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Abstract

A Krausz partition of a graph G is a partition of the

edges of G into complete subgraphs. The Krausz dimension

of a graph G is the least number k such that G admits a

Krausz partition in which each vertex belongs to at most k

classes. The graphs with Krausz dimension 2 are exactly the

line graphs.

This paper studies the computational complexity of the

Krausz dimension problem. We show that deciding if Krausz

dimension of a graph is at most 3 is NP-complete in general,

but solvable in polynomial time for graphs of maximum degree

4. We pay closer attention to chordal graphs, showing that

deciding if Krausz dimension is at most 6 is NP-complete for

chordal graphs in general, while the Krausz dimension of a

chordal graph with bounded clique size can be determined in

polynomial time. We also show that for any �xed k, it can

be decided in polynomial time if an interval graph has Krausz

dimension at most k.
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1 Introduction

A Krausz partition of a graph G is a partition of the edge set E(G) into

complete subgraphs (that are also called the clusters of the partition). The

number of clusters containing a vertex v is called the order of v (in the

Krausz partition). The order of the partition is the maximum order over

all vertices of G. The Krausz dimension of G is de�ned as the minimum

partition order over all Krausz partitions of G, and denoted by dim(G).

Note that if G is not connected, its dimension is the maximum dimension

over all of its components; so we consider only connected graphs in our

paper.

Every graph can be partitioned just by taking each edge alone as a

cluster | thus for every graph, dim(G) � �(G). This bound is optimal

for triangle-free graphs. On the other hand, complete graphs have dimen-

sion 1. Another important class of graphs, for which the Krausz dimension

is known is described by Krausz's characterization of line graphs [6], which

in fact inspired the notion of the Krausz dimension:

Theorem 1 (Krausz) The Krausz dimension of a graph is at most 2 if

and only if this graph is a line graph.

Our paper studies the computational complexity of the Krausz dimen-

sion for various classes of graphs. The general problem of determining

the dimension of a given graph is denoted by KrauszDim , the question

whether the dimension is at most k is denoted by KrauszDim(k) , and the

same question restricted to graphs with maximum degrees at most d is de-

noted by KrauszDim(k; d) . These decision forms of the Krausz dimension

problem clearly belong to NP.

2 Computational complexity of the Krausz

dimension

We summarize the main results of our paper in this section. We �rst

consider general graphs and the relation between the maximum degree of

a graph and its Krausz dimension.

Theorem 2 (a) The problem KrauszDim(3; 4) is solvable in polynomial

time.

(b) The problem KrauszDim(3; 5) is NP{complete, even when restricted

to planar graph.
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Next we pay closer attention to various classes of chordal graphs. It

may seem somewhat surprising that Krausz dimension remains di�cult

even for chordal graphs, though here we are only able to prove the hardness

result for larger dimension:

Theorem 3 The problem KrauszDim(6) is NP{complete for chordal

graphs.

However, we have several results showing that special classes of chordal

are easier:

Theorem 4 (a) The problem KrauszDim is polynomial for chordal

graphs with bounded maximal clique size, and in particular for chordal

graphs of bounded maximum degree.

(b) For any �xed D, the problem KrauszDim(D) is polynomial for inter-

val graphs.

3 Graphs with maximum degree 4

In this section, we discuss the case of Krausz dimension being just by

1 smaller than the maximum degree. This question was suggested by K.

Cechl�arov�a [private communication]. Since dim(G) � �(G) for any graph

G, this is the largest dimension (with respect to the maximum degree)

for which nontrivial results may be expected.

Observation 3.1 The problem KrauszDim(k; k + 1) for a graph G is

equivalent to the question whether there exists a collection of edge disjoint

complete subgraphs of G of size at least 3 that cover each vertex of the

maximum degree k + 1.

In this sense we say that a graph is CL-coverable, if it contains a

collection of edge disjoint complete subgraphs of size at least 3 covering

all of its vertices. Then we can further reduce the considered problem:

Observation 3.2 Suppose that G contains a (not necessarily induced)

subgraph H that is CL-coverable, and there is no triangle of G having

just one or two edges in H . Then, setting

�

G = (V (G); E(G) � E(H)),

any Krausz order-k-partition of G is projected to an order-k-partition of

�

G, and conversly, any order-k-partition of

�

G can be extended to whole G

using the CL-cover of H . Therefore dim(G) � k if and only if dim(

�

G) �

k.
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Further we focus on the problem KrauszDim(3; 4) .

