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Abstract: The paper considers linear programming problem whose coef-

�cients are uncertain. We shall suppose that all input data may vary inde-

pendently and simultaneously in given intervals. Theoretical background for

calculating the exact lower and upper bounds of optimal values of an objective

function for such a problem is given with an emphasis to the �rst one. The

theory leads to algorithms for computing these bounds.
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0 Introduction

It occurs in practical linear programming (abbr. LP) problems that the input

data are uncertain. There have been several approaches how to solve such

problems with a di�erent description of the data, e.g. parametric , stochastic, or

by using fuzzy sets. We shall consider independent and simultaneous variations

of all coe�cients within given intervals. Problems of this type will be called

interval linear programming (abbr. ILP) problems. In this paper we turn

our attention to calculating the exact lower and upper bounds of all optimal

values. The problem was solved by using interval arithmetic, e.g. by Beeck

[1], Jansson [2], Krawczyk [4], or without this tool by Rohn [12] and [13]. We

shall use the latter approach. A structure of the paper is as follows. Some

notation and calculation of the exact upper bound is mentioned in Section

1 brie
y. A theoretical background for calculating the exact lower bound is

given in Section 2. The last part contains corresponding algorithms and some

comments regarding computational aspects.

1 Notations and Calculating Upper Bound

Because of interval description of an uncertain data we shall consider an interval

m by n matrix [A] and an interval m�vector [b] given by

[A] = fA 2 R

mn

: A � A � Ag (1)
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[b] = fb 2 R

m

: b � b � bg (2)

with known bounds A, A, b and b, and with an assumption b < b throughout

the paper. The center matrix of [A] is given by A

c

= (A+A)=2 and the radius

matrix by � = (A � A)=2. The center vector b

c

and the radius vector � of

interval [b] are de�ned in an analogous way.

By interval linear programming problem we mean a family of LP problems

S(A; b) : supfc

T

x : Ax = b; x � 0g; (3)

where c 2 R

n

is a given vector, A 2 [A] and b 2 [b].

An LP problem S(A; b) with �xed A 2 [A] and b 2 [b] is called a subproblem

of an ILP problem

For each subproblem S(A; b) we shall denote byX(A; b) the set of its feasible

solutions, i.e.

X(A; b) = fx 2 R

n

: Ax = b; x � 0g: (4)

.

There are two special kinds of subproblems which play an important role.

They are introduced in a following way. Let T denote the set of m-vectors t

with jt

i

j � 1; i = 1; :::;m and let T

t

= diagft

1

; :::; t

m

g be the diagonal matrix

with vector t = (t

i

) on the diagonal. A subproblem S(A

t

; b

t

), where

A

t

= A

c

+ T

t

� and b

t

= b

c

� T

t

�; t 2 T (5)

will be denoted by S

t

and called a t-subproblem of an ILP problem.

As a special case, let H denote the set of m-vectors h with jh

i

j = 1; i =

1; :::;m. A subproblem S

h

, h 2 H will be called an extremal subproblem. Its

i-th constraint has the form

(Ax)

i

= b

i

if h

i

= 1 and (Ax)

i

= b

i

if h

i

= �1:

These equations will be called the opposite extremal ones. The sets of feasible

solutions X(A

t

; b

t

) and X(A

h

; b

h

) will be denoted by using abbreviations X

t

and X

h

, respectively.

Let us denote by X the set of all feasible solutions for a given ILP problem,

i.e.

X = [fX(A; b) : A 2 [A]; b 2 [b]g: (6)

A relation between sets X and X

t

is described by an assertion which was

proved in [5].

Lemma 1 If x is an element of X, then there is a unique t 2 T such that

x 2 X

t

.
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Let f(A; b) be the optimal value of a subproblem S(A; b):

f(A; b) = supfc

T

x : x 2 X(A; b)g: (7)

The function f de�ned in this way is called the solution function of an ILP

problem. Thus, the exact upper and lower bounds of optimal values of all

subproblems for an ILP problem are given by the values

f = supff(A; b) : A 2 [A]; b 2 [b]g (8)

f = infff(A; b) : A 2 [A]; b 2 [b]g: (9)

Remark Nonnegativity of feasible solutions imply that the values f and f are

reached for c = c and c = c, resp. Therefore we need not consider an interval

vector

[c] = fc 2 R

n

: c � c � cg

for coe�cients of an objective function. 2

As the values f and f are reached in some vertices of X (except of unbound-

edness of an objective function), we give a characterization of these vertices.

