Hom-properties are uniquely factorizable
into irreducible factors

Jan Kratochvil!

Department of Applied Mathematics
Charles University
Malostranské nam. 25, 118 00 Praha 1, Czech Republic

e-mail:honza@kam.ms.mff.cuni.cz

Peter Mihok

Department of Geometry and Algebra
P.J. Safdrik University
Jesennd 5, 041 5/ Kodice, Slovak Republic
and
Mathematical Istitute
Slovak Academy of Sciences
Gresdkova 8, 040 01 Kodice, Slovak Republic

e-mail:mihok@kosice.upjs.sk

February 19, 1997

Abstract

For a simple graph H, a graph G is called H-colourable if there
is a homomorphism from G to H (a mapping f:V(G) — V(H)
such that uv € E(G) implies f(u)f(v) € E(H)). The class
— H of H-colourable graphs is an additive hereditary prop-
erty of graphs, called a hom-property. For hereditary prop-
erties P1, P2, ..., Pn, a vertex (P1,P,..., Pn)-partition of a
graph G is a partition (Vi,Va,...,V,) of V(G) such that each
subgraph G[V;] induced by V; has property P;, i =1,2,...,n.
The class of all vertex (P1, Pa, ..., Pn)-partitionable graphs is
denoted by PioPso...0P,. An additive hereditary property P
is reducible if there exist additive hereditary properties P1, P
such that P = PioPa, it is irreducible otherwise. A graph
is a core if it admits no homomorphism to any of its proper
subgraphs.

We prove that for any core H the hom-property — H is
reducible if and ounly if H is a join (the Zykov sum of two

lResevarch supported in part by Czech Research grants Nos. GAUK 194/1996
and GACR 0194/1996.



nonempty graphs). Moreover, we prove that the factorization
of any hom-property — H into irreducible factors is unique.

1 Introduction

We consider finite undirected simple graphs (without loops or multi-
ple edges). In general, we follow the notation and terminology of [3].
The join G+ H of two graphs G and H is the graph consisting of the
disjoint union of G and H and all the edges between V(G) and V(H).
If a graph G is a join we say that G it is decomposable. A graph that
is not decomposable is called indecomposable. 1t is easy to see that a
graph G is decomposable if and only if its complement G is not con-
nected. Then G is the join of the complements of the components of
G. Thus every decomposable graph G can be expressed in a unique
way as the join of indecomposable graphs.

We denote by Z the class of all finite simple graphs. A graph
property is a nonempty isomorphism-closed subclass of Z. (We also
say that a graph has the property P if G € P.) A property P
of graphs is called hereditary if it is closed under subgraphs, i.e., if
H C G and G € P imply H € P. A property P is called additive
if it is closed under disjoint unions of graphs, i.e., if every graph
has property P provided all of its connected components have this
property. A hereditary property P is uniquely characterized by the
set

M(P) = {G € P| for any edge e € E(G), the graph G + e does
not belong to P}

of its P-maximal graphs.

Additive and hereditary properties of graphs, partially ordered
by set-inclusion form an algebraic distributive lattice (L, C) with
the least element O = {G € Z | E(G) = 0} (see [1],[7],[2]).



Let Py, P2, ..., Pn, n > 2, be hereditary graph properties. A ver-
tex (P1, Pa, ..., Pn)-partition of a graph G is a partition (V1, Va,...,V,,)
of V(@) such that each subgraph G[V;] induced by V; has property
Pi,t=1,2,...,n. We denote by PyoPse...oP, the class of all vertex
(P1,Pa, ..., Pp)-partitionable graphs. An additive hereditary prop-
erty P is called reducible in L* if there exist additive hereditary prop-
erties Py, P such that P = P1oPs, and it is called irreducible other-
wise.

The notion of reducible properties was introduced and studied in
connection to the existence of uniquely partitionable graphs ([7, 8, 5]).

A homomorphism of a graph G to a graph H is an edge-preserving
mapping f: V(G) — V(H), ie., e = wv € E(G) implies f(e) =
f(u)f(v) € E(H). In this case we say that G is homomorphic to
H and we write G — H. The image of G is denoted by f(G), i.e.,
(@) = ({F )l € VIE)}, {f(©)le € B@)}).

A core of a graph G is any subgraph G’ of G such that G — G’
while G fails to be homomorphic to any proper subgraph of G'. It
is known that up to isomorphism every graph G has a unique core,
denoted by C(G). A graph G is called a core if G is a core for itself,
ie. G = C(G). A graph G homomorphic to a given graph H is also
said to be H-colourable. Graph homomorphisms and their structures
are extensively investigated (see e.g. [4], [11], [5], [13], more references
may be found in the survey [10]).