Lemma 3.3 To �nd a polynomial algorithm for KrauszDim(3; 4) , it suf-

�ces to consider K

4

-free graphs in which every triangle shares exactly one

of its edges with other triangles.

Proof: Let G be a graph satisfying the assumptions. If there is a 5-clique

in G, then G

�
=

K

5

(since the degrees are 4) and dim(K

5

) = 1.

Figure 1: Possible types of neighbourhood of a 4-clique

A possible 4-clique F in G may be reduced as follows: Note that F

has degrees 3, so each vertex of F is incident to at most one other edge.

Discussing the positions of end vertices of these edges, there are only four

possible con�gurations (except the 5-clique), depicted in Figure 1 (some

of the dashed edges may be missing). Any of the cases leads to a subgraph

in G that can be reduced using Observation 3.2|see the above picture

where CL-covers are shaded.

u v

w

u v

w

x

y

z

r s

t

Figure 2: Neighbourhood of a triangle uvw

So from now on, our graph G has maximum clique size 3. If some

of its triangles is disjoint with all other triangles in G, it can be simply

reduced. Otherwise, let T = uvw be a triangle in G that shares more

4

Problem 1. Decide the complexity of KrauszDim(D;D+1) for D > 3.

We have shown that for any �xed D, the problem KrauszDim(D)

is solvable in polynomial time for split graphs and for complements of

bipartite graphs. The following is, however, left open:

Problem 2. Decide the complexity of KrauszDim for split graphs and

for complements of bipartite graphs.

Quite intriguing seems the question of Krausz dimension of general

chordal graphs. We have proved that KrauszDim(D) restricted to chordal

graphs is NP-complete forD � 6, and of course this problem is polynomial

for D = 2. The gap between 2 and 6 is open:

Problem 3. Decide the complexity of KrauszDim(D) restricted to

chordal graphs for D = 3; 4; 5.
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Figure 9: The variable and clause graphs for a chordal reduction

furthermore and the rest of the proof is similar to the previous one.

The reader can easily check the following facts about Krausz partitions

of V

c

, C

c

:

� If a terminal vertex x of V

c

(x) has order 2, then the terminal vertex

:x has order at least 3, and vice versa.

� At least one of the terminal vertices l

1

; l

2

; l

3

of C

c

(c) has order more

than 2.

� There exist partitions of V

c

(x) such that the orders on terminals

x;:x; x are 2; 3; 2 or 3; 2; 3 respectively, and partitions of C

c

(c) such

that the orders on terminals l

1

; l

2

; l

3

are 2; 2; 3 or 2; 3; 2 or 3; 2; 2

respectively.

These facts together imply: If � is satis�able, then dim(R

c
�

) � 6. Conver-

sly, having a Krausz order-6-partition of R

c
�

, each of its clause subgraphs

has at least one terminal of order 3 (on the clause side), so the adja-

cent variable subgraph has order 2 on this terminal. That expresses the

value true of this literal, and such evaluation is consistent over the whole

formula.

2

6 Open problems

We have shown that for every �xed D � 3, deciding whether dim(G) � D

is NP-complete for graphs of maximum degree D + 2, while deciding

dim(G) � 3 is polynomial for graphs of maximum degree 4. Thus we have

partially answered a question �rst raised by Cechl�arov�a [private commu-

nication]. The general question remains open:

16

than one edge with other triangles, as in Figure 2. The situation when

T shares all its edges with other triangles is shown in the left (r 6= s 6= t

since there is no 4-clique). Respecting that the degrees of u; v; w are 4,

there can be no other triangle sharing any of the edges in the picture.

Thus we reduce by Observation 3.2.

Figure 3: A chain and a closed chain of triangles

A bit more complicated situation arises when precisely two edges of T

are shared with other triangles, see Figure 2 right. In this situation, there

may be other triangles using the edges xu or vy, such as the triangle vyz.