Theorem 1 If x is a vertex of some X

h

, h 2 H, then x is a vertex of X. If

x is a vertex of the set X, then either x is a vertex of some X

h

, h 2 H, or x

does not belong to any X

h

. In this case, x is a vertex of some X

t

, t 2 T �H.

Proof was given in [5] by using a characterization of vertices of a convex poly-

tope proved in Theorem 13 from [8]. 2

The set X will be called regular, if each its vertex is a vertex of some

X

h

; h 2 H . More details about regularity and other properties of the set X are

given in [5].

It is well-known - see e.g. [9] - that

X = fx 2 R

n

: Ax � b; Ax � b; x � 0g: (10)

This expression of the set X implies that the exact upper bound of optimal

values can be found quite easily. The problem of calculating this value is

equivalent to the following problem (see [1]):

supfc

T

x : x 2 Xg: (11)

Because of this result the exact upper bound of optimal values can be computed

in a polynomial time. Nevertheless, the constraint matrix of the LP problem

(11) has the number of rows doubled in a comparison to the original interval

matrix [A]. Therefore, algorithms working with tableau of a smaller size may

be of some interest. They are described e.g. in [6], or by Rohn in [12] and [13].
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2 Calculating the Exact Lower Bound

Opposite to the result (11), a calcualtion of the exact lower bound is much

more di�cult. It follows immediately from the following theorem proved by

Rohn in [14].

Theorem 2 Computing the value f within accuracy 1/2 is NP-hard for ratio-

nal data A; b; b; c and for a �nite value of f .

For a given m- vector y = (y

i

) we shall introduce an m � n matrix A

y

by de�ning its i-th row and m-vector b

y

by de�ning its i-th component in the

following way:

If y

i

� 0, then (A

y

)

i

= A

i

and (b

y

)

i

= b

i

,

if y

i

< 0, then (A

y

)

i

= A

i

and (b

y

)

i

= b

i

:

The symbols A

t

; b

t

; A

h

; b

h

will keep the meaning which is de�ned in the

previous section.

Lemma 2 For each y 2 R

m

; A 2 [A]; b 2 [b] we have

b

T

y � b

T
y

y (12)

A

T

y � A

T
y

y: (13)

Lemma 3 For each y 2 R

m

; h 2 H the following are equivalent

b

T
h

y = b

T
y

y (14)

y

i

h

i

� 0; i = 1; :::;m (15)

A

T
h

y = A

T
y

y: (16)

Proofs of Lemma 2 and Lemma 3 follow immediately from the above de�nitions

of A

y

and b

y

. 2

Lemma 4 Let y be a feasible solution of an LP problem D(A; b) which is dual

to S(A; b). Let h 2 H satisfy condition (15). Then y is a feasible solution to

the problem D

h

which is dual to S

h

.

Proof. By the assumption, A

T

y � c. Using Lemma 2 and Lemma 3, we have

A

T
h

y = A

T
y

y � A

T

y � c;

which was to prove. 2

Lemma 5 Let S(A; b) have a �nite optimal value with a dual optimal solution

y

0

. Let an extremal subproblem (S

h

) have a �nite optimal value, where h 2 H

satis�es condition (15). Then f(A; b) � f(A

h

; b

h

) holds.

4



[5] Mr�az, F.: Nonnegative Solutions of Interval Linear Systems. In:

Computer Arithmetic and Enclosure Methods, L. Atanassova and J.

Herzberger (Ed.), Elsevier, Amsterdam, 299-308 (1992).

[6] Mr�az, F.: On Supremum of the Solution Function in Linear Programs

with Interval Coe�cients. KAM-Series No. 93-236, Dept. of Applied

Math., Charles University, Prague, 1-18 (1993).

[7] Mr�az, F.: The Algorithm for Solving Interval Linear Programs and

Comparison with Similar Approaches. KAM-Series No.93-239, Dept. of

Applied Math., Charles University, Prague, 1-11 (1993).

[8] No�zi�cka, F., Guddat, J., Hollatz, H.: Theorie der linearen Optimierung.

Springer-Verlag Berlin (1972).

[9] Oettli, W., Prager, W.: Compatibility of Approximate Solution of Lin-

ear Equations with Given Error Bounds for Coe�cients and Right-hand

Sides. Numerische Mathematik 6, 405-409 (1964).

[10] Rohn, J.: Duality in Interval Linear Programming, in: Interval Mathe-

matics (K. Nickel, Ed.), Academic Press, New York (1980).

[11] Rohn, J.: Strong Solvability of Interval Linear Programming Problems.

Computing 26, 79-82 (1981).

