Fourth Prague Combinatorial Workshop

(edited by Martin Klazar) July, 29 { August, 2, 1996

Content Preface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .3 Concert programme . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5 Problems by Robert Babilon . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6 Krystyna T. Balińska and Louis V. Quintas . . . . . . . . . . . . . . . . . . . . . . 8 Olof Barr . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14 Ervin Győri . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18 Andreas Huck . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19 Martin Klazar . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20 Martin Kochol . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22 Alexandr V. Kostochka and Michael Stiebitz . . . . . . . . . . . . . . . . . . . . 23 Jan Kratochvíl, Jaroslav Nešetřil and Moshe Rosenfelf . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26 Tsuyoshi Matsumoto . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32 Andre Raspaud . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 34 Miklós Ruszinkó . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36 Carsten Thomassen . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39 Eberhard Triesch . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42 Heinz-Juergen Voss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .46 List of participants and coauthors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

1 Preface

The Fourth Prague Midsummer Combinatorial Workshop was held from July 29 to August 2, 1996 at Malostranské náměstí building of Charles University whose one side is depicted by a drawing on the cover of these KAM Series. The workshop was organized by Department of Applied Mathematics (KAM) of Charles University and it was supported by DIMANET.

Only a small but distinguished group of mathematicians was invited and we were particularly happy to have Moshe Rosenfeld and Carsten Thomassen among us. It was important that graduate students could take an active part. This included not only our graduate students but as well graduate students from Universite de Paris and Mathematical Institute in Budapest. The workshop followed an informal daily routine which included morning and early afternoon discussions. This report reflects some of the discussions during the workshop. Perhaps you can digest from these proceedings some of the athmosphere at the workshop and you will also see that the fruitfull exchange of ideas led directly to some new results and papers.

This volume is edited by Martin Klazar. Most of the problems were supplied by the authors as TEX files, the rest in print form or as handwritings. In any case we appologize for any inaccuracies which might occur in the editing process.

The conference photos were taken in Ledebourg Gardens under Prague Castle on Wednesday, July 31. That day was perhaps the most enjoyable day: It started as a very scentifically active day in the morning. In the afternoon nearly everybody took part in the guided tour (J. N.) through newly opened Museum of Modern Art in Prague. In the early evening we had the conference photo and dinner in Ledebourg Gardens which was followed by an organ concert given in St. Nicolas Church by conference participant Andreas Huck (we include the concert programme in these proceedings). And after that nobody wanted to leave and we ended our day ”U Kocoura”. Well perhaps a really rich day in a true renaissance sense.

This workshop was partly supported by our University grant GAUK 194, our Czech grant GAČR 0194 and Discrete Mathematik Network (DIMANET). We thank to DIMANET coordinator Walter Deuber (Bielefeld).

Based on our past experience and beeing encouraged by several participants we hope to organize the Fifth Prague Midsummer Combinatorial Workshop from July 28 to August 1, 1997.

Jaroslav Nešetřil

2 Programme of the organ concert performed by Andreas Huck in St. Nicolas Church on July, 31

1. Marcel Dupré (1886 – 1971)

Entrée

2. Johann Sebastian Bach (1685 – 1750) Prelude to the chorale Jesus, meine Freude (Jesus, my delight) from the Orgelbüchlein (Little Organ Book)

3. Charles-Marie Widor (1844 – 1937) Toccata of the 5th symphony in f-minor

4. Jean Langlais (1907 – 1991)

Rosa Mystica from the Triptyque Grégorian (a contemporary arrangement of Gregorian chants)

5. Johann Sebastian Bach (1685 – 1750) Toccata and fugue in d-minor

3 Robert Babilon Colorability of some classes of planar graphs

Motivation.

Let us have a face-to-face romb tiling (it means that near-by rombs have always common whole side) of the whole plane without holes and overlaps (see figure 1).

Let us consider an edge of any romb in the tiling. Then the tiling contains a strip (infinite in both directions) of pairwise adjancent rombs each of them having two edges parallel to the edge we started from (for example the filled circles in figure 1). We can put a curve inside every strip. If we erase the rombs we get a system of the (infinite) curves (see figure 2). We can easily show that every two curves have at most one intersection point and that no three (or more) curves are intersected in one point.

In this way we can define a (infinite) graph, vertices of which are the intersection points of the curves (corresponding to the rombs of the tiling) and edges connect near-by intersection points on the curves (corresponding to the adjancent rombs).

I proved that such a graph (and also face-to-face romb tiling) is 3-colorable (χ(G) ≤ 3). In every finite portion of the graph I found a vertex of degree at most two. The rest of the proof is easy if the mathematical induction and the diagonal method are used.

Problems.

1. Let us have a finite system of (finite) curves. Let no curve have selfintersection points. Let no three (or more) curves be intersected in one point. Let us define a graph like above (vertices are intersection points, edges connect near-by vertices on the curves). My question is whether every graph is 3-colorable in following three special cases:

(a) Ends of the curves are “outside” the graph, every two curves have at most one intersection point. This is the case described above (in Motivation) and already solved by me.

(b) Ends of the curves are “outside” the graph, but every two curves have arbitrary many intersection points (see figure 3). (If we get a multiedge, we can replace it by simple edge.)

Eberhard Triesch, Forschungsinstitut für Diskrete Mathematik, D- 53113 Bonn, Nassestraße 2, Germany;

triesch@r53aix01.or.uni-bonn.de

Pavel Valtr, Department of Applied Mathematics, Malostranské nám. 25, 118 00 Praha 1, Czech Republic;

valtr@kam.ms.mff.cuni.cz

Paola Vocca, c/o Dipartimento di Matematica, Seconda Universit di Roma ”Tor Vergata”, via della Ricerca Scientifica, I-00173 Rome, ITALY;

vocca@utovrm.it

Heinz-Juergen Voss, Technische Universitaet Dresden, Fakultaet Mathematik u. Naturwiss., Institut fuer Algebra, Mommsenstr. 13, D-01062 Dresden, Germany;

voss@math.tu-dresden.de

55

Jaroslav Nešetřil, Department of Applied Mathematics, Malostranské nám. 25, 11800 Praha 1, Czech Republic;

nesetril@kam.ms.mff.cuni.cz

Patrice Osona de Mendez, EHESS-CNRS UMR 17, 54 Bd Raspail, 75006 Paris - France;

pom@msh-paris.fr

Louis V. Quintas*, Mathematics Department, Pace University, New York, NY 10038, U.S.A.;

quintas@pacevm.dac.pace.edu

Andre Raspaud, LaBRI, Université Bordeaux I, 351, cours de la Libération, 33405 Talence Cedex, France;

andre.raspaud@labri.u-bordeaux.fr

Vojtěch Rödl, Dept. Math., Emory University, Atlanta GA 30322, USA;

rodl@mathcs.emory.edu

Moshe Rosenfeld, Dept. of Computer Science Pacific Lutheran University & Dept. of Mathematics University of Washington, Seattle, WA. 98195, U.S.A.;

moishe@math.washington.edu

Miklós Ruszinkó, Computer and Automation Research Institute of the Hungarian Academy of Sciences, Budapest, POB 63, Hungary 1518;

ruszinko@lutra.sztaki.hu

Michael Stiebitz*, Technische Universität Ilmenau, Inst. Mathematik, D-98693 Ilmenau, Germany;

Michael.Stiebitz@Mathematik.TU-Ilmenau.DE

Carsten Thomassen, Department of Mathematics, building 303, Technical University of Denmark, DK-2800 Lyngby, Denmark;

C.Thomassen@mat.dtu.dk

54

(c) Every two curves have at most one intersection point, but ends of the curves can be “inside” the graph (see figure 4).

In the last two cases ((b) and (c)) there exist graphs with all vertices of degrees at least three so we cannot use my argument.

2. Is every 3-regular planar graph (except K_4) 3-colorable?

4 Krystyna T. Balińska and Louis V. Quintas

Two problems on self-complementary graphs

4.1 Automorphisms

The self-complementary graphs (sc-graphs) on n vertices having maximum order automorphism group for each realizable n have been determined. A sc-graph with maximum order automorphism group is called maximal.

Theorem 4.1.1 Let |Aut(G)| denote the order of the automorphism group of a sc-graph G. Then, |Aut(G)| ≤ a_n, where

a_n =

1 if n = 1 10 if n = 5 72 if n = 9 2(p!)^4 if n = 4p, with p ≥ 1 or n = 4p + 1, with p ≥ 3 If n = 4p with p ≥ 2 or if n = 4p + 1 with p ≥ 3, then there are exactly two or four maximal graphs, respectively.

A proof of this theorem was given by T. Luczak at the Discrete Mathematics Seminar, Adam Mickiewicz University, Poznań, May 14, 1996.

In Theorem 4.1.2 we use the following operation to describe the maximal graphs on n vertices.