Clearly z 6= u; z 6= x hold and zu is not an edge, since that would lead to

previous cases. Then we get the same situation for the triangle vyw, and

we continue. Finally, we obtain either a \chain" or a \closed chain" of

triangles, as shown in Figure 3. In both cases, for any length of the chain,

we can choose a suitable collection of edge-disjoint triangles covering all

vertices of the chain, and reduce via Observation 3.2 again.

2

Lemma 3.4 The problem KrauszDim(3; 4) , for a graph satisfying the

conditions of Lemma 3.3, can be reduced to �nding maximum matching

in a bipartite graph.

Proof: Let F � E(G) be the set of all edges of G that are contained in

more than one triangle, and let U � V (G) be the set of all vertices of G

that have degree 4 and are not incident with any of the edges from F .

The bipartite graph B is de�ned on the vertex set F [ U , with edges of

the form fu where f = fs; tg 2 F , u 2 U and fu; s; tg forming a triangle

in G.

We claim that dim(G) � 3 if and only if B has a matching of size jU j:

In one direction, having a Krausz order-3-partition of G, each vertex

u 2 U must be in some triangle T of the partition. Since every triangle

of G shares one edge with other triangles, T contains one edge from F .
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Thus for each u 2 U there is an edge ff; ug 2 E(B), f = fs; tg 2 F ,

corresponding to a triangle-cluster of the partition. These edges (one for

each u) form a matching since the triangles in the partition are edge-

disjoint.

For the opposite direction, suppose there exists a matching M in B

covering each vertex of U , and let f

u

2 F be the edge matched to u,

u 2 U . Denote

�

F = ff

u

ju 2 Ug and F

0

= F n

�

F . For every f 2 F

0

,

pick a triangle T

f

containing the edge f . Note that since every triangle

shares only one edge with other traingles, every triangle contains exactly

one edge of F . Therefore the triangles T

f

; f 2 F

0

and fug [ f

u

; u 2 U

are pairwise edge-disjoint and cover all vertices of degree 4. The desired

Krausz partition of G consists of these triangles plus the remaining edges

of G as single clusters.

2

Proof of Theorem 2 a): A combination of the previous results gives

a simple polynomial algorithm for testing KrauszDim(3; 4) , that uses a

subroutine computing maximum matching in a bipartite graph (which is

well known to be polynomial). To be accurate, we present a scheme of

the whole algorithm here:

Algorithm 3.5 problem KrauszDim(3; 4)

begin

input a connected graph G = (V;E) with �(G) � 4

if G

�
=

K

5

then output("dim(G) = 1") �

for every 4-tuple X � V (G) do

if Gj

X

�
=

K

4

then

examine the neighbours of X ,

�nd out which of the cases from Fig. 1 occurs,

delete the edges found above from G

�

done

for every triple X � V (G) do

if Gj

X

�
=

K

3

then

if the situation from Fig. 2 left occurs then

delete the edges of the subgraph from G

else if the situation from Fig. 2 right occurs then

go through the chain of edge-neighbouring triangles

in both directions,

delete the edges of the whole chain of triangles from G

�

�
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Figure 7: Possible partitions of variable and clause graphs

T

1

T

2

t

V(x) C(c)

Figure 8: A terminal connection between variable and clause graphs

bounded. We show that the question whether a chordal graph H has

Krausz dimension at most 6 is NP{complete.

Proof of Theorem 3: The proof is similar to the one of Theorem 2 (b).

The graph R

c
�

is constructed from the formula graph F

�

by replacing

its vertices with variable and clause graphs V

c

; C

c

from Figure 9, and

by identifying corresponding terminals to represent its edges, similarly as

above. Only variables with one negated and one or two positive occurences

are considered (otherwise the variable is substituted with its negation).

The false terminator is now formed by three leaves. Finally, a large clique

Q containing all terminal vertices is added (to produce a chordal graph).

The key fact in the proof is that the clique Q must be a cluster in

any order-6-partition of R

c
�

by Lemma 4.4, so we need not bother with it
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V(x) C(c)

x x

:x

:x

l

1

l

2

l

3

Figure 6: The variable graph V(x) and the clause graph C(c)

the clause graph C(c) determine which of the three literals of c is chosen to

satisfy the clause c. The false terminator is formed simply by adding two

new vertices and two new edges connecting each of them to the terminal

(i.e., adding two leaves).

