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Equations and Inequalities
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1 Introduction

The aim of this paper is to suggest a direct Parametric method for solving
some optimization problems on attainable sets of so called max-separable
operators. Such problems in a less general form connected with the fuzzy
set theory were considered e.g. in [1], [4]. The problem considered in this
paper is presented independently of the fuzzy sets context as a non-linear
nonconvex optimization problem. Parametic approach to its solution sug-
gested is flexible enough to allow further extension and generalization, which
are briefly discussed in the concluding sections.

2 Notations and Formulation of the Basic
Problem

In this paper, we shall consider the following system of equations and in-
equalities

Ri(z) = 1}153((aij Arij(zj)) =b;, Vi:ieS
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hy<az <H, YjijeN W

where N = {1,2,...n}, S = {1,2,...m}, ¢ = (21,...2,)7 € R",
b= (by,...0,)T € R™", h = (hy,...h,)T € R*, H = (Hy,...H,)T € R,
a;; A rii(z;) = min(ay, rij(z;)), R(z) = (Ri(),. .., Rm(z))T, let us assume
further that r;; : R — R are given strictly increasing continuous functions
Vi:it€S,Vj:j€ N. Using the above vector notation we can reformulate
the system(1) as follows:

R(z) =1b, h<z<H (2)

Denote the set of all solutions of the system (1) (or (2)) by M(b). Each
component of R : E™ — E™ is a function depending on n variables; this func-
tion is expressed as the maximum n nondecreasing functions of one variable
of the form a;; A 74(z;), so that these functions are separated by a max-
operation. By similarity with the additive separability, we call this property
of the functions R;(z) max-separablity and R(z) is called a max-separable
operator.

The vector b in the system (2) can be understood as a vector, which can
be attained by an appropriate choice of € M(b). Therefore those b’s, for
which M (b) # 0, are called attainable elements and the set

A= {b/M(b) # 0} (3)

is called the attainable set.

If an element b € A, then there exists a solution of the system (2) with
b = b which can be obtained using some of the methods described in the
literature (see e.g. [2] [3]). If b & A, we want to find an approximate solution
of the system (2) with the right hand side b. For this purpose, we look for
an element b°?! € A, which has in some sense the minimal distance from b
and accept the elements of M (b°P!) as appropriate approximate solutions.

In this article, we shall use the Tshebyshev distance, i.e. the following
distance:

16— b|= max|b; — bil (4)

The problem, we are going to solve here is thus in the following form:
|b—b|— min subjectto be A (5)
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Since if b € A, it means that there exists  such that b = R(z) so that we
can reformulate the problem (5) as follows:

| R(z) —b ||= measx\Ri(x)—BiHmin subject to h<z <H (6)

The reformulation (6) shows that we minimize a continuous function of z on
a compact set, so that there exists always at least one optimal solution z°P
of the system (6); thus if we set b = R(z°"), we will obtain an optimal
solution of the problem (5).

Let us define the set M(t) for any ¢: ¢ € [0, 00) as follows:

M@t)={z/h<z<H& | R(z)—b|<t} (7)
The set M (t) is nonempty if and only if the following system of inequalities:

Ri(z) <b;+t, i€S & Ri(x) >bj—t, ieS & h<z<H, (8)

is soluble with respect to z; note that the set M(t) is the set of all solutions
z of (8). We can replace our original problems (5), (6) by the following
problem:

t — min subject to M(t) £ 0 (9)

We shall show in the sequel that there exists always the optimal solution
t°Pt > 0 of the problem(9) and also we will derive a direct numerical procedure
for determining . If z°! is an any element of M (t°P!), then || R(z%") —
b [|< t°P'; since the strict inequality can’t hold, the equality must occur
ie. b = R(xz"') € A is the optimal solution of the problem (5), and the
vector z%! can be accepted as an approximate solution of the system (2)
in the case that b & A, since for any solution z of the system (2), we have
| R(x) = b [|> .