Definition 4.1.1 Let X be a labeled graph with vertex set {1, 2, . . . , s} with s ≤ n and H = (H_1, H_2, . . . , H_s) be a sequence of s disjoint labeled graphs such that the union of their vertex sets is {1, 2, . . . , n}. Then, J(X; H) = ⋃ {i,j}∈E(X) (H_i + H_j )

where + is the join operation, is called the graphical join of X relative to H and results in a graph on vertex set {1, 2, . . . , n}.

haveli@earn.cvut.cz

Petr Hliněný, Department of Applied Mathematics, Malostranské nám. 25, 118 00 Praha 1, Czech Republic;

hlineny@kam.ms.mff.cuni.cz

Andreas Huck, Institute of Mathematics, University of Hannover, Welfengarten 1, 30167 Hannover, GERMANY;

huck@math.uni-hannover.de

Tomáš Kaiser, Department of Applied Mathematics, Malostranské nám. 25, 118 00 Praha 1, Czech Republic;

kaiser@kam.ms.mff.cuni.cz

Martin Klazar, Department of Applied Mathematics, Malostranské nám. 25, 118 00 Praha 1, Czech Republic;

klazar@kam.ms.mff.cuni.cz

Martin Kochol, Institute for Informatics, Slovak Academy of Sciences, P. O. Box 56, Dubravska cesta 9, 840 00 Bratislava 4, Slovakia;

kochol@savba.sk

Alexandr V. Kostochka, Mathematical Institute, Russian Academy of Sciences, Siberian Branch, Novosibirsk 630090, Russia;

sasha@math.nsk.su

Jan Kratochvíl, Department of Applied Mathematics, Malostranské nám. 25, 118 00 Praha 1, Czech Republic;

honza@kam.ms.mff.cuni.cz

Jiří Matoušek, Department of Applied Mathematics, Malostranské nám. 25, 118 00 Praha 1, Czech Republic;

matousek@kam.ms.mff.cuni.cz

Tsuyoshi Matsumoto, EHESS-CNRS UMR 17, 54 Bd Raspail, 75006 Paris - France;

matsu@msh-paris.fr

53

18 List of participants and coauthors

For the sake of completeness the coauthors-nonparticipants are also listed (marked by *).

Robert Babilon, Department of Applied Mathematics, Malostranské nám. 25, 118 00 Praha 1, Czech Republic;

babilon@kam.ms.mff.cuni.cz

Krystyna T. Balińska, Computer Science Center, The Technical University of Poznan, Pl. M. Sklodowskiej-Curie 5, 60-965 Poznan, Poland;

balinska@ruby.poz.edu.pl

Imre Bárány, Math. Institute, Hungarian Academy of Sciences, Reáltanoda u. 13–15, H 1364 Budapest, Hungary;

barany@math-inst.hu

Olof Barr, Umea University, Sweden;

barr@abel.math.umu.se

Walter Deuber, Fakultät für Mathematik, Universität Bielefeld, 4800 Bielefeld 1, Germany;

deuber@Mathematik.Uni-Bielefeld.DE

Aviezri Fraenkel, Department of Applied Mathematics & Computer Science, The Weizmann Institute of Science, P.O.B. 26, Rehovot 76100, Israel;

fraenkel@wisdom.weizmann.ac.il

Hubert de Fraysseix, 5 rue de l’Ave Maria, 75004 PARIS, France;

hf@msh-paris.fr

Ervin Győri, Math. Institute, Hungarian Academy of Sciences, Reáltanoda u. 13–15, H 1364 Budapest, Hungary;

ervin@math-inst.hu

Ivan Havel, Mathematical Institute, Academy of Sciences of the Czech Republic, Žitná 25, 115 67 Praha, Czech Republic; 52

Note that the graphical join is a generalization of the sequential join operation H_1 + H_2 + . . . + H_s (see [1; p. 26]) which we can express as J(P_s; H), where P_s is the path on s vertices.

Theorem 4.1.2 The maximal sc-graphs G_n on n vertices are as follows.

(a) G_1 = K_1, G_4 = P_4 (path on 4 vertices), G_5 = C_5 (cycle on 5 vertices), and G_9 = L(K_{3,3}) (line graph of K_{3,3}).

(b) If n = 4p with p ≥ 2, then

G^{(1)}_{4p} = J(P_4; H^{(1)}) and G^{(2)}_{4p} = J(P_4; H^{(2)}), where H^{(1)} = (K^c_p, K_p, K_p, K^c_p) and H^{(2)} = (K_p, K^c_p, K^c_p, K_p).

(c) If n = 4p + 1 with p ≥ 3, then

G^{(1)}_{4p+1} = J(B_5; H^{(1)}, K_1), G^{(2)}_{4p+1} = J(C_5; H^{(1)}, K_1), G^{(3)}_{4p+1} = J(B_5; H^{(2)}, K_1), and G^{(4)}_{4p+1} = J(C_5; H^{(2)}, K_1), where B_5 is the sc-graph on 5 vertices – the triangle with twononincident pendant edges.

Drawings of maximal graphs are shown in the figure.

9

10

So problem 3 can also be reformulated in the language of hypertriangulations.

References

[1] H. Sachs, Problem 26 in: Theory of Graphs and its Applications, Proc. Symposium held at Smolenice in June 1963, Publ. House Czechoslovak Acad. Sci., 162–163.

[2] H.-J. Voss, Beschreibung von Gruppen durch Triangulationen orientierbaren Flächen, in K. Wagner, R. Bodendiek, G. Burosch and H.-J. Voss: Graphentheorie, Band 1, Anwendungen auf Topologie, Gruppentheorie und Verbandstheorie, Bibl. Institut Mannheim, 1989, 92–156.

[3] H.-J. Voss, Problem in 1995 Prague Midsummer Combinatorial Workshop (ed. M. Klazar), KAM Series No. 95-309, 59–60.

[4] H.-J. Voss, Sachs triangulations, generated by dessins d’enfant, and regular maps, appears in Mathematica Slovaca.

51 in this anticlockwise order, then ρ(V ) is the permutation ρ(V ) = (Δ_1, Δ_2, . . . , Δ_p).

Let R denote the anticlockwise rotation of the labelled triangles around all r-vertices, i.e., if V_1, V_2, . . . , V_q are the vertices of colour r, then R = ρ(V_1) ∗ ρ(V_2) ∗ · · · ∗ ρ(V_q ). Let L and B denote the anticlockwise rotations of the labelled triangles around all l- and bvertices, respectively. Besides trivial cases (R, L, B) is a regular triple in the symmetric group S_n on the n letters 1, 2, . . . , n. An example is presented in Fig. 4.

Next label the triangles of C_2 by the symbols 1^′, 2^′, . . . , n^′. If R^′, B^′, L^′ are the anticlockwise rotations of the triangles of C_2 around the r-, b-, and l-vertices, respectively, then (R^′, B^′, L^′) is a regular triple in the symmetric group S_n on the letters 1^′, 2^′, . . . , n^′.

Problem 2. How are T (R, L, B) and T (R^′, B^′, L^′) related? Are they isomorphic?

Let H be a vertex 3-colourable triangulation of a closed oriented surface. Then let T (H) denote one of its two related Sachs traingulations T (R, L, B) and T (R^′, B^′, L^′).

If (x, y, z) is a regular triple of a finite group so that x, y, z are pairwise non-conjugated, then T (x, y, z) is a vertex 3-colourable triangulation. T (x, y, z) has precisely three pairwise distinct vertex orbits O(x), O(y), O(z). These orbits define a vertex 3-colouring of T (x, y, z). Problem 3. Apply the construction above presented to H = T (x, y, z). Which conditions imply that T (H) is isomorphic to T (x, y, z)? Remark 1. The octahedron H = O_8 is a Sachs triangulation (according Fig. 3 the octahedron O_8 ≃ T ((12)(34), (1234), (13)). The Sachs triangulation T (O_8) is a trivial one (see Fig. 4). Hence T (O_8) ≢ O_8.

Remark 2. The basic vertex 3-colourable triangulation H can also be considered as a vertex 3-colourable 3-uniform hypetriangulation H^∘, if the triangles of class C_1 are considered to be 3-edges of H^∘. 50

The automorphism groups of the maximal sc-graphs are as follows:

Aut(K_1) ≈ S_1 (identity group), Aut(P_4) ≈ S_2 (symmetric group of order 2), Aut(C_5) ≈ D_5 (dihedral group of order 10), since G_9 = L(K_{3,3}), Aut(G_9) ≈ Aut(L(K_{3,3})) ≈ Aut(K_{3,3}) ≈ Aut((K_{3,3})^c) ≈ S_2[S_3] (wreath product of S_2 around S_3, which has order 2!(3!)^2 = 72), and Aut(G_{4p}) ≈ Aut(G_{4p+1}) ≈ S_2 × S_p × S_p × S_p × S_p (direct product of S_2 and four copies of S_p, which has order 2(p!)^4.

With respect to minimum orders note that other than K_1, the automorphism group of a sc-graph has even order and the minimum of 2 is realized for each n = 4p, 4p + 1.

An algorithm [2] that calculates the order of the automorphism group of a graph has been applied to sc-graphs on up to 12 vertices [3,4] using the graphs listed by M. Kropar and R.C. Read [5].

The data generated [4] suggests that, in the set of sc-graphs on n vertices, the proportion of graphs having group order 2 increases with n. For example, if n = 8, then this proportion is 3/10 whereas for n = 12 it is 528/720=11/15.

For a sc-graph on 4p or 4p + 1 vertices, the code of its degree sequence, listed in non-decreasing order, consists of its first p terms having odd indices [5,6]. If sc-graphs are partitioned into classes in accordance with their codes, then certain classes have minimum group order greater than 2. For example, for n = 12 among the 20 classes there are exactly 6 such classes: ’135’, ’144’, ’145’, ’155’, ’225’, and ’333’ having minimum group order: 8, 16, 4, 4, 16, and 4 with the number of associated graphs: 1, 1, 2, 1, 1, and 1, respectively.

Problem 1 Let c be a code such that all sc-graphs with code c have automorphism group with order bigger than 2.

(a) For a given number of vertices, find all such codes c. (b) For a given c, determine the minimum group order. (c) For a given c, determine the number of sc-graphs with minimum group order.

4.2 Complete subgraphs

Let b_m with m ≥ 3 denote the number of induced K_m subgraphs contained in a sc-graph on n vertices. A formula for the total number of triangles in a graph and its complement was derived by A.W. Goodman [7]. From this formula the number of triangles in a scgraph follows directly.

Theorem 4.2.1 Let d_1, d_2, ..., d_n be the vertex degree sequence of a sc-graph on n vertices. Then,

b_3 = (1/2) ( n 3 ) − (1/4) n∑ i=1 d_id^c_i where d^c_i = n − 1 − d_i.