Let us denote by — H the set of all H-colourable graphs G € 7 .
The properties - H, H € T , are called hom-properties or colour
classes (see [10]).

We shall show in Section 2 that for every H € 7 , the property
— H is additive and hereditary. As it was first pointed out by P.
Cameron [personal communication], the hom-properties form a sub-

lattice of L* isomorphic to the lattice of the cores partially ordered



by the existence of homomorphisms (cf. [12, 10, 6]).

In this paper we deal with factorization of hom-properties into
irreducible factors in L®. The problem:

Is the factorization of every property into irreducible factors unique
inlL*?

seems to be very difficult and only partial results are known (cf.
[5], Problem 17.9, p.266, [9]). Our main results can be formulated as
follows:

Theorem 1 Let a graph H be a core. A hom-property — H is irre-
ducible if and only if H is indecomposable.

Since the decomposition of a decomposable graph into the join of
indecomposable graphs is unique, the factorization of reducible hom-
properties into irreducible hom-properties is unique as well. We shall

prove that this factorization is unique also in L*:

Theorem 2 Let a core H = H, + Hy + ... + H, be the join of
indecomposable graphs H;, i =1,2,...,n. Then - H = (— Hj)o(—
Hs)o...o(— Hy) is the unique factorization of — H into irreducible

factors in LL®, apart from the order of the factors.

As a corrolary of Theorem 2 we obtain the characterization of

decomposable cores:

Theorem 3 Let a graph H = Hy + Hy + ... + H, be the join of
indecomposable graphs H;, i = 1,2,...,n. Then H is a core if and

only if each H;, i =1,2,...,n, is a core.

We prove some basic results on hom-properties in Section 2, the

proofs of our main results are presented in Section 3.



2 Preliminaries

In this Section we present some basic results on hom-properties which

will be used in the proofs of our main results.

Proposition 2.1 For any graph H € T , the hom-property — H is
hereditary and additive.

Proof For every G € — H, there exists a homomorphism f :
V(G) = V(H). For any G* C G, the mapping f restricted to V(G*)
is a homomorphism of G* to H. Therefore G* € - H and — H is
hereditary.

Let G be the disjoint union of graphs G1,G2 € — H, and let
f1, fo be homomorphisms of G; and G- to H, respectively. Then the
mapping f : V(G1 UGy) — H defined in the following way

[ f) forveV(Gy),
flv) = { fo(v) forv e V(G,)

is a homomorphism of G to H. Hence, — H is also additive. O

The following technical lemma will be used further on.

Lemma 2.2 Let Fy, F5, F be graphs and let G = F1 + F and G5 =
Fy, + F. Then G1 — Gy implies F; — F5.

Proof We will proceed by induction on |V (F)|. The statement is
clear for V(F) = .

Suppose V(F) # 0 and let ¢ be a homomorphism of G; to Gs.
Since ¢ preserve edges, ¢(G1) = ¢(F1 + F) = ¢(F1) + ¢(F). Let
us denote by A,B,C and D the subsets of vertices of the graph G2
defined as follows:

A=o(V(F1)) NV (F);



B =¢(V(F1))NV(F);
C =o(V(F) NV (F);
D = ¢(V(F)) NV (F).

If the set B is empty, we have ¢(F;) — F» ad hence F} — ¢(Fy) —
F,. Thus we may assume B # @, whence |D| < |V (F)|. Since ¢
restricted to F[B] + F[D] is a homomorphism to F»[C] + F[D], it
follows from the induction hypothesis that F[B] + F[D] — F»[C] +
F[D] implies F[B] — F>[C]. This yields Fy — F>[A] + F[B] —
F»[A] 4+ F»[C] C F». Hence in both cases F; — F5. O

We further investigate graphs which are maximal with respect to

additive hereditary properties.

Proposition 2.3 Let G be a PyoPs-mazimal graph. Then every ver-
tex (Py,Pa)-partition (V1,V2) of G satisfies

G =GV + G[Va],

and the graphs G[V;] are P;-mazimal (i = 1,2).

Proof Let G € M(P1oP3) be a PioPs-maximal graph and let
(V1,V2) be an arbitrary vertex (P, Ps)-partition of G. Suppose, to
the contrary, that there exists an edge e = zy such that z € 1}
and y € V5 and e ¢ E(G). Then G 4+ e € P1oPsy contradicting
the assumption of PjoPs-maximality of G. This proves that G =
G[W] + G[Va].