In the next section we investigate some properties of the set M (t) where
t € [0,00). This will enable us to derive the direct solution method for the
system (5).



3 Properties of M(t)

We shall introduce the following notations Vi : 4 € S, Vj: 1 € N, t € [0, 00):

Vi]'(t) = {:cj/h]- <z <H; and ajA T,‘j(wj) < i)l +t}
Vilt) = (Vi) & Wi(t) = {zj/h; <aj < Hj  and  ayj Ariglag) > b — t}
icS

For the illustration of these sets see the Appendix. The following theorem
gives the necessary and sufficient conditions for M (t) # (.

Theorem 3.1

L) Vi(t) #0, YVjeN
M) #0 = { 2)Vi e S 3j(i) € N such that Wj;)(t) N V) (t) # 0. }

Proof: Define the interval I; = [h;, H;] and introduce the following nota-
tions:

ali]- = aij - (61 + t), a2i]- = aij - (i)l - t) & Tl,’j(iﬂj) = rij(xj) - (bz +t),
r2ij(;) = rij(z;) — (bi — 1)
Sufficiency:

Assume that we have a point # = (2y,...,,) which satisfies the R.H.S. of
the <-relation.

z; €Vj(t), VjEN — ;€ Viy(t), VjEN
€S
(al,-j /\T‘li]‘(ﬂ?]‘) <0, Vie S;xj € Ij), VjeN
meal,s((alu A Tli]‘(m]‘) < 0), Vie S; V:vj € Ij,
J

i) € Wijee)(t) a2y A 12450)(75) > 05 zj6) € Ly

LLLd

max(a2ij Ar2i(5) 2 05 2i) € L.

Then we can deduce that € M(t).

Then

Vi=[15] Va={2} V3=100,4] Vi=[13],
and

VinWiy #0, VoanNWa #0, VianWss #0,
where

Wi =[1,5] Wi =1[2,6] Ws;=10,4]
then choose any z such that
T = (xla 23 T3, $4)
where

T € [1,5] T3 € [0,4] T4 € [1,3}

will be an approximate solution for the original problem.
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at k=3
Si31 G132 133 Eia
§a31 oz2 sz o | =
§331 &332 333 334
0 9 1 3

. 0 if 1<t<? -1 if 2<t< 0
= < =2 >3
0if0=t<1 { 3 otherwise { 6 otherwise 3

0 0 1 4

From the definition of £¥ given in (14), it is easy to obtain the following

0 9 1 3
611 512 513 §14 4 10 if 1<t < % 6 3
621 63; gzz gzi = 3  otherwise
g g2 g3 ¢ 10 if 0<t<2

3/5 0 otherwise 14

Hence t°P* which given by equation (15) will be

"' = max(9,3) = 9
Take any point (say z*) from the set

M@®)={z:h<z<H | R@x)-b|<t, t>9},

then z* will be accepted as an approximate solution of our problem.
In the original case Vi = () {since 15 A Tzy > 5, 25 € [2,6]},

Vie=0—=Vo=0-—M=10

i.e. there is no solution for the original problem.
In the modified case, if we take ¢ = 9, then we try to solve the following
problem

—4 <max7 A4z, 15 A Txg, 4 AN 63,2 A (24 +1) < 14
—2 <max3 A2z, 4 A2y, 1A (23 +1),4 N 224 <16
—6 <max3A(z1+1),3A(xa —1),2A (223 — 1), -1 A (x4 —3) <12
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Necessity:

reMlt) — wx;€l;, VJEN & (maj@(al,-j Arlij(z;) <0 VieS)
j€
(maxa2;; Ar2;(z;) >0 VieS)
JjEN

— (CL‘j € I]', and alij /\rlij(xj) <0 Vie S),V] eEN

— DV 40, N
2)Vie § 3j(i) € N such that Wyjq)(t) N V() (t) # 0.