[12] Rohn, J.: Interval Linear Systems. Freiburger Intervall-Berichte 84/7,

33-58 (1984).

[13] Rohn, J.: Miscellaneous Results on Linear Interval Systems. Freiburger

Intervall-Berichte 85/9, 29-43 (1985).

[14] Rohn, J.: NP-Hardness Results for Some Linear and Quadratic Prob-

lems. Technical report No. 619, Institute of Computer Science, Academy

of Sciences of the Czech Republic, Prague, 1-11 (1995).

Address:

F. Mr

�

az, University of South Bohemia, Department of Mathematics,

Jeron�ymova 10, 37115

�

Cesk�e Bud�ejovice, Czech Republic,

e-mail: mraz@pf.jcu.cz.

16

Proof. Due to the Duality theorem it holds f(A; b) = b

T

y

0

and the value

f(A

h

; b

h

) is equal to the optimal value of the problem D

h

. Previous Lemma

ensures that y is a feasible solution to the problem D

h

. By using Lemma 2 and

Lemma 3 we have

f(A; b) = b

T

y

0

= b

T
y

0

y

0

= b

T
h

y

0

= minfb

T
h

y : A

T
h

y � cg = f(A

h

; b

h

): (17)

2

Given ILP problem is called strongly solvable, if each subproblem S(A; b)

has a �nite optimum. Necessary and su�cient conditions for strong solvability

were given by Rohn in [11].

Theorem 3 Let all extremal subproblems of an ILP problem are feasible. Then

the ILP problem is strongly solvable if and only if the problem (11) has a �nite

optimum.

The following theorem proves that the value f can be reached by solving a

�nite number of subproblems under the assumption of strong solvability.

Theorem 4 Let an ILP problem be strongly solvable. Then there is h

�

2 H

such that f = f(A

h

�

; b

h

�

) = minff(A

h

; b

h

) : h 2 Hg.

Proof. By the assumption, all subproblems have a �nite optimal objective

function value. Then for each (A; b) 2 [A; b] there is an h 2 H satisfying

condition (15) and due to the previous Lemma we have f(A; b) � f(A

h

; b

h

).

The set H has a �nite number of elements, which completes the proof. 2

Note. The assumption of strong solvability in Theorem 4 cannot be omitted.

It is proved by the following example. The value f is reached at points of the set

X which do not belong to a set of feasible solutions of any extremal subproblem.

2
Example 1

Let us consider an ILP problem given by

A =

�

4 2 2

4 6 8

�

; A =

�

8 4 6

6 10 12

�

; b =

�

20

36

�

; b =

�

28

44

�

with an objective function c

T

x = x

1

+ x

2

+ 3x

3

:

The extremal subproblem with h = (�1;�1) has the optimal value 41/3,

the extremal subproblem with h = (1; 1) has the optimal value 44/5. Next two

extremal subproblems have no feasible solution. There is, however, a subprob-

lem given by

A =

�

4 4 6

6 6 10

�

; b =

�

24

36

�

;

whose optimal value 6 is less than optimal values of extremal subproblems. 2
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Theorem 4 leads to an idea to �nd the exact lower bound by solving all

2

m

extremal subproblems. It can be done by using ILP algorithm which is de-

scribed in [6] because it enables an easy passage from an extremal subproblem

to another one. It will be discussed in more details later. As this procedure

means to solve an exponential number of extremal subproblems we shall de-

scribe another possibility by formulating an optimality criterion for reaching

the exact lower bound f . We shall use a close connection between the value f

and an optimal value of the problem

inffb

T
y

y : A

T
y

y � cg: (18)

It is not a usual LP problem as coe�cients in the objective function and con-

straints matrix of the problem (18) depend on signs of vector y. To see a

structure of the problem (18) let us rewrite it in an equivalent form

minfinffb

T
h

y : A

T
h

y � c; y

i

h

i

� 0; i = 1; :::;mg : h 2 Hg: (19)

For a �xed value h 2 H , the condition y

i

h

i

� 0; i = 1; :::;m describes exactly

one orthant in the space R

m

.

Lemma 6 Let y be a feasible solution of the problem

D(A; b) : inffb

T

y : A

T

y � cg: (20)

Then y is a feasible solution to the problem (18) and it holds

inffb

T

y : A

T

y � cg � inffb

T
y

y : A

T
y

y � cg: (21)

Proof. Due to (13) y is a feasible solution of the problem (18). The second

part follows immediately from (12). 2

Lemma 7 Let there be (A; b) 2 [A; b] such that the problem D(A; b) is feasible

and unbounded. Then the problem (18) is unbounded, too.