The results on lower bounds (C.R.J. Clapham [8]) and upper bounds (S.B. Rao [9]) on b_3 as a function of the number of vertices n of a sc-graph can be expressed as the following theorem.

Theorem 4.2.2 For a sc-graph on n vertices, n(n − 2)(n − 4)/48 ≤ b_3 ≤ n(n − 4)(2n − 1)/48 if n = 4p, and n(n − 1)(n − 5)/48 ≤ b_3 ≤ (n − 1)(2n^2 − 7n − 3)/48 if n = 4p + 1.

For the case m = ⌊n/2⌋ we proved with S.B. Rao the following result.

Theorem 4.2.3 If m = ⌊n/2⌋, then for sc-graphs on n vertices 0 ≤ b_m ≤ 3 if n = 4p, and 0 ≤ b_m ≤ m + 3 if n = 4p + 1.

Theorem 4.2.4 If G is a sc-graph on n > 5 vertices and m = ⌊n/2⌋, then the clique number ω(G) is bounded as follows. 3 ≤ ω(G) ≤ m if n = 4p, and 3 ≤ ω(G) ≤ m + 1 if n = 4p + 1.

Proof. A sc-graph G on n > 5 vertices cannot contain an induced K_s with s > ⌊n/2⌋, if n is even, nor with s > ⌊n/2⌋ + 1 if n is

The general question presented by H. Sachs in 1963 [1] was the following:

Problem 1. How are properties of finite groups related to properties of their sets of Sachs triangulations and vice versa?

For further reading to this question the reader is referred to [2].

The following question has been dealt with at the Prague Midsummer Combinatorial Workshop in 1995 ([3]):

Which triangulations of closed oriented surfaces are Sachs triangulations?

17.2 Sachs triangulations generated by vertex 3- coloured triangualations of closed oriented surfaces

With the concept of Sachs triangulations 2-rotary maps or even regular maps with certain properties can be constructed. The problem is to find to a given property P a regular triple (x, y, z) of some finite group so that T (x, y, z) has P . For these purposes maps D of closed oriented surfaces have been used. From D a regular triple (R, L, B) of permutations in some symmetric group and the according Sachs triangulation T (D) = T (R, L, B) can be found. In general D is much simpler than T (D). By a good choice of D a Sachs triangulation T (R, L, B) with a given property can be obtained (see [4]). Here vertex 3-colourable triangulations H of closed oriented surfaces S will be used.

Let H be a triangulation of a closed oriented surface which has a vertex colouring by three colours — say r, l, b. Then H has two classes C_1 and C_2 of triangles; the triangles of class C_1 (and of class C_2) have the colours r, l, b (and r, b, l, respectively) on its bounding 3-cycle in this anticlockwise order.

Obviously, |C_1| = |C_2|. Let n = |C_1| = |C_2|. Label the triangles of class C_1 by 1, 2, . . . , n. An anticlockwise rotation ρ(V ) of the labelled triangles around a vertex V is defined as follows: if Δ_1, Δ_2, . . . , Δ_p are the labelled triangles incident with V and occuring around V 49

48 odd. To see this, assume G contains such a K_s. Since G is selfcomplementary, G contains at least s independent vertices. These vertices are not vertices that induce the preceding K_s, thus they must be among the n − s remaining vertices of G. However, if n is even, then n − s < n − ⌊n/2⌋ = ⌊n/2⌋, a contradiction and if n is odd, then we have n−s < n−⌊n/2⌋−1 = n−(n−1)/2−1 = (n−1)/2 = ⌊n/2⌋, a contradiction. Therefore, s ≤ ⌊n/2⌋ if n is even and s ≤ ⌊n/2⌋ + 1 if n is odd.

From Theorem 4.2.2 every sc-graph on n > 5 vertices contains a triangle.

Problem 2 (a) Determine the lower and upper bounds for b_m when 3 < m < ⌊n/2⌋. (b) Determine the number of sc-graphs on n vertices having the largest induced K_m.

(c) Determine the number of sc-graphs on n vertices having the maximum b_m.

Acknowledgements The authors express their gratitude to Ronald C. Read for his generous help and encouragement to pursue the properties of selfcomplementary graphs. We thank Alexander V. Kostochka (Russian Academy of Sciences, Novosibirsk) for discussions on line graphs and groups at the 1996 Prague Midsummer Combinatorial Workshop and Tomasz Luczak (Adam Mickiewicz University, Poznań) for his guidance on triangles in sc-graphs.

References

[1] F. Buckley, F. Harary, Distances in Graphs, Addison- Wesley, Reading, Massachusetts (1990).

[2] K. Zwierzyński, An algorithm for the enumeration of graph automorphisms, Comp. Sci. Center Report No. 446, Tech. Univ., Poznań (1996).

[3] K.T. Balińska, L.V. Quintas, K. Zwierzyński, Algorithms for generating self-complementary graphs, Comp. Sci. Center Report No. 445, Tech. Univ., Poznań (1995).

[4] K.T. Balińska, L.V. Quintas, K. Zwierzyński, Algorithms for the number of automorphisms and complete subgraphs of selfcomplementary graphs, Comp. Sci. Center Report No. 447, Tech. Univ., Poznań (1996).

[5] M. Kropar, R.C.Read, On the construction of the selfcomplementary graphs on 12 nodes, J. Graph Theory, 3 (1979) 111-125.

[6] L. Ligȩziński, P. Wawrzyniak, K. Zwierzyński, Enumeration, codes and an algorithm for generating self-complementary graphs, Comp. Sci. Center Report No. 443, Tech. Univ., Poznań (1995).

[7] A.W. Goodman, On set of aquaintances and strangers at any party, Amer. Math. Monthly, 66 (1959) 778-783.

[8] C.R.J. Clapham, Triangles in self-complementary graphs, J. Combinatorial Theory, 15B (1973) 74-76.

[9] S.B. Rao, The range of the number of triangles in selfcomplementary graphs of given order, Proceedings– Symposium on Graph Theory, ISI (1976), McMillan India, ISI Lect. Notes Series, 4, 103-123.

5 Olof Barr Long cycles in the middle two levels

of the Boolean lattice

The Hasse diagram of the Boolean lattice is a wellstudied object in mathematics with many an implication for datastructures and computer algorithms. Here we present some problems concerning the existence of long cycles or paths in special subgraphs of this Hasse diagram.

is in an triangle of Σ, too. In the sense of combinatorial topology opposite directed arcs (x, y), (y, x) are identified so that an edge [x, y] is obtained (Fig. 2). Identifying step by step all opposite directed arcs a set Θ of triangulations of closed oriented surface is obtained.

If the elements x, y of the regular triple (x, y, z) commute, then xyz = yxz = e and the triangulation T is formed by the two triangles D(x, y, z) and D(y, x, z) only. Hence T is the sphere with a cycle of length 3 on it which triangulates the sphere. It is called the trivial triangulation.

Consequently, in the following we shall consider non-commuting elements of G. Really, two non-commuting elements x, y form with z = (xy)^{−1} a regular triple (x, y, z). Thus to each pair of noncommuting elements x, y ∈ G a triangulation T (x, y, z) of a closed oriented surface is obtained. Such a triangulation is called a Sachs triangulation. It is a component of the set Θ defined above. The octahedron T ((12)(34), (1234), (13)) is presented as an example in Fig. 3. It belongs to the symmetric group S_4 on the four letters 1, 2, 3, 4.

47

[2] H. FLEISCHNER, Uniqueness of maximal dominating cycles in 3-regular graphs and of Hamiltonian cycles in 4-regular graphs, J. Graph Theory 18 (1994), 449–459.

[3] Y. RINOTT, M. SAKS, Correlation inequalities and a conjecture for permanents, Combinatorica 13 (1993), pp. 269–277.

[4] C. THOMASSEN, Chords of longest cycles in cubic graphs, Mat-Report No. 1996-31, Department of Mathematics of the Technical University of Denmark.

[5] C. THOMASSEN, Roots of chromatic polynomials and another Hamiltonian cycle, this volume.

[6] E. TRIESCH, W. NOLLES, J. VYGEN, Die Einsatzplanung von Zementmischern und ein Traveling Salesman Problem, Operations Research. Reflexionen aus Theorie und Praxis. Festschrift zum 60. Geburtstag von Hans-Jürgen Zimmermann, Springer Verlag 1994, pp. 15–22.

17 Heinz-Juergen Voss

In 1963 H. Sachs [1] developed the concept of describing finite groups by triangulations of closed oriented surfaces. Since then this description has been studied by W. Voss and H.-J. Voss — for a survey see H.-J. Voss [2]. The problems here presented are related to this description.

17.1 Concepts

Let G be a finite group. A triple (x, y, z) of elements x, y, z ∈ G is said to be regular, if x ≠ y ≠ z ≠ x and xyz = e. With xyz = e also yzx = e and zxy = e. If (x, y, z) is a regular triple, then (y, x, z^′) with z^′ = (yx)^{−1} is regular, too. To each regular triple (x, y, z) an oriented triangle D(x, y, z) with arcs (x, y), (y, z), (z, x) and vertices x, y, z is assigned so that D(x, y, z) = D(x^′, y^′, z^′) iff (x^′, y^′, z^′) ∈ {(x, y, z), (y, z, x), (z, x, y)}; otherwise D(x, y, z) and D(x^′, y^′, z^′) are disjoint (Fig. 1). In the set Σ of all triangles so obtained an arc occurs at most once. If (x, y) is in some triangle of Σ, then (y, x) 46

Let B_n be the n-atom Boolean lattice, i.e. the partially ordered set of subsets of the set [n] = {1, 2, . . . , n}, ordered by inclusion. Let H(B_n) = (V_n, E_n) be the Hasse diagram, or the covering graph, of B_n, so that the vertices V_n are the subsets of [n] with two subsets adjacent when they differ in just one element.

The first conjecture has variously been attributed to Hável, Dejter, Erdős, Trotter and Kelley.