Thus the proof of the theorem is complete. O

4 Properties of V (t) & W(t)

We shall investigate here the conditions for V;;(t) # 0, V;(¢) # 0, W;;(t) # 0.
Define the following variables:

n” = min(max{a;; — b;, 0}, max{ry;(h;) — b, 0}), 7= max nv,

= max 7 and 79 = max(0,b; — a;j, b — i (Hj)). (10)
j

For the illustration of these variables see the appendix.

Theorem 4.1 For each j € N, 3n' > 0 such that Vi;(t) #0 <t > n.



Proof:

W(t)z@ 54 aij/\rij(xj) >I;i+t; VZ‘]‘ GI]‘
& bi+t< rij(x;) < ag or b+t < azj < ri(z;); it is further ¢ >0
&t < min(max{r;(h;) — b, 0}, max{a;; — b, 0}) =¥

where 7/ is given by (10); this completes the proof of the theorem. |

Theorem 4.2 For each j € N, Vi(t) # 0 & t > 17; where 1/ is given by

(10).

Proof: Vj(t) = 0 equivalent to the fact V,;(t) = @ for some iq € S; since
Vijo are nested! sets for fized jo € N; which means that ¢ < n®/ < 7/ which
is the maximum of n on S. ad

Corollary 4.1 For each j € N, V;(t) # 0 < t > n; where n is given by

(10).
Proof: The proof is obviously derived from theorem 4.2.
Corollary 4.2 M(t) #0<t>n

Proof: The proof is obviously derived from theorem 3.1, theorem 4.2 and
corollary 4.1; where 7 is given by (10).

Theorem 4.3 For eachi € S, j € N; 319 such that Wi;(t) £ 0 <t > 79,

Proof:
I/Vi‘(t):@ <~ aij/\r,-j(xj)<i)i—t; VCL’]‘EI]‘
< ay <rijlz) < bi —t or rij(x;) < ag < b; —t; it is further ¢ >0
& t< = 11111](0, a5 — I;i, T35 (H]) — l;,)
s t< max(O, IA), — Qij, BZ)T”(H])) = Tij
where 7% is given by (10); this completes the proof of the theorem. O
1Since for each j, 1 < j < n, there exists a permutation {3,...,4,,} such that

Viij C Viyj C ... CV,,; because of the fact that a;; A rj;(z;) are nondecreasing in ;.

6

at k=3
st Ths2 7133 7134 %3 %3 %7 -1
T31 Tl232 7233 Th3a | = 1 % % %
7331 7332 7333 7]334 0 0 0 0

Now from equation (11) and the values of the above parameters, we can
obtain the following matrices
at k=1

i1 &2 Sus Siua
S Sz &1z Souu | =
&1 G312 €313 Esua
0 9 1 3

. 10 if 1<t<y -1 if 2<t< ¥
= 2if0<t<3 { 3 otherwise 6 otherwise
. E _ . z
3/5 10 1f0§.t§8 1 1f0<?5§4 4
0 otherwise otherwise
at k=2
§io1 S22 G123 &1o4 0913
Eom E222 G223 Coma | =4 3 6 3
Eso1 G322 E323 E3ma 0 01 4
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aj; a2 a3 Ay 7 15 4 2
g Gy G axy | =3 4 1 4
(31 (32 33 (34 33 2 -1

Note that this problem has no solution in general.
It is clear that ri;j(h;) < a;; < r;;(H;) Vi € S,j € N. Using the relations
(10) we can deduce that
1no12 13 14 0
Pl g g 0
Pl B g 0

S I3

this gives that

[771 7 774]:[0 9 00
which implies that n < 9.
Also we get from (10), the following