Proof. Let us denote by Y (A; b) the set of feasible solutions of the problem

D(A; b). Due to the assumption there are y 2 Y (A; b) and a vector u 2 R

m

such that y(r) = y + ru belongs to the set Y (A; b) for each nonnegative real

value r with

lim

r!1

b

T

y(r) = �1:

By Lemma 2, y(r) is a feasible solution of the problem (18) for each nonnegative

r 2 R and (12) implies that

lim

r!1

b

T
y(r)

y(r) = �1:

2

6

(i) We omit the added row and we pass to another extremal subprob-

lem, if condition (15) is not satis�ed for more indices.

(ii) We start the algorithm with another initial extremal subproblem.

(iii) We continue carefully by the algorithm INF1 with counting number

of iterations to check a possible cycling.

There are also positive experiences with using the assertion of Theorem

4, i.e. solving all 2

m

extremal subproblems for calculating the exact lower

bound. For a small value m it can be done by using the INF1 algorithm.

Due to Theorem 7 it enables to pass quickly from an optimal solution of a

current extremal subproblem to a feasible solution (very often even optimal)

of another one. Thus, the algorithm INF2 was constructed with a systematic

passage through all extremal subproblems and with Warning, if the set X is

not regular. Moreover, there are some properties of an ILP problem that can

be characterized in terms of extremal subproblems, namely strong solvability,

basic stability, boundedness, nonregularity -see [5]. Therefore, the use of the

algorithm INF2 can give all of these informations with a very small additional

work. To �nish a computation in a reasonable time, however, the value m

should be less than 20.

Algorithm INF2

0. Choose a h 2 H and set locmin := Largevalue.

1. Using the simplex method compute the optimal solution x

h

of the sub-

problem S

h

and a dual optimal solution y.

2. If y

i

h

i

� 0; i = 1; :::;m and c

T

x

h

< locmin then set locmin := c

T

x

h

.

3. If all extremal subproblems are solved then set f := locmin and STOP.

3. Using steps 3.1 through 3.5 pass to the new extremal subproblem, whose

constraints are systematically changed exactly in one row. STOP with a Warn-

ing if the index of pivot row r = m+ 1.

4. Go to step 1.
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If an ILP problem is not basis stable, then condition (15) is su�cient at

least for local minimizer of the solution function in a following sense. By a

stable region with a basis B we shall mean a set

<

B

= f(A; b) 2 [A; b] : S(A; b) has a unique nondegenerate optimal solution

with the basis Bg.

Theorem 13 Let x

h

with a basic index set B be a nondegenerate optimal

solution of an extremal subproblem S

h

with a dual optimal solution y satisfying

(15). Then

c

T

x

h

= infff(A; b) : (A; b) 2 <

B

g: (34)

Proof. By Theorem 1, x

h

is a vertex of the set X . Let B and N be index sets

of basic and nonbasic variables of the point x

h

, resp. Let us introduce the set

X

N

= fx 2 X : x

j

= 0; j 2 Ng:

This set is a convex subset of the set X . Because of Theorem 8 we have: Each

vertex neighbouring to the vertex x

h

in the set X�X

h

is an element of the set

X

N

. Let x

0

be such a vertex. Then c

T

x

0

� c

T

x

h

holds due to Theorem 9. As

the objective function is linear and X

N

is a convex polytope, it holds for each

x 2 X

N

:

c

T

x � c

T

x

h

: (35)

Let us consider the set

X

opt

B

= fx : x is an optimal solution of S(A; b) for some (A; b) 2 <

B

g:

De�nition of the stable region <

B

implies that X

opt

B

� X

N

. Hence (35) holds

for each x 2 X

opt

B

, which proves (34). 2

Because of the previous Theorem we have the following conclusion if the

algorithm INF1 terminates in step 2. The current element (A

h

; b

h

) gives the

exact lower bound of the solution function at a stable region with a basis B.

There is still a problem of a termination of the algorithm INF1. An im-

plementation of the algorithm INF1 for computer was done. Numerical ex-

periences with an implementation on computer con�rmed that the algorithm

works successfully, except of an ILP problem with a nonregular set X . This

case, however, can be recognized. It is a situation when a pivot calculated in

step 3.4 does not lie in the added row by performing step 3 of the algorithm

- see Theorem 7. If such a case appears, a label Warning must be signaled

as cycling may occur. Therefore, the algorithm INF1 terminates after a �nite

number of steps with Warning, or with �nding the lower bound at least on a

stable region with a current basis B. If the case Warning appears, there are

several possibilities how to proceed:

14

Theorem 5 Let an ILP problem be strongly solvable. Then we have

b

T
y

�

y

�

= f ,

where y

�

is an optimal solution of the problem (18).

