).
In the proof we apply the following modification of Lemma 2 in

[5].

Lemma 10 Let A;, Aj, Ai, A¢ be four points appearing in this order
on a convex curve . Let P,Q be two points inside v. Consider the
four (closed) segments

PAiaQAjapAkaQAE

and assume that among them there is no segment s such that s con-
tains only one of the points P, and the line supporting s contains
both of them. Then two of the four segments are in convex position.

Lemma 10 can be proved analogously as Lemma 2 in [5] (in fact,
Lemma 2 in [5] could be replaced by our Lemma 10).

Proof of Theorem 2. Let G be a geometric graph on n vertices
with no pair of edges in convex position. We use the definitions and
notation from [5]. The following bound on the number of edges in G
was shown in [5]:

e<2n-—1.

We need to show that
e<2n—1.

Suppose to the contrary that e = 2n — 1. It then follows from the
proof in [5] that each vertex v; of G has a leftmost edge v;v;(;y and a
rightmost edge v;v,.(;) (I(7) # 7(i)), and that the length of the pattern
sequence PS(G) is exactly 2n — 2 (see [5] for definitions).

For each vertex v; of G, we define an interval I(v;) on C by

I(v;) = C'Nconv (vivl(ig U 030, ) .
Certainly, I(v;) contains all points of D(G) colored by color i.

Observation 11 The intervals I(v;),i = 1,...,n, form a nested set,
i.e., if two of them intersect then one of them is contained in the other
one.



Since the union of <;, <5, <3 is a linear ordering on I, Theo-
rem 8 implies that one of the orderings <1, <2, <3 contains a chain
i1,92,...,ix of length k. We distinguish the corresponding three pos-
sible cases.

If iy <1 42 <1 -+ <y ik, then the edges e;, , €;,, . . ., €;, are pairwise
parallel. Indeed, if 1 < j < j' < k, then the inequalities

0 < dir(e7}) < dir(eTj?) < dir(eg?) < dir(vy, vij,’) <m

show that the edges e;;, e;,, are parallel (see Fig. 1).

25

Uij

Figure 1: The edges ¢;;, €, are parallel.

Similarly, if iy <2 iz <2 -+ <2 i) then the edges e(xs_2)4i,,

€(2k3—2)4in» - - - » €(2k3—2) 44, are pairwise parallel, and if i; <3 ia <3

-+ <34}, then the edges esps_;,, €93 _4,, ..., €ap3_;, are pairwise par-

allel. a
8

subsequence of type up-down-up(k®). Theorem 4 implies that the
length of S is at most O(n). Consequently,

|E| <4Kk*-0O(n) = O(n). O
It remains to prove Lemmas 5 and 6.

2.3 Proof of Lemma 5

We apply a simple greedy algorithm [1] which, for given integer [ > 1
and finite sequence A, returns an [-regular subsequence B(A, 1) of A.
In the first step, an auxilliary sequence B is taken empty. Then the
terms of A are considered one by one from left to right, and in each
step the cosidered term is placed at the end of B iff this doesn’t violate
the [-regularity of B. Finally, the obtained [-regular subsequence B
of A is taken for B(A,1).

Eg., if A =1,3,1,3,5,2,2,5,1,5,1,2 and [ = 3, then the al-
gorithm returns the sequence B(A4,3) = 1,3,5,2,1,5,2. We prove
Lemma 5 by showing that, given [ > 1, at least one of the se-
quences B(P;,l), B(P,,l) obtained by the algorithm has length at
least |E|/(41) = m/(41).

Let I > 1 be given. For i = 1,2 and for 1 < j; < jo < m, let
P; [j,.j») be the subsequence of P; obtained from P; by removing all
terms preceding the jith term and following the joth term. Thus,
P; 15, jo) 18 a continuous part of P; of length j» —j1 + 1.

Let |T'| denote the length of a sequence T', and let I(T") denote
the set of integers appearing in T.

Claim 7 For each j =1,2,...,m,

2

S TIB(Py 1)) > 5/(20).

i=1

Proof. First, consider two integers ji, jo such that 1 < j; < jo < m.
Obviously,

{6_]'1),6]'1+ e ae—]'z)} c {(Umvb”a € I(Pl,[jhjz])’b € I(P2,[j1,j2])}'



and
Hei et ts- - &3 < H{(va,v)la € (P, ja)) b € I(Pagj, o)) Y-
Consequently,

Jo = J1 4+ V< (P gy o) (P g o))

By the inequality between algebraic and geometric means,

Z?:l |I(Pi7[jl7j2])|
2

>Vij—ji+1 (1)

We now can prove the claim by induction on j. If j < min{16/%, m},
then by (1) and by j < 16>

(]
=
S

v

2
S (P )l
=1

2/j
3/(20).

Suppose now that 16/> < j, < m and that Claim 7 holds for
J=1,2,...,j0—1. Since for i = 1,2 each integer of I(P; [j,_a1+1,jo])
not appearing among the last [ — 1 terms in B(P; [y j,—4:>],[) appears
more times in B(P;[1,j,1,1) than in B(P; 1 j,—472],1), we have

v v

|B(Pi 1501 Dl > |B(Pijo—ai2), DI 4 [T(P fjo—a1241,501) | — (I = 1).

Consequently, by the inductive hypothesis and by (1),

2
Y IB(Pipijop Dl > (o —41%)/(20) + 2V412 —2(1 - 1)
i=1
> jo/(2D). O
Proof of Lemma 5. Lemma 5 easily follows from Claim 7 (with
j = m) and from the pigeon-hole principle. O

2.4 Proof of Lemma 6

In the proof of Lemma 6 we apply the folowing easy consequence of
Dilworth’s theorem [4].

Theorem 8 If the union of three partial orderings on a set I of size
at least (k—1)3 +1 is a linear ordering on I, then at least one of the
partial orderings contains a chain of length k.

Proof. Let <, <2, <3 be the three partial orderings on I. If (I, <;)
doesn’t contain a chain of length k& then, by Dilworth’s theorem, it
can be covered by at most k£ — 1 antichains. Consequently, there is an
antichain A of size (k—1)?>+11in (I, <;). If we restrict our attention to
A and to orderings <5, <3, another application of Dilworth’s theorem
gives k elements in A which form a chain with respect to <3 or to
=<3. 0

Proof of Lemma 6. Because of symmetry, it suffices to prove
Lemma 6 for the pattern sequence P;. Suppose to the contrary that
Py contains a subsequence of type up-down-up(k*). Thus, there is a
subsequence

S =51,82,...,53k3_2
of Py such that the integers sq, so,...,s,3 are pairwise different and
that, for i = 1,2,...,k%, 8; = Sops_; = S(2k3—2)44- For simplic-

ity of notation, suppose that s; = i (i = 1,...,k?) and that S =
Py [1,342—2). We obtain a contradiction by showing that k of the
edges e1, €3, ...,63,3_o are pairwise parallel.

Define three partial orderings <1, <2, <3 ontheset I = {1,2,...,k3}
as follows.

Definition 9 Let i,j € I, and let dir(9;0}) denote the direction of
the vector v;v;. Then

(i) i <1 j, if i <j and dir(v;0}) € [dir(ez2), ),

—_~ o~

(i) i <2 j, if i < j and dir(0;07) € (7,7 + dir(ézps 1)),

(i) i <3 j, ifi < j and dir(v;0}) € [r+dir(ezz 1), 2m)U(0, dir(632)).