R L L 001 3
21 22 23 24 — 4 3 6 3
31 32 33 34 001 4

From the equality

T (O + ikg) = 135" (0 = i)
We can calculate 7;;; for each k € S; ¢ € S and j € N, then the application

of the above relation will give us the following three matrices:
at k=1

M1 iz iz M4 00 0 O
M1l T2 Moz Toua | = | 3 12—1 % %1
311 7312 7313 7314 g %3 % 1
at k=2
M21 M2z M23 M2 -3 ’211 *731 %
Th21 T222 M223 M24 | = 0 0 00
M321 T322 7323 7324 -1 F $ 8
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Corollary 4.3 For each j € N, i € S; 3% > 0 such that
Vit < Inaxmlnmax(n,TJ) = M(t)#0
i€S jeEN €S

Proof: It is clear from corollary 4.1, 4.2 and theorem 3.1, where 7% is given
by (10)
Let us define the following sets: Py;(t) = Wi;(t) N Vi;(t); Vi,k € S,

j € N. To investigate the necessary and sufficient conditions for sz:( ) # 0,
assume that the variable 7;; satisfies the following equation Thj (bk + Nij) =

T (b, 7ixj) for some i,k € S, j € N and define the variables &;, (ix; and
Yirj for some ¢,k € S and j € N as follows:

TNikj if  max(r¥,9¥) < Nik; < min(ag; — by, b; — rij(hj))

iy = ag; — by

max (74, 7))

it

T (b +1) < vt (b — t) < H; (11)
otherwise

Civi = mkg o if max(r%, n¥) < iy < min(rg;(Hj) — by, b; — rij(hj))
ikg max (79, n") otherwise
(12)
vy = max(Y,n7) (13)

For the illustration of these variables see also the appendix.

Concerning the definition of the sets Vj;(t) & W;;(¢), if we assume that

Tij(hj) < [ < Tij(Hj) forall i€ S, ] eN

then it is easy to recognize the following remarks:

Remark 1:

If the two sets [ry;(h;) —

be, arj —by] & [b; — aij, bi —rij(h;)] have an empty

intersection, then we can deduce the following:

o if ay — b, < by — aij = 79 = max(r9,n"), for some k € S, then

Vij(6) N W5(t) = 0 if ¢ < b; — a;;; and if ¢ > b — a;; the intersection
equals W;;(t).



o if by — rij(h;) < rij(hy) — by = 7 = max(r,n¥), for some k € S,
then V;C](t) n VV,](t) =0ift < rkj(hj) — l;k, and if ¢t > Tkj(hj) — I;k the
intersection equals Vj;(t).

Remark 2:
If the two sets [ry;(hj) — by, agj — Bk] & [5, — aij, b — 7:5(h;)] have a single
point in their intersection, then we can deduce the following:
e if the point of intersection is = = b; — rii(h;) = rrj(hj) — by = nil =
max (7%, n7), for some k € S, then Vi;(t) N Wi;(t) = 0 if t < z; and if
t > x the intersection equals Vj;(t).

o if the point of intersection is z = ay; — l;k = 131 — a;;, for some k € S,
then we have the following two cases:
Vij(6) N Wy;(t) = 0 if t < z, given that r;l(i), —t) < r,;jl(I;k +1t) < Hj;
and if ¢ > « the intersection equals W;;(t); v = ax; — by..
Vij(6)NWy5(t) = 0if t < z, given that r,;jl(laqut) < r;'(bi—t) < Hj; and
if t > x the intersection equals Vi;(t); & = b; —a;; = 79 = max(r%, ni).

Remark 3:
Let

z21 = Tkj(hj) - I;L y Y1 = Qg5 — I;L

22 = I;z —Qij 5 Y2 = I;z = rij(hy).
Assuming that [z, y] = [21, y1] N[22, y2] one can found the following cases:

e if [z,y] = [21,41], then there exits some ¢y such that

<=2 <ty<y <y, and r,;jl(l;k +1ty) = r;l(i)z —to);

i.e. max(7¥ n¥) <ty < min(yy, y2),
then V,;(t)NW;;(t) = 0 if t > t, the intersection is nonempty, (similarly
the case [z,y] = [22, Y2])-

Step 2:
Calculate 7;;; from the equation

Tl;jl (b + mir) = T};jl(i)i — Nikj)

for each i,k € S and each j € N.
Step 3:

Find &g, Cirj, or vix; from relations (11), (12), (13) for each 4,k € S and

each j € N.
Step 4:

Find €9, (¥ or 4% from relations (14) for each i € S and j € N.