Proof. An optimal solution y

�

to the problem (18) exists because of the as-

sumption of strong solvability. Moreover, the Duality theorem and Lemma 6

imply that b

T
y

�

y

�

� f holds.

On the other hand, strong solvability assumption, de�nition of f and the

Duality theorem imply

f = inffinffb

T

y : A

T

y � cg : (A; b) 2 [A; b]g: (22)

Then we have

f � minfinffb

T
h

y : A

T
h

y � cg : h 2 Hg: (23)

Therefore,

f � minfinffb

T
h

y : A

T
h

y � c; y

i

h

i

� 0; i = 1; :::;mg : h 2 Hg: (24)

It means that

f � b

T
y

�

y

�

; (25)

which completes the proof. 2

The following assertion gives a necessary condition for calculating the exact

lower bound f .

Theorem 6 Let an ILP problem be strongly solvable. Let x be an optimal

solution of an extremal subproblem S

h

with c

T

x = f . Then a dual optimal

solution y

�

= (y

�

i

) satis�es condition (15).

Proof. An existence of an element x is ensured by Theorem 4. Then, there is a

dual optimal solution y

�

, which is a feasible solution to the problem (18) due

to Lemma 6 and we have

b

T
y

�

y

�

� inffb

T
y

y : A

T
y

y � cg = f = c

T

x = b

T
h

y

�

� b

T
y

�

y

�

,

where the previous Theorem, the assumption, the duality theorem and Lemma

2 were used. Thus, condition (14) holds, which is equivalent to (15). 2

Theorem 5 brings an idea of the algorithm for calculating lower bound f :

to solve a sequence of extremal subproblems until the optimality criterion (15)

is satis�ed.

Algorithm INF1

0. Choose a h 2 H .

1. Using simplex method compute an optimal solution x

h

of the subproblem

S

h

and a dual optimal solution y.

2. If y

i

h

i

� 0; i = 1; :::;m, then STOP.
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3. Specify the index s with y

s

h

s

= minfy

i

h

i

: y

i

h

i

< 0g and pass to the

new subproblem, whose constraints are changed in exactly the s-th row.

4. Go to step 1.

Let us denote by x

k

the optimal solution to an extremal subproblem S

h

computed in step 1. Let x

k+1

be the basic feasible solution corresponding to

the simplex tableau after a passage to a new subproblem by step 3.

Theorem 7 The feasible solution x

k+1

is a vertex of the set X. If the pivot

row is the added one, then x

k

and x

k+1

have the same basic variables and x

k+1

is a vertex of the set X

h

of the new subproblem with the opposite extremal s-th

equation. Otherwise, x

k+1

is a vertex of the set X

t

with t 2 (�1; 1). In both

cases we have c

T

x

k+1

< c

T

x

k

, if the previous subproblem is nondegenerate.

Proof. The �rst part was proved in [6] by using characterization of vertices

of the set X . As regards the objective function value, the assertion follows

immediately from the well-known formulas for simplex transformation. 2

A passage to a new subproblem in step 3 can be done e�ciently by adding

the opposite s-th extremal equation to the constraints. The details are de-

scribed in [7]. For a reader's convenience we mention this procedure here brie
y.

We introduce a new arti�cial basic variable x

m+n+s

in the added eqaution and

execute an usual step of the simplex method by determining a pivot from the

(n + s)-th column. If the pivot lies in the added row, then variable x

m+n+s

leaves the basis in the following step. We must change the value h

s

to the

opposite one as we have moved into a new point satisfying the added extremal

equation. We can omit the added row after a transformation of the tableau

because the arti�cial variable x

n+s

becomes basic. If the pivot does not lie in

the added row, we have passed into the point, which satis�es neither of two op-

posite extremal s-th equations - see Theorem 7. It means that the setX is not

regular and the algorithm terminates with a Warning. The above procedure

can be described as follows.

STEP 3:

3.1 If h

s

= �1, then add new (m+1)-th equation (Ax)

s

+ x

m+n+s

= b

s

to

the tableau, set C := 1 and go to step 3.3.

3.2 Add the new (m+1)-th equation (Ax)

s

+ x

m+n+s

= b

s

to the tableau,

and set C := �1.

3.3 Substitute the expressions of the basic variables from the �rst m rows

into the added row, where x

m+n+s

becomes a basic variable.

3.4 Perform a usual transformation of the simplex tableau with n+ s as the

index of pivot column.