Consider now a vertex t of the constructed graph R

�

, that is a uni�ed

terminal vertex of V(x) and C(c) (Figure 8). In any Krausz order-3-

partition, at least one of the triangles T

1

; T

2

must be as a cluster. This

implies, in the above presented interpretation, that either the literal of c

represented by the terminal t is not the one that must be true in the clause

c, or the occurence of the variable x in c is true (i.e., x or :x depending

on the terminal of V(x) used). So if R

�

has Krausz dimension 3, there

exists an evaluation of variables in � such that every clause contains at

least one true literal, and � is satis�able. On the other hand, it is easy to

construct, from a given satisfying assignment for �, a Krausz 3-partition

of R

�

.

2

Corollary 5.2 For every D � 3, the problem KrauszDim(D;D + 2) is

NP{complete, even when restricted to planar graphs.

Proof: Pend D � 3 vertices of degree one on each vertex of the input

graph for KrauszDim(3; 5) .

2

If we consider chordal graphs, the Krausz dimension is much easier

problem, as was shown in the previous section. Neverthless, the prob-

lem even then remains hard if the maximal clique size (treewidth) is not

14

done

construct the graph B on U [ F as de�ned in the proof of Lemma 3.4

call MatchingInBipartiteGraph(B)

if matching of size jU j exists then output("dim(G) � 3")

else output("dim(G) > 3")

end.

The running time of this algorithm is O(n

4

). This might be improved

by more careful analysis of the reduction steps.

2

4 Graphs of bounded treewidth

We start with some essential de�nitions and considerations. A tree decom-

position of a graphG is a pair (S; T ) where S = fX

i

: i 2 Ig is a collection

of subsets of vertices of G, and T is a tree on the vertex set V (T ) = I

(one node for each element of S), satisfying the following conditions:

1.

S

i2I

X

i

= V (G),

2. for every edge fu; vg 2 E(G) there is an i 2 I such that u; v 2 X

i

,

3. for each vertex v 2 V (G), the set of nodes fi : v 2 X

i

g forms a

subtree of T .

The width of the tree decomposition is de�ned as max

i2I

(jX

i

j � 1), and

the treewidth of a graph is the minimum width over all of its tree decom-

positions.

We may suppose that the tree T of the decomposition is a rooted

binary tree|we just choose some root, duplicate nodes of high degrees

(making a binary subtrees on them), and possibly add missing leaves.

In the next text the following notation is used: A tree decomposition

is allways taken in the form presented above, with the same notation of

the tree and the subsets. The set of all descendants of a node i is denoted

by # i, and #X

i

stands for the union

S

j2#i

X

j

. A restriction of a Krausz

partition K of a graph G onto a subset X � V (G), i.e. a collection of

clusters of K restricted to the vertex set X , is written as Kj

X

.

The idea of our solution to KrauszDim problem for bounded treewidth

graphs is rather simple (see also Figure 4)|we generate all possible

Krausz partitions on all subgraphs of G corresponding to leaves of T

in the tree decomposition, and then we process all their consistent com-

binations dynamically from leaves to the root of T , �nally �nding the

lowest dimension used in the root node. Of course, it is impossible to

maintain the whole partitioning during the dynamic process, so only a

7



X

1

X

2

X

3

X

4

X

5

X

6

(S; T ) of G

generating all partitions

on the leaves

combining partition

signatures of sons

Figure 4: A tree decomposition (S; T ) of G and a scheme of the algorithm

\partition signature" of a node (that describes everything relevant to the

ancestors of this node) is carried. If the treewidth of G is bounded by

some constant w, then it costs polynomial (though rather large in w) time

to process every node with all possible signatures.

Theorem 5 For any w, the problem KrauszDim is solvable in polynomial

time for graphs of bounded treewidth.

Proof: Let G be a graph with treewidth bounded by w and let (S; T )

be a corresponding tree decomposition (that can be found in linear time

for a constant w, see [5]). Based on that, we present an algorithm that

determines the Krausz dimension of G in time polynomial in the size of

G for a constant w.