Conjecture 1 (middle levels) There is a Hamilton cycle (or path) in the two layers of the Hasse diagram (on the Boolean lattice) representing all sets of order k and k + 1 respectively if n = 2k + 1.

It has been shown in [15] by Savage and Winkler that you always can find a cycle covering 83% of the vertices using monotone Gray codes.

The conjecture above can be generalized to the following question about adjacent levels in the Hasse diagram:

Conjecture 2 (adjacent levels) There is a cycle (or path) in two adjacent levels of the Hasse diagram (on the Boolean lattice) that covers the smaller part of the bipartite graph induced on the vertices representing all sets of order r and r + 1.

The following connection is easy to establish:

Proposition 1 If Conjecture 1 is true, then is Conjecture 2 true.

The conjecture about the middle levels having a Hamilton path is a special instance of an old conjecture of Lovász about vertex-transitive graphs.

Conjecture 3 (Lovász) Every vertex-transitive graph has a Hamilton path.

So far is the longest known path of size C √ n, a result due to Babai in [1].

With the known information about the middle levels we can make weaker conjectures of the form:

Conjecture 4 Every vertex-transitive graph with property P has a Hamilton path, where P could be bipartite, edge-transitive or any other combination of properties of the middle levels in the above mentioned Hasse diagram.

The above mentioned problems are also connected with the following conjecture.

Conjecture 5 Every odd graph has a Hamilton path.

Ivan Havel has shown in [9] that for special cases of n is Conjecture 1 implied by Conjecture 5. It is also conjectured that Conjecture 5 implies Conjecture 1 in all well-formulated cases.

To make it easier for the interested reader an extended list of references is included below.

References

[1] L. Babai, Long cycles in vertex-transitive graphs, J. Graph Theory 3 (1979), 301–304

[2] J. R. Bitner, G. Ehrlich and E. M. Reingold, Efficient generation of the binary reflected Gray-code and its applications, Comm. ACM 19, No.9 (1976) 517–521.

[3] I. J. Dejter, Hamilton cycles and quotients of bipartite graphs in: Graph Theory and Applications to Algorithms and Computer Science (Y.Alavi et al., Eds.) Wiley, New York (1985), 189–199.

[4] I. J. Dejter and J. Quintana, Long cycles in revolving door graphs, Congr. Numer. 60 (1987), 163–168.

[5] D. Duffus, B. Sands and R. Woodrow, Lexicographic matchings cannot form hamiltonian cycles, Order 5 (1988), 149–161.

[6] E. N. Gilbert, Gray-codes and paths on the n-cube, Bell System Techn. J. 37 (1958), 815–826.

[7] L. Goddyn, G. M. Lawrence and E. Nemeth, Gray codes with optimized run lengths, Utilitas Math. 34 (1988), 178–192.

(and similarly for a^′(X)). Then the conjecture of Aharoni and Keich can be stated as follows:

Conjecture 4 Suppose that for all possible types κ we have that

max{a(X) : X is of type κ} ≥ max{a^′(X) : X is of type κ}.

Then it follows that ∑ X is of type κ a(X) ≥ ∑ X is of type κ a^′(X).

Suppose that A and A^′ are 0 − 1-matrices and denote by A_i (resp. A^′_i) the set whose characteristic vector is the i-th row of A (resp. A^′). The product a(X) is either zero or one, and it is one if and only if X_i ⊂ A_i for all i. In this latter case, we call the partition X compatible with the set system (A_1, . . . , A_n). The Aharoni-Keich-Conjecture for 0 − 1-matrices can now be stated as follows:

Conjecture 5 Suppose that, for each type κ, there is always a partition of type κ compatible with (A_1, . . . , A_m) if there is one compatible with the system (A^′_1, . . . , A^′_m). Then, for each type κ, the number of such partitions for (A_1, . . . , A_m) is at least as large as the number of such partitions for (A^′_1, . . . , A^′_m).

We can show by network flow arguments that the condition “for each type κ, the number of type κ partitions compatible with (A_1, . . . , A_m) is at least as large as the number of such partitions compatible with (A^′_1, . . . , A^′_m)” is equivalent to the condition:

For each I ⊂ {1, . . . , m}, we have | ⋃ i∈I A_i| ≥ | ⋃ i∈I A^′_i|. From this, the relation to our matching problem is apparent.

References

[1] R. AHARONI, U. KEICH, A generalization of the Ahlswede– Daykin inequality, Discrete Math. 152 (1996), pp. 1–12. 45

(A_1, . . . , A_n) and A^′ := (A^′_1, . . . , A^′_n) are subsets of some n-element set W , U := {1, . . . , n}. Assume further that | ⋃ i∈I A_i| ≥ | ⋃ i∈I A^′_i| for all I ⊂ U.

Then the number of transversals for A is at least as large as the number of transversals for A^′. What if equality holds in the inequality above for all subsets I of U? If the conjecture is true, both systems must have the same number of transversals. In fact, we will prove in a moment that (in case of equality for all I) the systems A and A^′ differ only by a permutation of the ground set W :

Each of the systems A and A^′ generates a Boolean algebra with atoms A_I := ⋂ i∈I A_i ∩ ⋂ i /∈I A c i and A^′_I := ⋂ i∈I A^′_i ∩ ⋂ i /∈I A ′c i , I ⊂ U, respectively. It suffices to show that the cardinalities f(I) := |A_I | and f^′(I) := |A^′_I | are equal for all I. Now, consider the functions g and g^′ from 2^U to the nonnegative integers defined by g(I) := ∑ J⊂I f(J) and similarly for g^′. Denoting by I^c the complement of I in U, we have for all I ⊂ U:

g(I) = ∑ J⊂I f(J) = n − ∑ J:J∩I^c≠∅ f(J) = ⋃ i∈I^c A_i = ⋃ i∈I^c A^′_i = g^′(I).

The functions g and g^′ are thus equal. But f and f^′ arise from g and g^′ by Moebius inversion on the power set lattice and, hence, are equal too.

The conjecture would follow from a much more general conjecture by Aharoni and Keich (cf. [1]). See also [3] for a similar conjecture) which we are going to state now:

Suppose we are given two nonnegative, real (m × n)-matrices A = (a_{i,j} ) and A^′ = (a^′_{i,j} ). If X := (X_1, . . . , X_m) is an ordered set partition of {1, . . . , n}, we call the ordered number partition κ := (k_1, . . . , k_m) of n with k_i := |X_i| the type of X. Denote by a(X) the expression

a(X) := m∏ i=1 ∏ j∈X_i a_{i,j}

44

[8] L. H. Harper, Optimal numberings and isoperimetric problems on graphs, J. Combin. Theory 1 (1966), 385–393.

[9] I. Havel, Semipaths in directed cubes, in: Graphs and other combinatorial topics, Proc. of the third Czechoslovak Symposium on Graph Theory held in Prague 1982, Leipzig, (1983), 101–108.

[10] G. Hurlbert, The antipodal layers problem, Discrete Math.

128 (1994), 237–243.

[11] H. A. Kierstad and W. T. Trotter, Explicit matchings in the middle levels of the Boolean lattice, Order 5 (1988), 163–171.

[12] L. Lovász, Problem 11 in Combinatorial structures and their applications Gorden & Breach, London, 1970.

[13] J. E. Ludman and J. L. Sampson, A technique for generating Gray codes, J. Statist. Plann. Inference 5 (1981), 171–180.

[14] C. D. Savage, Long cycles in the middle two levels of the Booloean lattice, Ars Combin. 35A (1993), 97–108.

[15] C. D. Savage and P. Winkler, Monotone Gray Codes and the Middle Levels Problem, J. of Comb. Theory Ser. A 70 (1995), 230–248.

[16] D. G. Wagner and J. West, Construction of uniform gray codes, Congr. Number. 80, (1989).

[17] V. E. Vickers and J. Silverman, A technique for generating specialized Gray Codes, IEEE Trans. Comput. C-29 (1980), 329–331.

6 Ervin Győri

Does the book function of graphs jump at every rational number?

Following the terminology introduced by Sheehan, a collection of k triangles in a graph G is called a book of k pages if they share a common edge.

Let b(c) be the function defined in the interval [1/2, 1] as the maximum b such that every graph G of (sufficiently large) n vertices and with minimum degree cn + o(n) contains a book of bn pages.

The function b obviously is monotone increasing and it is easy to see that it is continuous from the left hand side, since deleting edges changes the sizes of the books sitting on the remaining edges as “spine” edges, and if an edge e is the spine of an exceptionally thick book then instead of this edge, delete other edges incident to the endvertices of e (e.g., the other edges of this book).

For a rational number 1/2 ≤ p/q < 1, let us consider the product representation p q = k_1 − 1 k_1 · k_2 − 1 k_2 · ... · k_r − 1 k_r such that k_i > (k_i − 1)^2 for i = 1, 2, ..., r − 1. (It is easy to see that every rational number 1/2 ≤ p/q < 1 has a unique product representation of this type.) Then let f( p q ) = k_1 − 2 k_1 · k_2 − 2 k_2 · ... · k_r − 2 k_r and extend this function f in the irrational numbers so that it should be continous at every irrational number. (It can be done in a unique way, as well.) I conjecture that b = f. The conjecture is a consequence of Turán’s classical theorem if r = 1 in the product representation of p/q and is proved in [1] if r = 2. The proof of the case r = 2 is very complicated, about more then 20 pages. This proof might be generalized for r = 3 in 30-40 pages, but the general case probably needs new ideas.

The following purely graph theoretical conjecture is in fact equivalent to Conjecture 1:

Conjecture 2 Assume that a (proper) coloring of a cycle of length n ≥ 2m − 1 with m colours is given. Add to the cycle all the edges between points of the same colour. Then the resulting graph has a second Hamiltonian cycle.