Step 5:

Find t°! from relations (16), (17), (18).

Example

Here we want to solve the following problem

Ri = max(ai]- A T,‘j(l’j)) = bz Vie S
JEN

and

hjSIjSHj VJEN

where

N = {172a3a4}7 ‘S = {132,3}) T = [x1x2x3x4}T;

b=[573" h=[1201]"; H=[5643];

<
—
=
—
8
—
N
<
—
)
—
3
)
N
<
—
@
—
8
@
Nty
<
—
~
—
8
S

13

4z, Txy 6z3 x4+ 1
223 Ty  bBrs+1 2y
T4+1 zo—1 203—1 z4—3



t>T% holdVi:i€S,Vj:j€ N; where T¥ is equal to one of the values
&9, (Y or 49 according to which of the conditions from Theorems 4.7, 4.8
and 4.9 are satisfied and #/ is the same as 7/ which defined in (10). Then the
optimal value of #(t?*) calculated according to the following formula:

P! = max(max#’, max min 7). (15)
JEN €S jeN

Consequently we can deduce that, the optimal value of ¢(tP!) is calculated
according to the following theorem:

Theorem 4.10 If t is the solution of problem (9), then t holds one of the
following relations:

If rij(hj) < Qg5 < Tij(Hj) forall i € S, j € N; then
> port — : ij.
t >t 1?6%)(1]%1]{’15 (16)
If T'”(h]) S T,](H]) S (7] for all 4 € S, ] € N, then
t > %' = maxmin (Y. (17)
i€S jeN
If [ < ’f','j(hj) < T,'j(Hj) forall ¢ €S, j € N; then
> port — : ij.
t >t max miny (18)

Where €9, (Y and 49 are given in (14).

Proof: In our proof we will concentrate on the first case. Let £iojo =
max;es minjey £9, and assume that ¢ < £°%_ then from theorem 4.7 we
can deduce that:

Wi;(t) NV;(¢) =0; VjeN,

hence, according to theorem 3.1, M(t) = (; this complete the proof of the
theorem. O

5 Algorithm for Calculating t°'

Step 1:
Find 7", n/, n and 7% from relations (10), for each i € S and each j € N.
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o if [2,y] = [20,¥1], 20 = 21 = 22 then there exits some #y such that

=nY =2 <ty<y <y and r,;jl(Bk +t) = T;@ —to);

i.e. max(r¥ n¥) < tg < min(y1, ya),
then Vi;(t) N Wi;(t) = 0 if t < to; and if ¢ > #; the intersection is
nonempty, (similarly the case [z, y] = [z0, ¥2])-

e if [2,y] = [21,%0], Yo = y1 = Yo then there exits some ¢, such that

79 <=2 <ty <y, and r,;jl(lak + 1) = r;l(i)l —tp);

i.e. max(r¥ ) < to < min(y1, y2),
then Vi;(t) N Wi;(t) = 0 if t < to; and if ¢t > ¢; the intersection is
nonempty, (similarly the case [z, y] = [22, ¥o])-

e if [z,y] = 21, y2], then there exits some ¢y such that

< 77ij =2z <ty<ys <y and T};jl(lak + tg) = T;l(i)z — to);

i.e. max(m¥, %) <ty < min(y, ya),
then Vi;(t) N Wi;(t) = 0 if t < to; and if ¢t > ¢, the intersection is
nonempty, (similarly the case [z, y] = [22,¥1])-

Theorem 4.4 Let i,k € S, j € N; rij(hj) < Qg5 < Tij(Hj) foralli € S,
J € N; then 3&ir; > 0 such that Pyj(t) # 0 <t > &

Proof: The proof is obviously derived from the above remarks and from the
definition of &;; which is given in (11).