Assume that for some i = 1,2, G[V;] is not P;-maximal. Then we
can add an edge e to the edge set of G[V;] so that G[V;]+e € P; and,
consequently, G + e € P1oP,. This is again a contradiction with the
assumed P;oP>-maximality of G. O
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For any graph G € 7 with vertex set V(G) = {v1,v2,...vn},
we define a multiplication G* (W1, Ws, ..., W,) of G in the following

way:
1. V(GH) =W UWa U ... W,
2. foreach 1 <i<mn: |W;]|>1,
3. for any pair 1 <i < j<n: W;NnW,; =0,

4. forany 1 <i<j<n,ue W;,veW;: {uv} e EG) if and
only if {v;,v;} € E(G).

The sets Wy, W, ..., W, are called the multivertices corresponding
to vertices vy, va,...,Un, respectively. In the case |Wi| = |Ws| =
... = |Wy| = k, we denote the graph G** (W, W, ..., W,,) by G(k).
Obviously, G(1) = G.

It is not difficult to see the following (the details and more results

about hom-maximal graphs can be found in [6]):

Proposition 2.4 Let H = H, + Hy be a core. Then the following
statements hold true:

(i) the graphs Hy and H> are cores;

(ii) > H = (— Hy)o(— H2);

(iii) for every k > 1, the graph H(k) = Hy(k) + Ho(k) is (— H)-
mazimal;

() for any graph G €— H, there exists a k > 1 such that G C

3 The proofs of the main results

Proof of Theorem 1 If the core H is decomposable, then the
property — H is reducible according to Proposition 2.4(ii).



Since the graph H is a core, H = H(1) is (— H)-maximal. Then
for - H = Py1oPs, Proposition 2.3 would imply that H is a join.

Hence — H is irreducible, provided H is indecomposable. O

Proof of Theorem 2 Let H = Hi+H>+...+H, be a core, expressed
as the join of indecomposable graphs H;, i = 1,2,...,n. Assume that
— H = PoQ. We prove that then P and Q are hom-properties.

For every k > 1 and any vertex (P,Q)-partition (Vi,V2) of the
— H-maximal graph H (k), each of the subgraphs H;(k) = H(k)[W;]
induced by W;,i = 1,2,...,n, is either contained in V; or in V5 (in
general, if (V7,V5) is a vertex (P,Q)-partition of a (PoQ)-maximal
graph G and F' is an indecomposable induced subgraph of G , then
either FF C G[V4] or F C G[V:]). Therefore,

H(k)Vi] =Y Hi(k); H(k)[Va] =Y Hi(k);

el i€l
for some I, I, C {1,2,...,n} such that [, UL, = {1,2,...,n}, 1 N
L =0.

Let (I, I;) be a partition of the set {1,2,...,n} such that the
vertex (P, Q)-partitions (Vi*,V5*) of H(k) induce

H®)VY) =Y Hi(k); HF)[VS]= ) Hi(k) (1)
iel; il
for infinitely many k& > 1. Let us remark that then (1) holds true
for every k, because of — H being hereditary (H(k;) C H(ks) for
k1 < k»).
Let us denote F; = Y. H; and F» = Y H;. Then for every
iely icly
k> 1, Fi(k) € P and F2(1k) € Q. Hence by2 Proposition 2.4.(iv),
— Fy CPand = F, C Q.
On the other hand, consider a graph G € P. Then G + F5 € PoQ
and hence G + F» — F; + F» (as - H = PoQ). It follows from

Lemma 2.2 that G — F;. Thus P C— Fj, and analogously Q C—
F.

We have proved: If a core H is the join i H; of indecomposable
cores H; and — H = PoQ, then =

P == ZHZ

iel;

and
Q=— Z H;
i€l
for a partition (I3, I5) of the set {1,2,...,n}. The proof of Theorem 2
follows immediately by induction on n. O

Proof of Theorem 3 According to (i) of Proposition 3 it suffices to
show that if H = H; + Hs + ...+ H, is the join of indecomposable
cores H;, i = 1,2,...,n, then H is a core as well. Suppose C(H) =
Hy +Ho+ ...+ j-lvk, where ﬁi, i = 1,2,...,k are indecomposable.
Since - H =— C(H), it follows from Theorem 2 that
(= Hy)o(— Hy)o...o(— Hy,) = (= Hy)o(— Hs)o. ..o(— Hy)

is the unique factorization of - H =— C(H) into hom-properties.
Hence, K = n and - H; =— IA-fz for i = 1,2,...,n, for suitable
permutation of Hy’s. Each H; is a core, and thus |V(E)| > |V (H;)|
for i = 1,2,...,n. Therefore, |V(C(H))| > |V(H)| and it follows
that H = C(H), i.e., H is a core. O
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