Meanwhile it was proved by Carsten Thomassen (cf. [4] and [5]) that Conjecture 2 is true if all colour classes have at least three vertices. He also provided a counterexample to the general conjecture, namely, Fleischner’s graph in [2], Figure 6. This graph has 28 vertices and may be coloured by 13 colours such that 11 colours appear twice and two colours are used thrice. It yields in a canonical way an example of a TSP as described above with m = 13 and 28 cities where the only optimal tour contains 28 = 2m + 2 edges of positive length.

Of course, the question of a good general upper bound for the number of positive edges in an optimum tour remains.

16.2 A matching inequality

The next problem can be stated as follows:

Conjecture 3 Suppose that G = (V, E) and G^′ = (V, E^′) are bipartite graphs on the same vertex set V and with the same 2-colouring V = U ∪ W where both colour classes U and W contain n elements. Assume further that for all A ⊂ U the number of neighbours in G is at least as large as in G^′:

|Γ_G(A)| ≥ |Γ_G0(A)| for all A ⊂ U.

Then the number of perfect matchings in G is at least as large as the number of perfect matchings in G^′.

Note that the case where G^′ is 1-regular is just the famous “marriage theorem” by P. Hall. Instead of bipartite graphs and matchings we could as well talk about set systems and their transversals and get the following reformulation of our conjecture: Suppose that A :=

43

[6] C. Thomassen, Chords of longest cycles in cubic graphs, manuscript 1996.

16 Eberhard Triesch Conjectures on the uniqueness of Hamiltonian cycles and the number of perfect matchings

16.1 Cement mixers and Hamiltonian Cycles

Consider the following vehicle routing problem: A cement mixer visits a certain collection of customers. It starts at some depot where it is filled and after each visit it has to be filled again at one of m depots. When all customers were visited, it returns to its starting point. What is the length of a shortest tour? In [6] it is shown that the problem is essentially equivalent to the following version of a Traveling Salesman Problem:

Suppose that n cities c_1, . . . , c_n are given as well as distances d(c_i, c_j ) ≥ 0 between the cities with the additional property that the collection of cities can be partitioned into m disjoint subsets M_1, . . . , M_m such that for all 1 ≤ i ≤ m the following condition holds:

d(c_j , c_k) = 0 for all c_j , c_k ∈ M_i

This problem is NP-complete if m is part of the input, but it is polynomially solvable if m is considered to be constant (as is suggested by the application). It is easy to see (cf. [6]) that an optimum tour may contain at most m(m − 1) “edges” c_i, c_j of positive “weight” d(c_i, c_j ). From this it follows that the TSP is solvable in O(n^{2m(m−1)+1}) time. However, as was remarked in [6], the estimate m(m − 1) for the number of edges of positive weight in an optimum tour seems to be too pessimistic. Since we could only construct examples with at most 2m − 2 edges, we came up with the following conjecture which I also offered at the IV Prague Workshop:

Conjecture 1 In a TSP of the type described above, an optimum tour can have at most 2m − 2 edges of positive weight. 42

[1] P. Erdős, R. Faudree, E. Győri, On the book size of graphs with large minimum degree, Studia Sci. Math. Hung. 30(1994), 1-21.

7 Andreas Huck Cycle{double{covers in graphs without Petersen{graph{minor

The well–known cycle–double–cover–conjecture states that each bridgeless graph G has a k–cycle–double–cover (C_1, ..., C_k) for some integer k, i.e. each C_i is an Eulerian subgraph of G (not necessarily connected) and each edge of G is contained in C_i for exactly two indices i ≤ k. [1] proved the following.

Theorem 1: Each bridgeless graph not containing the Petersen– graph P_{10} as a minor has a k–cycle–double–cover for some integer k. The proof of Theorem 1 in [1] does not lead to a polynomial algorithm constructing k–cycle–double–covers. Moreover, a stronger version of the cycle–double–cover–conjecture states that each bridgeless graph even contains a 5–cycle–double–cover. So it is near to try to strengthen Theorem 1 as follows.

Conjecture 1: Each bridgeless graph without P_{10} as a minor has a 5–cycle–double–cover which can be found in polynomial time.

Recently, [2] proved the following.

Theorem 2: Each cubic graph G without P_{10} as a minor has girth at most 5, i.e. there exists a circuit of length at most 5 in G.

Using this result, Conjecture 1 can be verified for cubic graphs. Similarly, Conjecture 1 without any restrictions can be deduced from the following conjecture which is an analogy of Theorem 2 for arbitrary graphs.

Conjecture 2: Each graph of minimal degree at least 3 without P_{10} as a minor has girth at most 6.

In this conjecture, we cannot replace 6 by 5 since there exist so–called apex–graphs of girth 6 and of minimal degree at least 3. Apex–graphs can be made planar by deleting a certain vertex and do not contain P_{10} as a minor.

References

[1] B. Alspach, L. Goddyn, C.Q. Zhang Graphs with the circuit cover property Transactions of the AMS 344 (1994), 131 – 154

[2] N. Robertson. P.D. Seymour, R. Thomas Tutte’s 3–edge–colouring conjecture in preparation

8 Martin Klazar Towards an extremal theory of colored trees?

Suppose T is a finite tree and f : V (T ) → N is a coloring of its vertices. We remind that the coloring is proper if no edge is monochromatic. We introduce two conditions forbidding certain color patterns in (T, f).

The coloring (T, f) is tripod-free if there are no four distinct vertices u_1, u_2, u_3, and v such that f(u_1) = f(u_2) = f(u_3) ≠ f(v) and each two of the u_i-v paths intersect only in v. In other words, there is no subgraph of T which is a subdivision of the star with four vertices and in which f colors the three endvertices by the same color, different to the color of the central vertex.

Note that such an edge exists if G has another Hamiltonian cycle. In [5] it was proved that every Hamiltonian graph of minimum degree at least 3 has another Hamiltonian cycle. This means that a smallest counterexample to Conjecture 2 must be nonbipartite. But then it would be also a counterexample to Conjecture 1. In other words, Conjecture 1 implies Conjecture 2.

An old Conjecture of Sheehan [3] says that every 4-regular Hamiltonian graph has another Hamiltonian cycle. At the IV Prague Workshop, Eberhard Triesch made the following conjecture:

If a cycle C with n vertices is colored in m colors, 2m < n + 1, and we add an edge between any two vertices of the same color, then the resulting graph has a Hamiltonian cycle distinct from C.

In [6] the conjecture is verified if all color classes have at least 3 vertices. The graph of Fleischner [2], Figure 6, shows that the conjecture is false even if all color classes have at least two vertices.

References

[1] B. Jackson, A zero-free interval for chromatic polynomials of graphs, Combinatorics, Probability and Computing 2 (1993), 325–336.

[2] H. Fleischner, Uniqueness of maximal dominating cycles in 3- regular graphs and of Hamiltonian cycles in 4-regular graphs, J. Graph Theory 18 (1994), 449–459.

[3] J. Sheehan, The multiplicity of Hamiltonian citcuits in a graph, in: Recent Advances in Graph Theory (ed. M. Fiedler), Academia, Prague, 1975, pp. 447–480.

[4] C. Thomassen, The zero-free intervals for chromatic polynomials of graphs, Combinatorics, Probability and Computing, to appear.

[5] C. Thomassen, On the number of Hamiltonian cycles in bipartite graphs, Combinatorics, Probability and Computing, to appear. 41

Jackson also proved that 32/27 is best possible in the sense that there are chromatic polynomials with roots arbitrary close to 32/27. I extended this last statement as follows.

Theorem 2. [4] The roots of the chromatic polynomials consist of 0, 1, and a dense subset of the interval (32/27, ∞).

It follows from Jackson’s result that for every 2-connected graph G with an odd number of vertices we have P (G, 32/37) < 0. So if, in addition, G is bipartite, then P (G, 2) > 0 and hence P (G, x) has a root in (32/27, 1). However, Jackson made the following conjecture:

Conjecture 1. [1]. If G is 3-connected and nonbipartite, then P (G, x) has no root in (1, 2).

I suggested the following conjecture which, if true, would establish a new connection between colorings and Hamiltonian cycles.

Conjecture 2. [5]. If G has a Hamiltonian cycle, then P (G, x) has no root in (1, 2). More precisely, (−1)^nP (G, x) is positive in (1, 2), where n = |V (G)|.

It is easy to reduce Conjecture 2 to the 3-connected case, see [5]. If e is an edge in a graph G, then G/e denotes the graph obtained by contracting e. It is well known and easy to see that P (G, x) = P (G − e, x) − P (G/e, x). Hence Conjecture 2 would follow from an affirmative answer to the following

Question. Suppose G is a 3-connected Hamiltonian graph. Does G contain an edge e such that both G − e and G/e are Hamiltonian? 40

Similarly, (T, f) is abba-free if there are no four distinct vertices u_i, i = 1, . . . , 4, such that u_2 and u_3 lie on the u_1-u_4 path and f(u_1) = f(u_4) ≠ f(u_2) = f(u_3). In other words, if a path in T has the endpoints colored by the same color c then c is the only color which may be repeated on the path.

Problem 1. Let (T, f) be a proper coloring that uses at most n colors and that is tripod-free and abba-free. Find, in terms of n, the maximum number of vertices of T . Or at least prove (or disprove) that then |V (T )| = O(n).

It is instructive to look at the problem when T is restricted to a path. Then the tripod condition is void and the maximum size of V (T ) is not difficult to determine — it equals to 3n−2. We leave this to the sympathetic reader as an exercise. In the tree case we cannot obtain even the O(n) upper bound.