A partition signature in a node i of the tree decomposition (S; T ) of G

is de�ned as a 4-tuple Sig(i) =

�

P ; q; o;m

�

, where P = fC

1

; : : : ; C

p

g is a

partition of the edges of Gj

X

i

into complete subgraphs, q : P ! f0; 1g are

labels of these subgraphs, o : X

i

! f0; : : : ;�g are values of the vertices

(here � = �(G)), and m is a number. For every node i, we construct the

set AllSig(i) of admissible partition signatures in i in the following sense:

�

P ; q; o;m

�

2 AllSig(i) if and only if there exists a Krausz partition K of

Gj

#X

i

of order m, such that Kj

X

i

= P , the order of each v 2 X

i

is o(v),

and for every C 2 P , q(C) = 1 i� C 2 K. The aim of the attribute q(C)

is to indicate that the complete subgraph C is alone a cluster, and not a

part of a larger cluster in K, so it can be extended to a larger cluster in

ancestor nodes.

To better understand this, realize that the properties of the tree de-

composition imply #X

r

\ #X

s

� X

n

, X

n

\ #X

r

� X

r

, X

n

\ #X

s

� X

s

for a node n and its two sons r; s of the decomposition, and Gj

#X

n

=

S

j2#n

Gj

X

j

.

8

5 NP reductions

For the NP reductions to the Krausz dimension problem, we use a special

version of the well known satis�ability problem [3]. We consider a boolean

formula � in the conjunctive normal form, with a set of clauses C over a

set of variables V . By the formula graph we mean the bipartite graph F

�

on the vertex set C[V , and edges connecting each variable x to all clauses

cntaining x or :x; formally V (F

�

) = C [V , E(F

�

) =

�

fx; cgj x 2 V; c 2

C; x 2 c _ :x 2 c

	

. The PLANAR 3-SAT is de�ned as the satis�ability

problem restricted to formulas with planar graphs of maximal degree 3.

The following lemma can be found in [2]:

Lemma 5.1 The PLANAR 3-SAT problem is NP{complete.

Now we show that the PLANAR 3-SAT can be reduced to the ques-

tion, whether a given planar graph with degrees at most 5 has a Krausz

dimension at most 3. We closely follow ideas used in [4] in the proof.

Proof of Theorem 2 (b): Given a formula � satisfying the conditions

stated above, we construct a graphR

�

that has Krausz dimension at most

3 i� � is satis�able. In the construction, every variable and every clause

vertex of the graph F

�

is replaced by a special graph, see Figure 6. The

variable graph V has two terminal vertices for its positive occurrences and

two terminal vertices for negated occurrences, the clause graph C has three

terminal vertices for its three literals. We may suppose that each variable

has at most 2 positive and at most 2 negated occurrences; otherwise, if

some variable has only positive (negated) occurrences, we may set it true

(false) and reduce the formula.

Clauses are connected with their variables by identifying the corre-

sponding two terminal vertices. For clauses that contain less than 3

variables, a special false terminator is used on the remaining terminals.

Clearly, if the formula graph is planar, so is the constructed graph R

�

;

and also �(R

�

) = 5 is ful�lled.

To prove that the reduction is correct, see the all possible Krausz order-

3-partitions depicted in Figure 7 (where clusters are the shaded triangles

and the remaining edges). Note that the graphs do not contain 4-cliques,

so a vertex of degree 5 must be in two triangles and a vertex of degree 4

in at least one triangle of the partition. Then focus on the central vertices

in both graphs, their partitionings already determin the rest.

The two possible partitions of the variable graph V(x) encode the

logical values true or false of the variable x, and the three partitions of

13



Q

i�1

..............................................

Q

i

Q

i+1

. . . . . . . . .. . . . . .

Figure 5: A decomposition of an interval graph into a sequence of cliques

the cluster Q

k

to an order-D-partition of G. That means dim(G) � D i�

dim(G

0

) � D.

The above preprocessing either gives a negative answer, or produces

an interval graph

�

G of maximal clique size 2(D

2

�D), hence of treewidth

at most 2(D

2

�D)� 1. This graph is then passed to Algorithm 4.1.