3.5 If the index of pivot row r = m+1, then set t

s

:= �t

s

and drop out the

added row, otherwise STOP with Warning.

Remark. The substitution in step 3.3 can be performed very easily by a

repeated simplex transformation of the added equation, where the unit coe�-

cients in basic columns are successively taken as the pivots. Due to Theorem

8

If an ILP problem is basis stable then due to (32) and (10) we can express the

set X

opt

in a following way:

X

opt

= fx 2 R

n

: (A)

B

x

B

� b; (A)

B

x

B

� b; x

B

� 0; x

N

= 0g:

Hence, X

opt

is a convex polytope and (33) is the LP problem. 2

Under a basic stability assumption we can prove that condition (15) is

su�cient for reaching the exact lower bound.

Theorem 11 Let an ILP problem be basis stable. Let x

h

be an optimal so-

lution of an extremal subproblem S

h

, whose dual optimal solution y satis�es

condition (15). Then c

T

x

h

= f holds.

Proof. By the assumption, x

h

is a nondegenerate vertex of the sets X and

X

opt

. Let x

0

6= x

h

be any vertex of the set X

opt

. Then x

0

is a vertex of some

extremal subproblem S

h

0

. If x

0

is a neighbouring vertex to x

h

then (30) holds

due to Theorem 9. To summarize we have: X

opt

is a convex polytope, the

objective function is linear and the relation (30) holds for any vertex of the set

X

opt

which is a neighbouring vertex to the x

h

. Therefore, x

h

is an optimal

solution to the problem (33). 2

Assumption of basic stability ensures the �niteness of the algorithm INF1,

too.

Theorem 12 Let an ILP problem be basis stable. Then there is h 2 H such

that an optimal solution y

h

of the problem D

h

satis�es the optimality criterion

(15) and f = b

T
h

y

h

holds. This value is reached by the INF1 algorithm in a

�nite number of steps.

Proof. A basic stability assumption ensures that the ILP problem is strongly

solvable. The �rst part of the assertion holds due to Theorem 6 and the Duality

Theorem. Let x

k

be an optimal solution to some extremal subproblem S

h

.

Suppose that its dual optimal y does not satisfy (15) for index s. The basic

stability assumption ensures that the set X is regular (see [5]). Then Theorem

7 implies that the execution of step 3 leads to a basic feasible solution x

k+1

of a

new extremal subproblem with the opposite extremal s-th equation. Moreover,

x

k+1

has the same basic variables as the previous point x

k

and c

T

x

k+1

< c

T

x

k

.

The asumption of basic stability implies that x

k+1

is the optimal solution of the

new extremal subproblem. As an ILP problem has a �nite number of extremal

subproblems, the INF1 algorithm terminates in a �nite number of steps with

the value f in accordance to Theorem 4. 2

Remark Under basic stability assumption, after a passage through step 3 of

the algorithm INF1 we have an optimal solution of the next subproblem with a

smaller optimal value. It follows from theorem 7. It is an important feature of

the algorithm that this result is reached without verifying assumption of basic

stability. 2
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Proof. A satisfaction of the condition (15) means that for each index i 2

f1; 2; :::;mg the exactly one of the following possibilities holds:

Either y

i

> 0; h

i

= 1; or y

i

< 0; h

i

= �1; or y

i

= 0: (31)

Because of Theorem 1 there is a unique t 2 T such that x

0

is a vertex of the

set X

t

. Due to Theorem 8 it holds: t 6= h, vectors t; h di�er in exactly one

component (let us denote it by s ) and for any index i it holds: if the i-th

component of x

h

is equal zero then the i-th component of x

0

is equal zero, too.

Hence, it is possible to pass from the point x

h

to the point x

0

by following the

steps 3.1 through 3.5 of the algorithm INF1, see also Theorem 7. Then the

inequality (30) is satis�ed because of (31), expression for determining the pivot

row in step 3 of the algorithm INF1 and expression for objective function value

c

T

x

0

= c

T

x

h

� (y

s

b

r

)=a

r;n+s

:

2

Let us turn our attention to the set of optimal solutions of all subproblems

for a given ILP problem denoted by X

opt

, i.e. to the set

X

opt

= fx

�

: x

�

is an optimal solution of S(A; b) for some A 2 [A]; b 2 [b]g:

Suppose that a given ILP problem is basic stable. Let the set of basic

indices and the set of nonbasic indices be denoted by B and N , resp. By

X

B

we denote the set of nonnegeative solutions of a system of interval linear

equations [A

B

]x

B

= [b]. Following proposition was formulated by Beeck in [1].