Now we formulate a more general conjecture. Let j be a positive integer. We say that (T, f) is a^j b^j a^j b^j -free if there is no path (v(1), v(2), . . . , v(k)) in T such that, for some 4j indices 1 = i_1 < i_2 < · · · < i_{4j} = k and two distinct colors a and b,

a = f(v(i_1)) = f(v(i_2)) = · · · = f(v(i_j )) = = f(v(i_{2j+1})) = f(v(i_{2j+2})) = · · · = f(v(i_{3j} )) and b = f(v(i_{j+1})) = f(v(i_{j+2})) = · · · = f(v(i_{2j} )) = = f(v(i_{3j+1})) = f(v(i_{3j+2})) = · · · = f(v(i_{4j} )).

Problem 2. Let (T, f) be a proper coloring that uses at most n colors and that is tripod-free and a^j b^j a^j b^j -free, where j is a fixed positive integer. Prove (or disprove) that then |V (T )| = O(n).

In the restricted path case the O(n) bound is valid, see [1]. More information about the path case can be found in [2].

References

[1] M. Klazar, Extremal functions for sequences, Disc. Math. 150 (1996), 195–203.

[2] M. Klazar, Combinatorial aspects of Davenport-Schinzel sequences, to appear in Disc. Math. 1997.

9 Martin Kochol

Snarks are cyclically 4-edge-connected cubic graphs with girth at least 5 and chromatic index 4. Note that a graph is cyclically k-edge connected if deleting fewer than k edges does not disconnect the graph into components so that at least two of them have circuits. Girth of a graph is the length of its shortest circuit.

Snarks play an important role in graph theory since it is known that the smallest counterexamples to the Cycle Double Cover Conjecture and the 5-Flow Conjecture of Tutte must ne snarks.

We have constructed cyclically 5-edge connected snarks with arbitrary large girths (see [5, 6]), thereby obtaining a counterexample to a conjecture of Jaeger and Swart [2], where was conjectured that every snark has girth at most 6. There are constructions of cyclically 6-edge-connected snarks with girths 6 (see [1, 4, 7]). Therefore we can set the following problem:

Problem Construct cyclically 6-edge-connected snarks with arbitrary large girths.

Note that there is another known conjecture of Jaeger and Swart [3], where is conjectured that there are no snarks with cyclical edgeconnectivity greater that 7.

References

[1] R. Isaacs, Infinite families of non-trivial trivalent graphs which are not Tait colorable, Amer. Math. Monthly 82 (1975), 221-239.

[13] F. K. Hwang and V.T. Sós, Non adaptive hypergeometric group testing, Studia Sc. Math. Hungarica, 22 (1987), 257-263.

[14] S. M. Johnson, On the upper bounds for unrestricted binary error-correcting codes, IEEE Trans. on Inf. Th., Vol. it- 17, No. 4 (1971), 466-478.

[15] S. M. Johnson, Improved asymptotic bounds for error- correcting codes, IEEE Trans. on Inf. Th., Vol. it-9, No 4 (1963) 198-205.

[16] S. M. Johnson, A new upper bound for error-correcting codes, IRE Trans. on Inf. Th., Vol. it-8 (1962), 203-207.

[17] W. H. Kautz and R.C. Singleton, Nonrandom binary superimposed codes, IEEE Trans. on Inf. Th., Vol. it-10 (October 1964), 363-377.

[18] V. Rödl, On a packing and covering problem, Europ. J. Combinatorics, 5 (1985), 69-78.

[19] M. Ruszinkó, On the upper bound of the size of the r-cover-free families, Journ. of Comb. Th. - A Vol. 66 (2) (1994), 302-310.

[20] V.T. Sós, An additive problem in different structures, Proc.

of the Second Int. Conf. in Graph Theory, Combinatorics, Algorithms, and Applications,San Fr. Univ., California (July 1989), 486-510.

15 Carsten Thomassen Roots of chromatic polynomials and another Hamiltonian cycle

In [1] Bill Jackson proved the following intriguing result.

Theorem 1. If G is a graph and P (G, x) is its chromatic polynomial, then G has no root ≤ 32/27 except 0 and 1.

[1] Nguyen Quang A and T. Zeisel, Bounds on constant weight binary superimposed codes, Probl. of Control and Information Theory 17 (1988), 223-230.

[2] N. Alon, Explicit constractions of exponential sized families of k-independent sets, Discrete Mathematics 58 (1986), 191-193.

[3] Zs. Baranyai, On the factorization of the complete uniform hypergraph, Proc. Colloq. Math. Soc. János Bólyai (10. Infinite and finite sets, Keszthely, Hungary (1973).

[4] A. G. Dyachkov and V.V. Rykov, Bounds on the length of disjunctive codes, Problemy Peredachi Informatsii, Vol. 18, No 3 (1982), 7-13.

[5] A. G. Dyachkov and V.V. Rykov, A survey of superimposed codes theory, Probl. of Control and Information Theory, Vol. 12, No 4 (1983), 1-13.

[6] P. Erdős, P. Frankl and Z. Füredi, Families of finite sets in which no set is covered by the union of two others, Journal of Combinatorial Theory, Series A Vol. 33, No. 2 (1982), 158-166.

[7] P. Erdős, P. Frankl and Z, Füredi, Families of finite sets in which no set is covered by the union of r others, Israel J. of Math. Vol. 51. Nos. 1-2 (1985), 79-89.

[8] P. Frankl, On Sperner Families Satisfying an Additional Condition,Journal of Combinatorial Theory, Series A Vol. 20, No. 1 (1976), 1-11

[9] P. Frankl and Z. Füredi, Colored packing of sets, Annals of Discrete Mathematics, Vol. 34, (1987), 165-178

[10] P. Frankl and V. Rödl, Near perfect coverings in graphs and hypergraphs, Europ. J. Combinatorics 6 (1985), 317-326.

[11] R. G. Gallager, Information Theory and Reliable Communication, Wiley (1968), problem 5.8

[12] F. K. Hwang, A method for detecting all defective members in a population by group testing, J. of the American Statistical Association, Vol. 67, No 339 (1972), 605-608.

[2] F. Jaeger, T. Swart, Conjecture 1, in: Combinatorics 79 (M.

Deza, I. G. Rosenberg Eds.), Ann. Discrete Math. Vol 9, North-Holland, Amsterdam 1980, 305.

[3] F. Jaeger, T. Swart, Conjecture 2, in: Combinatorics 79 (M.

Deza, I. G. Rosenberg Eds.), Ann. Discrete Math. Vol 9, North-Holland, Amsterdam 1980, 305.

[4] M. Kochol, Constructions of Cyclicaly 6-edge-connected snarks, Technical Report TR-II-SAS-07/93-05, Institute for Informatics, Slovak Academy of Sciences, Bratislava, Slovakia, 1993.

[5] M. Kochol, Snarks with large girths, Technical Report TR- II-SAS-10/93-11, Institute for Informatics, Slovak Academy of Sciences, Bratislava, Slovakia, 1993.

[6] M. Kochol, Snarks without small cycles, J. Combin. Theory Ser. B 67 (1996), 34–47.

[7] M. Kochol, A cyclically 6-edge-connected snark of order 118, Discrete Math., to appear.

10 Alexandr V. Kostochka^0 and Michael Stiebitz

On the number of edges in colour-critical graphs

Recall that a graph G is called k-critical if the chromatic number of G is k and each proper subgraph of G is (k − 1)-colourable. Let C(k, n) denote the set of k-critical graphs on n vertices. Clearly, min{d_G(x) | x ∈ V (G), G ∈ C(k, n)} = k − 1. 0Research of this author was supported in part by the Network DIMANET of the European Union and SFB 343 "Diskrete Strukturen in der Mathematik".

Define degree excess ϵ(G) for G ∈ C(k, n) as follows:

ϵ(G) := ∑ x∈V (G) (d_G(x) − (k − 1)) = 2|E(G)| − (k − 1)n. Below, k is an integer not less than 4. By Brooks’ theorem, ϵ(G) > 0 for each G ∈ C(k, n) if n > k. G. A. Dirac [1] proved

Theorem 1 If n > k then ϵ(G) ≥ k − 3 for every G ∈ C(k, n) .

Shorter proofs were given by Kronk and Mitchem [3] and Weinstein [5]. The bound is attained by all graphs in the family D(k) that is defined as follows. Each member D of D(k) has 2k −1 vertices partitioned into three subsets: V^′, V^{′′} and {v_1, v_2} where |V^′| = k − 2, |V^{′′}| = k − 1, the subgraphs of D induced by V^′ ∪ {v_1}, V^′ ∪ {v_2}, and V^{′′} are complete graphs, each vertex in V^{′′} is adjacent to exactly one of v_1 and v_2, each of v_1 and v_2 is adjacent to some vertex in V^{′′}, and there are no other edges. (See Fig. 1)

In 1974, Dirac [2] extended Theorem 1 as follows.

Theorem 2 Let n > k. Then for every G ∈ C(k, n) \ D(k), ϵ(G) ≥ { 2, if k = 4; k − 1, if k > 4. Mitchem [4] gave a shorter proof of this theorem. Define the family F(k) as follows. Each member F of F(k) has a vertex v such that V (F ) − v = W ∪ U, where |W | = |U| = k − 1, F (W ) ≃ F (U) ≃ K_{k−1} and each vertex in W_2 = {w ∈ W | (v, w) /∈ E(F )} is adjacent to each vertex in U_2 = {u ∈ U | (v, u) /∈ E(F )}. There are no other edges in F − v. (An example is shown on Fig. 2.)

If W_2 ≠ ∅, U_2 ≠ ∅, and |W_2| + |U_2| ≤ k − 1, then F is k-critical. Clearly, D(k) = {F ∈ F(k) | |W_2| = 1 or |U_2| = 1}. For each s, k − 3 ≤ s ≤ 2(k − 3) − 1 with s ≡ k − 3 (mod 2), there is a graph F ∈ F(k) with ϵ(F ) = s. For example, we can take a graph F ∈ F(k) with |W_2| = 2 and |U_2| = (s + 5 − k)/2.

Very recently, we proved the following refinement of Dirac’s theorem.