Algorithm 4.6 problem KrauszDim(D) for interval graphs and �xed D

begin

input a connected interval graph G = (V;E)

call IntervalRepresentation(G)

got representation fL

i

= hl

i

; r

i

i; i 2 V g,

where all endpoints l

i

; r

i

are distinct

de�ne q

1

= minfr

i

g, R

k+1

= fr

i

j 9j : r

i

> l

j

> q

k

g

(R

t

last nonempty), q

k+1

= minR

k+1

for k + 1 � t

Q

k

:= fi j q

k

2 L

i

g, k = 1; : : : ; t

for i := 1 to t� 1 do

if jQ

i

\Q

i+1

j � D

2

�D + 1 then output("dim(G) > D")

done

U := V

for i := 1 to t do

if jQ

i

j > 2(D

2

�D) then

choose X � Q

i

� (Q

i�1

[Q

i+1

), jX j = jQ

i

j � 2(D

2

�D)

U := U �X

�

done

�

G := Gj

U

output( dim(

�

G) by Algorithm 4.1 )

end.

2

12

A simple computation shows that there are at most 2

2

w+1

� 2

(w+1)

2

�

(�+ 1)

w+1

� (�+ 1) distinct signatures in one node, which is polynomial

in �. So all of them can be e�ciently generated in a leaf of T (in fact,

in constant time for one leaf). One can also combine in polynomial time

all pairs of signatures of the two sons of an inner node, thus generating

all admissible signatures of that node (testing one triple of signatures is

also in constant time), even if the computation is just \by brute force".

Then dynamic processing from leaves to the root of the tree T gives all

admissible signatures in the root node r. Among them, a signature with

lowest m

r

determines the Krausz dimension of G.

Now it is enough to show how the signatures of sons are combined

in a node of the decomposition. Let n be an inner node of T with two

sons r; s, and Sig(r) =

�

P

r

; q

r

; o

r

;m

r

�

, Sig(s) =

�

P

s

; q

s

; o

s

;m

s

�

be ad-

missible (in the sense experessed above) signatures in the nodes r; s. If

Sig(n) =

�

P

n

; q

n

; o

n

;m

n

�

is any signature in the node n, it is an admis-

sible combination of Sig(r); Sig(s) if and only if the following conditions

are satis�ed:

� (mutual consistency of Sig(r); Sig(s))

If C 2 P

r

; C

0

2 P

s

and jC \ C

0

j > 1, then either C = C

0

or

C = C

0

\X

r

, q

r

(C) = 1 or C

0

= C \X

s

, q

s

(C

0

) = 1.

� (correct clusters in node n)

For each C 2 P

n

, one of jC \ X

r

j � 1 or C \ X

r

= C

0

2 P

r

,

q

r

(C

0

) = 1 or C = C

0

\X

n

, C

0

2 P

r

should hold.

� (correct cluster labels in n)

For each C 2 P

n

, the label is q

n

(C) = 0 if and only if C � X

r

[X

s

,

maxfjC \ X

r

j; jC \ X

s

jg > 1, and the following is satis�ed: For

jC \X

r

j > 1, either C \X

r

62 P

r

or q

r

(C \X

r

) = 0; and similarly

for s.

� (orders of vertices of X

n

)

For each v 2 X

n

, the order of v is o

n

(v) =

�
�

�

C 2 P

n

; v 2 C

	

�
�

for

v 62 X

r

[ X

s

, o

n

(v) = o

r

(v) +

�
�

�

C 2 P

n

; v 2 C; jC \X

r

j � 1

	

�
�

for

v 2 X

r

� X

s

, o

n

(v) = o

s

(v) +

�
�

�

C 2 P

n

; v 2 C; jC \ X

s

j � 1

	

�
�

for v 2 X

s

� X

r

, and o

n

(v) = o

r

(v) + o

s

(v) �

�
�

�

C 2 P

r

; v 2

C; jC \ X

r

\ X

s

j > 1

	

�
�

+

�
�

�

C 2 P

n

; v 2 C; jC \ (X

r

[ X

s

)j � 1

	

�
�

for v 2 X

r

\X

s

.

The maximal order is m

n

= max(o

n

[X

n

] [ fm

r

;m

s

g).