Theorem 10 Let an ILP problem be basis stable. Then it holds

X

opt

= fx 2 R

n

: x

B

2 X

B

; x

N

= 0g: (32)

Proof. Suppose x

0

satis�es conditions describing the set in (32). Then x

0

2 X

and hence x

0

is a feasible solution of some subproblem S(A; b). The assump-

tion of basic stability ensures a strong solvability of a given ILP problem and

moreover, x

0

is an optimal solution of the mentioned subproblem. Thus x

0

belongs to the set X

opt

. Conversely, let x

0

be an element of the set X

opt

. The

assumption of basic stability implies that (x

0

)

i

= 0 for i 2 N . As we have

x

0

2 X

opt

� X , there are A 2 [A]; b 2 [b] such that A

B

(x

0

)

B

= b. Hence,

(x

0

)

B

belongs to X

B

and (32) holds. 2

Remark De�nition of the set X

opt

implies that

f = inffc

T

x : x 2 X

opt

g: (33)

12

7 a label Warning in step 3.5 signals that the set X is not regular. Such a case

will be discussed later. 2

There is a problem what is possible to say if the algorithm INF1 terminates

in step 2, because condition (15) is not su�cient for reaching the value of

in�mum f . It is proved by the following example, where a given ILP problem

is even strongly solvable.

Example 2

Let us consider an ILP problem given by

A =

�

4 2 2

4 6 8

�

; A =

�

8 2:5 6

4:5 10 12

�

; b =

�

20

36

�

; b =

�

28

44

�

with an objective function c

T

x = x

1

+ x

2

+ 3x

3

:

All extremal subproblems have a feasible solution. The extremal subprob-

lem with h = (1;�1) has an optimal solution at the point (0; 13=2; 5=8) with the

optimal value 67/8 and the dual optimal solution y = (5=8;�3=32). It means

that condition (15) is satis�ed. The extremal subproblem with h = (�1; 1) has

an optimal solution at the point (88=13; 0; 6=13) with the dual optimal solu-

tion y = (�1=26; 10; 39). The condition (15) is satis�ed, too, but the optimal

function value 106/13 is less than for the previous extremal subproblem. 2

To receive a su�cient condition, let us notice that optimal solutions of

two extremal subproblems in Example 2 have not the same basic variables.

Therefore we shall turn our attention to a case when such a situation does not

happen. It leads to the following de�niton. An ILP problem is called basis

stable with basis B, if each subproblem S(A; b); A 2 [A]; b 2 [b] has a unique

nondegenerate optimal basic solution with the basis B.

We shall verify that optimality criterion (15) is su�cient for reaching the

exact lower bound f under the assumption of basic stability. Moreover, it

ensures that algorithm INF1 terminates after a �nite number of steps with

calculating the value f . First, we shall prove three propositions regarding

- Description of neighbouring vertices of the set X of all feasible solu-

tions.

- Objective function values in neighbouring vertices of the set X .

- Description of the set of optimal solutions for all subproblems, if a

given ILP problem is basis stable. 2

Vertices x

1

; x

2

2 X are called neighbouring if they are vertices of the same

edge of the set X . By Theorem 13 in [8] it happens if and only if any element

of the set

Y = fx 2 R

n

: x = �x

1

+ (1� �)x

2

; � 2 (0; 1)g (26)

satis�es at least n� 1 inequalities of the system

Ax � b; Ax � b; x � 0 (27)

9



as equations and the rank of a coe�cients matrix of such a system is equal

n� 1.

Theorem 8 Let x

1

; x

2

be vertices of the set X, let x

1

be a nondegenerate.

Then x

1

and x

2

are neighbouring vertices of the set X if and only if either

(i) x

1

and x

2

are neighbouring vertices of the same extremal set X

h

,

or

(ii) there are h 2 H; t 2 T; t 6= h such that x

1

is a vertex of the set X

h

,

x

2

is a vertex of the set X

t

, the vectors h; t di�er in exactly one component

and for any index i it holds: if the i-th component of x

1

is equal zero then the

i-th component of x

2

is equal zero, too.

Proof. Let x

1

be a nondegenerate vertex of the set X . It is easy to verify

that there is the h 2 H such that x

1

is a nondegenerate vertex of the set X

h

.