Theorem 3 Let n > k. Then for every G ∈ C(k, n) \ F(k), ϵ(G) ≥ 2(k − 3).

with the property that the disjunction of any ≤ r (r ≥ 2) codewords are distinct (UD_r codes). This led them to studying the binary codes with the property that none of the codewords is covered by the disjunction of ≤ r others (Superimposed codes, ZFD_r codes; P. Erdős, P. Frankl and Z. Füredi called the correspondig set system r-cover-free in [7]).

Since that many results have been proved about the maximum size of these families. Various authors studied these problems basically from three different points of view, and these three lines of investigations were almost independent of each other. This is why many results were found first in information theory ([1], [4], [5], [14], [15], [16], [17]), were later rediscovered in combinatorics ([2], [6], [7], [10], [18], [19], [20]), or in group testing ([12], [13]), and vice versa.

About the maximum size if these families is known the following. Theorem. 2^{(c1/r2)n} ≤ T^⋆(r, n) ≤ T (r, n) ≤ T^′(r, n) ≤ 2^{(c2 log r/r2)n}, where c_1 and c_2 are two (absolute) constants.

The lower bound was proved in [1, 4, 5, 7, 13], while the upper bound was proved by the author [19]. Hwang and Sós [13] asked what is the gap between those three functions. The author [19] proved that T (r, n) and T^′(r, n) are essentially the same. Therefore, we would like to ask a similar question to one asked by Hwang and Sós.

Problem. Does the inequality T (r, n) ≤^c √ T^⋆(r, n) for some (absolute) constant c holds?

If this is true, then it would mean that r-cover-free families are essentially big distance codes, and hence it is hard to find this maximum, since the asymptotic behaviour of the big distance codes is one of the major (more then 40 years!) open problems in coding theory. On the other hand, if this is not true, it would yeald to a ω(1/r^2) (in the exponent!) lower bound for the maximum size of the r-cover-free families. Note that to give such a lower bound is a longstanding open problem as well.

References

[4] U. Jamshi, A. Raspaud, M. Tarsi. Short Circuit Covers for Regular Matroids with a Nowhere-zero 5-flow. J. Combin. Theory Ser. B 42 (1987), pp. 384-387.

[5] M. Tarsi. Nowhere-zero Flows and Circuit Covering in regular Matroids. J. Combin. Theory Ser. B 39 (1985), pp. 346-352.

[6] G.T. Tutte. A class of abelian groups. Canad, J. Math 8 (1956), pp. 13-28

14 Miklós Ruszinkó Are r-cover-free families essentially

big distance codes?

Let S be an n-element set and 2^S is the set of all subsets of S. We call F^′ ⊂ 2^S r-distinct, if k⋃ i=1 A_i ≠ ℓ⋃ j=1 B_i for any {A_1, A_2, . . . , A_k} ≠ {B_1, B_2, . . . , B_ℓ} , 1 ≤ k, ℓ ≤ r; A_1, A_2, . . . , A_k, B_1, B_2, . . . , B_ℓ ∈ F^′. F ⊂ 2^S is r-cover-free, if A_0 ⊈ A_1 ∪ A_2 ∪ . . . ∪ A_r

holds for all distinct A_0, A_1, . . . , A_r ∈ F. F^⋆ ⊂ 2^S is < r part intersecting, if |A_i ∩ A_j | < 1 r min {|A_i|, |A_j |} for any distinct A_i, A_j ∈ F^⋆ holds. We denote by T^′(r, n), T (r, n), T^⋆(r, n) the maximum cardinality of the corresponding set systems. We will provide bounds on these functions for r fixed and n tending to infinity.

The notion of the r-cover-free families was introduced by Kautz and Singleton in 1964 [17]. They initiated investigating binary codes

”!#_{ZZ}Z_{AAA �ææ}æu u_{BBBB�}Ø

Œ øÆ^{V′′}

V^′

v2 v1

Fig. 1: A graph in D_k. ’ & $ % ’ & $ % W1 W2 AA AA U1 U2 � � aaaa a � � v u Fig. 2: A graph in F_k.

This bound is attained on some graphs in C(k, n) for each n ∈ {k + 2, 2k − 2, 2k, 3k − 1}. Our conjecture is the following.

Conjecture. If n > k and n /∈ {k + 2, 2k − 2, 2k − 1, 2k, 3k − 1}, then ϵ(G) ≥ 3(k − 3) for each G ∈ C(k, n).

References

[1] G. A. Dirac, A theorem of R.L. Brooks and a conjecture of H.

Hadwiger, Proc. London Math. Soc. (3) 7 (1957), 161-195.

[2] G. A. Dirac, The number of edges in critical graphs, J. reine u. angew. Math. 268/269 (1974), 150-164.

[3] H. V. Kronk and J. Mitchem, On Dirac’s generalization of Brooks’ theorem, Canad. J. Math., 24(1972), 805-807.

[4] J. Mitchem, A new proof of a theorem of Dirac on the number of edges in critical graphs, J. reine u. angew. Math. 299/300 (1978), 84-91.

[5] J. Weinstein, Excess in critical graphs, J. Combin. Th.(B), 18(1975), 24-31.

11 Jan Kratochvíl, Jaroslav Nešetřil, and Moshe Rosenfeld Matchability of Hadamard Matrices

11.1 Spanning graph designs

The 1-skeleton of the icosahedron and the great icosahedron are isomorphic graphs. A search for explanation of this well known fact has led us to the beautiful theory of equiangular line systems and related graphs developed by J.J.Seidel [5, 6, 7]. This theory centers around the notion of graph switching. For more details we refer the reader to [3]. Motivated by this we consider in [3] graph equations of the

If Φ(e) ≠ 0 for every e ∈ E, Φ is called a nowhere-zero ZZ_k-flow.

A cycle double cover of a graph G = (V, E) defined on E is a family of cycles of G such that each element of E appears in exactly two cycles of the family. A cycle double cover is said k − colorable, if it is a k-cycle cover. It means that we can color the circuits of the cover in such way that each element of E appears in two circuits of different colors. For more details concerning the cycle double cover of graphs see [2, §5].

The following conjectures are well known [1, 6, 3, 4, 5]:

Conjecture 1 Every bridgeless graph G has a nowhere-zero ZZ_5-flow.

Conjecture 2 Every bridgeless graph G has a 5 − colorable cycle double cover.

Conjecture 3 Every bridgeless graph G has a cycle cover with length at most |E| + |V | − 1.

We propose the following weaker conjectures:

Conjecture 4 If a bridgeless graph G has a nowhere-zero ZZ_5-flow then it has a cycle cover with length at most |E| + |V | − 1.

Conjecture 5 If a graph G has a nowhere-zero ZZ_5-flow then it has a 5 − colorable cycle double cover.

References

[1] J-C. Bermond, B. Jackson, and F. Jaeger. Shortest Covering of Graphs with Cycles. J. Combin. Theory Ser. B 35 (1983), pp. 297-308.

[2] F. Jaeger. Nowhere zero-flow Problems Selected topics in Graph Theory 3 Academic Press, London 1988, pp. 71-95.

[3] A. Itai and M. Rodeh. Covering graphs by circuits. Automata, Languages and Programming, Lecture Notes in Computer Science,(62), Springer, Berlin,1978, pp. 289-299.

Remark that this process may generate graphs that have no representation by intersection of arcs : Let G_0 be a graph with at least three vertices and one edge. Then, there exists a graph G, obtained from G_0 by applying a sequence of operations II, such that G is not an intersection graph of arcs, as 15 operations are sufficient to obtain an induced subgraph which is a total subdivision of K_{3,3}.

Problem 4 Let G be a planar graph satisfying ∀H ⊆ G, |E(H)| ≤ 2|V (H)|. Is G a contact graph of geodesics of the sphere?

Problem 5 If G is an intersection graph of intervals of pseudolines, is G an intersection graph of segments?

Remember that if G is a contact graph of intervals of pseudolines, then G is a contact graph of segments. But there are intersection graphs of arcs that are not intersection graphs of segments (e.g. K_{n,n} without a perfect matching, for n > 5).

13 Andre Raspaud

Cycle Covers and Nowhere-Zero Flows

We denote the vertex- and edge-sets of a graph G by E and V , respectively. A circuit is a connected 2-regular subgraph and a cycle is a union of edge-disjoint circuits. A cycle cover of a graph G is a family of cycles of G such that each edge of G is contained in at least one cycle of the family; a cycle cover is called a k-cycle cover if it is formed by at most k cycles. The length of a cycle cover C is the sum of the lengths (number of edges) of the cycles in C.

Let G = (V, E) be a simple graph, for a given orientation of it edges, if S ⊆ V we denote by ω^+(S) (resp. ω^−(S)) the set of the edges with the inital (resp. terminal) vertex in S and the other one in V − S. A

ZZk-flow Φ (k ≥ 1) is a mapping from E to ZZk such that ∀v ∈ V ∑ e∈ω+({v}) Φ(e) = ∑ e∈ω�_{({v})} Φ(e) following types:

K_{2n} = 2G(2n, n − 1) + nK_2 (1) (n − 1)K_{2n} = (2n − 1)G(2n, n − 1) (2)

(G(n, m) denotes an m-regular graph on n vertices). While the solutions of equation (1) can be completely characterized (in terms of switching equivalence), the problem arising from the related equation (2) appears to be much harder. We believe that this particular graph equation (which can be also interpreted as a graph design in the sense of [2]) is interesting even in rather special cases of the simplest G(2n, n − 1) graphs. For G(2n, n − 1) = 2K_n, we showed in [3] that (2) is equivalent to the existence of Hadamard matrices of order 2n. For G(2n, n − 1) = K_{n,n} − nK_2 (sometimes called the Hiraguchi graph), the situation is more involved. In this case we relate the problem of solvability of (2) to a new concept: matchability of Hadamard matrices (defined in the next section).