Finally, we summarize the above ideas in a scheme of the algorithm:

Algorithm 4.1 problem KrauszDim for graphs of constant treewidth

begin
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input graph G = (V;E)

suppose G connected, treewidth of G bounded by w

call TreeDecomposition(G) ! (S; T )

for l 2 V (T ), l leaf of T do

AllSig(l) := a collection of all admissible signatures Sig(l)

(derived from all Krausz partitions of X

l

)

done

while exist n 2 V (T ) not processed yet do

n := lowest node in V (T ) not processed

r; s := two sons of n (already processed)

AllSig(n) := ;

for Sig(n) in all signatures possible on X

n

do

for [Sig(r); Sig(s)] 2 AllSig(r) �AllSig(s) do

check Sig(n) against Sig(r); Sig(s), as described above

if Sig(n) consistent with Sig(r); Sig(s) then

AllSig(n) := AllSig(n) [ Sig(n)

�

done

done

done

r = root of T

D := minfm

r

j Sig(r) 2 AllSig(r)g

output("dim(G) = D")

end.

2

Note that our result also applies to chordal graphs with bounded max-

imum clique size, since the treewidth of a chordal graph G is exactly

!(G)� 1:

Corollary 4.2 The problem KrauszDim is polynomially solvable for

chordal graphs of bounded clique size.

Since �(G) � !(G)� 1, we have straightforwardly (compare to The-

orem 2.(b)):

Corollary 4.3 The problem KrauszDim is polynomially solvable for

chordal graphs of bounded maximum degree.

The following lemma is useful for several classes of chordal graphs.

Lemma 4.4 A clique of size at least D

2

�D+2 must be a cluster in any

Krausz order-D-partition of a graph.

10

Proof: Let C be a clique of size ! in G that is not a cluster in a Krausz

order-D-partition. If s is the size of the largest cluster used to cover C,

then

!�1

s�1

� D since there are at least

!�1

s�1

clusters covering a �xed vertex

v 2 C and its ! � 1 neighbours. On the other hand, s � D because for

a cluster A � C, jAj = s and a vertex v 2 C � A, all the s edges fv; ag,

a 2 A must be in di�erent clusters.

Combining the previous inequalities, we get !�1 � Ds�D � D

2

�D,

thus the largest clique that need not be a cluster has size at most D

2

�

D + 1.

2

Split graphs are a special kind of chordal graphs, whose vertices can

be split into a clique and an independent set.

Corollary 4.5 For any �xed D, KrauszDim(D) is polynomial in the

class of split graphs.

Proof: Let G be a split graph and !(G) = !. If ! � D

2

�D + 2, then

this maximal clique must be a cluster of the partition, and the rest is a

bipartite graph which has the only partition into single edges. Otherwise,

the problem is reduced to the case of treewidth bounded by a constant

! � 1 � D

2

�D.

2

A similar result may be derived for complements of bipartite graphs.

A more involved corollary of the previous results is a polynomial algo-

rithm solving KrauszDim(D) for interval graphs and constant D (in-

terval graphs are those that admit intersection representations by closed

intervals on a line).

Proof of Theorem 4 (b): Suppose we are given an interval graph G

decomposed into a sequence of cliques Q

1

; : : : ; Q

t

. Such a decomposition

can be easily derived from an interval representation, or it can be viewed

as a path decomposition of G (a tree decomposition where the tree is a

path).

If there is an i such that jQ

i

\Q

i+1

j � D

2

�D+1, then dim(G) > D

by Lemma 4.4 since Q

i

� Q

i+1

6= ;, Q

i+1

� Q

i

6= ;. Otherwise set

Q

0
i

= Q

i

\

S

j 6=i

Q

j

= Q

i

\ (Q

i�1

[ Q

i+1

) for every i. It follows that

jQ

0
i

j � 2(D

2

�D). Thus if jQ

k

j > 2(D

2

�D) for some k, we can choose

a subset

�

Q

k

of 2(D

2

�D) vertices such that Q

0
k

�

�

Q

k

� Q

k

.

In that case, the clique

�

Q

k

is a cluster in any order-D-partition of the

graphG

0

=

�

Q

k

[

S

j 6=k

Q

j

; and since the vertices of (Q

k

�

�

Q

k

) are disjoint

with all other cliques in the graph, this partition can be extended using
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