To prove a part "if" we should verify that (under the assumptions ) a segment

connecting points x

1

and x

2

is an edge of the set X . First, let (ii) hold. Assume

that

h

i

= t

i

= 1; i = 1; 2; :::;m� 1; h

m

= 1; t

m

6= 1:

It means that

(Ax

1

)

i

= (Ax

2

)

i

= b

i

; i = 1; 2; :::;m� 1:

Choosing any x 2 Y we have

(Ax)

i

= A(�x

1

+ (1� �)x

2

)

i

= �b

i

+ (1� �)b

i

= b

i

; i = 1; 2; :::;m� 1: (28)

As x

1

is a nondegenerate it has exactly n �m zero components. Due to the

assumption (ii), these components are equal zero for x

2

, too. Therefore, each

element of the segment Y has the same property. Together with (28) it means

that each point of the segment Y satisfy n�1 inequalities of the system (27) as

equations. Let us denote byK the matrix of coe�cints of these n�1 equations.

Then K contains a unit submatrix of the size n�m created by the coe�cients

of equations x

i

= 0. Moreover, K contains a submatrix A

0

of coe�cients of the

�rst m� 1 equations of the system Ax = b: Matrix A has a rank m because of

nondegeneracy of the point x

1

. Thus, matrix A

0

has a rank m� 1 which imply

that matrix K has a rank n � 1. It proves that x

1

and x

2

are neighbouring

vertices of the set X .

If (i) holds then the part "if" can be proved in a similar way.

To prove the part "only if" let x

1

and x

2

be neighbouring vertices of the

set X and let x

1

be a nondegenerate. Then there is h 2 H such that x

1

is

a nondegenerate vertex of the set X

h

and we can suppose that h

i

= 1; i =

1; 2; :::;m. Moreover, there is a unique t 2 T such that x

2

is a vertex of the set

X

t

. If t = h holds, then both x

1

and x

2

are solutions of the system Ax = b: As

10

the point x

1

has exactly n�m zero components, x

2

has at least n�m� 1 of

these components equal zero, too. If not then points of the segment Y do not

satisfy at least n�1 inequalities of the system (27) as equations, a contradiction

to the fact that x

1

and x

2

are neighbouring vertices of the set X . Therefore,

any point of the segment Y satis�es all m equations of the system Ax = b and

moreover, it has at least n�m� 1 zero components. In an analogous way to

the previous paragraph we can verify a satisfaction of the condition regarding

a rank. We can conclude that x

1

and x

2

are neighbouring vertices of the set

X

h

, as the segment Y is the edge of this set.

It remains to prove the assertion in a case when t 6= h. To prove it by a

contradiction let us suppose that the point x

1

has exactly the �rst m compo-

nents positive ( in accordance to the nondegeneracy assumption ) and the last

n�m components equal zero, while (x

2

)

q

> 0 for some q > m. Then we have

for each x 2 Y :

x

i

= �(x

1

)

i

+ (1� �)(x

2

)

i

> 0 i = 1; 2; :::;m;

x

q

= (1� �)(x

2

)

q

> 0:

(29)

Therefore any point x 2 Y has at most n�m� 1 zero components. As t 6= h

holds we can suppose that h

m

= 1; t

m

6= 1. It means that

(Ax

1

)

m

= b

m

; (Ax

2

)

m

< b

m

:

Then it holds for each x 2 Y .

(Ax)

m

= A(�x

1

+(1��)x

2

)

m

= �b

m

+(1��)(Ax)

m

< �b

m

+(1��)b

m

= b

m

:

In a similar way we can verify that (Ax)

m

> b

m

because the assumption b < b

implies that (Ax

1

)

m

> b

m

. Hence, each point of the segment Y satis�es at most

m� 1 extremal equations. Together with (29) it means that each point of the

segment Y satis�es at most n� 2 inequalities of the system (27) as equations.

It implies that the segment Y is not an edge of the set X , a contradiction to

the assumption that x

1

and x

2

are neighbouring vertices of the set X . Thus,

the i-th component of x

2

is equal zero if the i-th component of x

1

is equal zero.

Analogously to the above part we can verify that vectors h; t cannot di�er in

more than one components. Namely, if they di�er at least in two components

then any point of the segment Y satis�es at most m � 2 extremal equations

and it has at most n�m zero components. It leads to the contradiction with

the fact that the segment Y is an edge of the set X . 2

Using the assertion of the last Theorem we shall prove a relation between

objective function values in neighbouring vertices of the set X .

Theorem 9 Let x

h

be a nondegenerate optimal solution of an extremal sub-

problem X

h

whose dual optimal solution satis�es optimality criterion (15). Let

x

0

be a neighbouring vertex to the point x

h

in the set X �X

h

. Then we have

c

T

x

0

� c

T

x

h

: (30)
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