Theorem 4.5 Let Z,k € S, j € N,' rij(hj) < T‘i]'(Hj) < Qjj fO’I‘ all i € S,
J € N,' then Elcikj > 0 such that .P,k](t) 75 0=t > Cikj~

Proof: The proof is obviously derived from the above remarks and from the
definition of (;; which is given in (12).



Theorem 4.6 Let i,k € S, j € N; a;; < rij(h;) < ry;(H;) for all i € S,
J € N; then Fvi; > 0 such that Pi;(t) # 0 < ¢ > k.

Proof: The proof is obviously derived from the above remarks and from the
definition of -y;;; which is given in (13).

To generalize the above three theorems we introduce the following lemmas
and remarks.

Lemma 4.1 Let i,k € S, j € N; then 369 > 0 such that V;(t) N W;;(t) #
0=1t>44.

Proof: Let 6 = max(7¥,n’); assume that for some fixed i € S, j € N (say
io, Jo); 770 > T then ¢ < §0d0 = ¢ < plo = V; () N Wy, (t) =0 (th. 4.2).
Similarly we can treat the other case, and then the proof is complete. a

Lemma 4.2 Let i,k € S, j € N; then 38 > 0 such that V;(t) N W;;(t) #
0=t>p.

Proof: Let 3 = max;es minjey 9.
Assume that t < 3 = for some fixed ¢ € S, j € N (say io, jo) we have
t < giodo
— t < max(rido pio
= V}o(t) n VViojo(t) =0 (th' 4'1>7
and then the proof is complete. a

Remarks:

e From lemma 4.1 and lemma 4.2 we have

Vi(t) # 0 and Wi;(t) # 0 if t > Bie. t € [B,00).
o If t > max(7¥, 1), then Vj(t) # 0 and W;;(t) #0 .

e From th. 4.1 and th. 4.2 we have:A
Vi(t) # 0 and Wy;(t) # 0 if t < b; — ri;(h;) and t < max(r%, 1) ie.
t € [max(r¥9, ), b — rij(h;)).
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If we redefine &y, Cirj and 7ix; by replacing 7/ by 7 and then by 5
in (11), (12) (13), then from theorems 4.1 & 4.2, lemmas 4.1 & 4.2 and
also from the above remarks, we can prove again the generalized form of
theorems 4.4 & 4.5 & 4.6 which obtained by the new formulas of &pj, Cirj
and Yikj-

Now let us define the following maximum variables:

ij _ . i _ i _ "
qclggc&k,, ¢ Igggccm, and vy Max ikj- (14)

The following three theorems give another sufficient and necessary con-
ditions for

Vi(£) Wi (t) # 0.

Theorem 4.7 Let i € S, ] € N,' ’f‘i]’(h]’) < Q5 < Tij(Hj) fO’f‘ all i € S,
J € N; then 369 > 0 such that V;(t) N Wi;(t) # 0 <t > 9, &9 s given by

(14).

Proof: The assertion follows immediately from theorem 4.4 and the defini-
tion of V(t).

Theorem 4.8 Let i € S, j € N; rij(h;) < rij(Hj) < ay; for all i € S,
J € N; then 3¢9 > 0 such that V;(t) N W;;(t) # 0 <t > (¥9; (¥ is given by
(14).

Proof: The assertion follows immediately from theorem 4.5 and the defini-
tion of Vj(t).

Theorem 4.9 Let i € S, j € N; a;; < rij(hj) < rij(H;) for all i € S,
J € N; then 349 > 0 such that V;(t) N W;;(t) £ 0 < t > 49, 47 is given by

(14).

Proof: The assertion follows immediately from theorem 4.6 and the defini-
tion of Vj(t).

From the above results we conclude that there exist some values, say
tJ & T for which the relations V;(t) # 0 < ¢t >t/ and W;;(t) N V;(t) # 0 <

11