11.2 Matchability of column balanced matrices

Definition A ±1 matrix is called column balanced if every column contains the same number of symbols +1 and −1. Let A be a column balanced 2n × m matrix and let d_{i,j} denote the Hamming distance of the i-th and j-th row of A. Counting the sum of these distances columnwise, we see that ∑ i,j∈{1,2,...,2n} d_{i,j} = m · n^2.

We say that A is matchable if it is possible to equalize the row distances by removing a perfect matching in each column, i.e., if there exist m sets M_k ⊂ (_{{1,2,...,2n}} 2 ) , each containing n disjoint pairs, such that (i) {i, j} ∈ M_k implies A_{i,k} · A_{j,k} = −1 and (ii) d_{i,j} − |{k : {i, j} ∈ M_k}| = m(n − 1) 2n − 1 . (The matchings are understood as a device to reduce distances of rows of A. If the i-th and j-th row differ in the k-th coordinate, then the occurrence of {i, j} in M_k reduces the distance d_{ij} by one. The total reduction is then mn and the sum of the reduced distances is mn^2 − mn. Hence^{m(n−1)}_{2n−1} =^{mn2−mn}(_{2n2} ) is the average reduced row distance in A. Obviously, the number of columns of a matchable matrix is divisible by 2n − 1 and a necessary condition for a 2n × m matrix to be matchable is that the Hamming distance of any two rows is ≥^{m(n−1)}

2n−1 .) The role of these notions is captured by the following

observation:

Observation 11.1 [3] The graph K_{n,n} − nK_2 solves equation (2) if and only if there exists a column balanced matchable matrix of type 2n × (2n − 1). Example. The 4 × 3 matrices

A = +1 +1 +1 +1 −1 −1 −1 +1 −1 −1 −1 +1 B = +1 +1 +1 +1 −1 +1 −1 +1 −1 −1 −1 −1 are column balanced. The matchings are depicted in Figure 1. Therefore K_{2,2} − 2K_2 = 2K_2 solves (2) for n = 2.

+1 +1 +1

+1 −1 −1

−1 +1 −1

−1 −1 +1

+1 +1 +1

+1 −1 +1

−1 +1 −1 −1 −1 −1 Figure 1: Column balanced matchable matrices of type 4 × 3.

Incidentally, in the transposed form the pattern of Figure 1 goes back to Ch. Morgenstern (Fig. 2):

(II) for an edge {v_1, v_2} and a vertex u distinct from v_1 and v_2, add a vertex x, add three edges {x, v_1}, {x, v_2} and {x, u}, and delete the edge {v_1, v_2}.

C3: G is a CCS graph and |E(G)| = 2|V (G)| − 3.

1 ⇒ 2: this is a theorem of Tay and Whiteley (Structural Topology, 11, p. 21–69).

2 ⇒ 3: for any of the two operations, it is easy to construct a representation of the new CCS graph either by simply adding a segment, or by adding a segment and adjusting one existing segment. The condition on the number of the edges is also satisfied. 3 ⇒ 1: if we look at the segments representing the vertices of H, there are at least three end points which are not on any other segment.

12.2 Problems

Although any contact graph of segments in IR^3 has obviously a representation as a contact graph of crossing segments in the plane, some graphs which have a representation by contacts of crossing segments are not intersection graphs of segments in IR^3. Consider for instance a K_7 and subdivide all the edges of an induced K_5. In any segmentintersection representation all the segments are coplanar leading to a contradiction.

Problem 1 Let G be a graph, satisfying ∀H ⊆ G, (|V (H)| > 2), |E(H)| ≤ 2|V (H)| − 4. Is G a contact graph of segments in IR^3?

Problem 2 Which are the graphs that may be obtained from the triangular prism by a sequence of operation II (as described in Theorem 1)? Problem 3 Does any sequence of operations II performed on the triangular prism correspond to a sequence of plane truncations of the triangular prism?

[5] Seidel,J.J.: Discrete non-Euclidean geometry, in Handbook of Incidence Geometry ed. F. Buekenhout, North Holland publ.

[6] Seidel,J.J.: A survey of two-graphs, Teorie combinatorie, International Colloq. 1973, Rome, Atti Conv. Lincei, Vol. 17, Academia Nazionale dei Lincei, Rome, 1973, pp. 481-511

[7] Seidel,J.J., Taylor, D.E.: Two-graphs: A second survey, in Algebraic methods in graph theory, L. Lovasz and V.T. Sos, eds. Elsevier Science Publishers, (1981), 689-711

12 Tsuyoshi Matsumoto

A few taxiplanie problems

12.1 A Problem already solved

A graph G is representable by contacts of crossing segments and is called a CCS graph if the vertices v_1, . . . , v_n of the graph can be represented by possibly crossing segments s(v_1), . . . , s(v_n) in such a way that two vertices v_i and v_j are adjacent if, and only if, one end point of one of the two segments s(v_i) and s(v_j ) belongs to the interior of the other segment.

If the segments have no crossing, G is a contact graph of segments.

Theorem 1 Let G be a connected graph. The following conditions are equivalent:

C1: G satisfies the following conditions: • |E(G)| = 2|V (G)| − 3. • For any subgraph H of G with at least two vertices, |E(H)| ≤ 2|V (H)| − 3. C2: G can be obtained from K_2 by applying the following two operations:

(I) for two distinct vertices v_1 and v_2, add a vertex x and two edges {x, v_1} and {x, v_2};

Figure 2: Fisches Nachtgesang.

11.3 Matchability of Hadamard and Conference matrices

Certain classical combinatorial structures yield matchable column balanced matrices of type 2n × (2n − 1). The truncation of a Hadamard matrix in standard form is obtained by deleting the first all-1 column. A Hadamard matrix is matchable if its truncation is matchable. (Note that since all row distances are the same in Hadamard matrices, such a matrix is matchable iff every pair of rows is matched exactly once). We conjecture that every Hadamard matrix is matchable, and we support our conjecture by showing that some well known standard constructions of Hadamard matrices give matchable matrices.

Let q be a prime power. We denote by 1 = (1, 1, . . . , 1) the all-one vector (of appropriate length, which will be clear from context), and by I_n the identity matrix of size n×n. Let χ(x) denote the quadratic residue character over GF (q) (i.e., χ(0) = 0, χ(x) = +1 iff x = y^2 for some y ∈ GF (q) − {0} and χ(x) = −1 otherwise). We define the following matrices over GF (q): R = (α − β)_{α,β∈GF (q)}, Q = (χ(α − β))_{α,β∈GF (q)}, H^′_{q+1} = ( 0 1 −1^T Q ) + I_{q+1}.

As shown in [1], H^′_{q+1} is a Hadamard matrix of order q + 1 if q ≡ 3 mod 4. The equivalent Hadamard matrix in standard form is

H_{q+1} = ( 1 1 1^T −Q − I_q ) . Theorem 1 [3] If q ≡ 3 mod 4 then the Hadamard matrix H_{q+1} is matchable.

When q ≡ 1 mod 4 the Hadamard matrix H derived from Q is more complex. We first form the matrix:

S_{q+1} = ( 0 1 1^T Q ) . As shown in [1], this is a symmetric conference matrix of order q + 1. Let A be the (q + 1) × q matrix obtained from S_{q+1} − I_{q+1} by deleting the first column. We know that A is a column balanced matrix of type (q + 1) × q and the Hamming distance between the first row and any other row is^{q+1}_2 . It is easy to see that dist_H (A^α, A^β ) = q+1 2 + χ(α − β). One can see (cf. [3]) the following:

Theorem 2 The matrix A is matchable.

Paley’s construction then gives a Hadamard matrix of order 2q+2. The matchability of these matrices consitutes a considerably harder problem which was not yet completely solved. One of the partial results is the following:

Theorem 3 If q ≡ 5 mod 8 then the Hadamard matrix H_{2q+2} is matchable.

The following lemma parallels the well known result stating that tensor product of Hadamard matrics is again a Hadamard matrix.

Lemma 11.2 If a Hadamard matrix H^′ is matchable then H_2 ∗ H^′ is also matchable.

Corollary 11.3 For every n = 2^k, k ≥ 1, a Hadamard matrix of order n exists and G = K_{n,n} − nK_2 solves (2).

Corollary 11.4 For every n = (q + 1) · 2^k, such that k ≥ 0 and q ≡ 3 mod 4, a Hadamard matrix of order n exists and G = K_{n,n} − nK_2 solves (2).

11.4 Open problems

The most appealing is the general conjecture:

Problem 1. Is every Hadamard matrix matchable? Or at least, is it true that if a Hadamard matrix of order 4m exists then there also exists a matchable Hadamard matrix of the same order?

While this conjecture seems quite challenging, the following questions suggested by W. Wallis and R. Craigen may be more tractable:

Problem 2. If H is a matchable Hadamard matrix in standard form, is the transpose of H matchable as well?

Problem 3. If we exchange the first column of a matchable Hadamard matrix H with another column and multiply the appropriate rows by -1 to transform the resulting matrix to standard form, is the new Hadamard matrix matchable?

Though Hadamard matrices became our primary interest, we conclude with possibly an equally important problem:

Problem 4. Find necessary and sufficient conditions for a column balanced matrix to be matchable. What is the computational complexity of deciding whether a given column balanced matrix is matchable?

References

[1] Hall, M. Jr.: Combinatorial Theory, Wiley, New York, 1986

[2] Hell, P., Rosa, A.: Graph decompositions, handcuffed prisoners and balanced p-designs, Discrete Math. 2 (1972), No. 3, 229- 252.

[3] Kratochvíl,J., Nešetřil,J., Rosenfeld,M.: Graph designs, Hadamard matrices and geometric configurations, Technical report, KAM Series

[4] Morgenstern,Ch.: Fisches Nachtgesang, in Alle Galgenlieder, Aufban-Verlag, Berlin und Weimar, 1983, p. 14