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.. Motivation

.

......

In many real-world situations, the parameters of decision-
making problems are not deterministic. In this context, it is
convenient to extend the traditional mathematical program-
ming models incorporating their uncertainty. One of the
tools for tackling vagueness is interval programming in which
every uncertain parameter is determined with a closed inter-
val. Moreover, many real-world problems inherently impose
the need to investigate multiple and conflicting objective
functions. This paper treats multiobjective linear program-
ming problems with interval objective functions coefficients
and target intervals.

2 / 24 In the name of Absolute Power & Absolute Knowledge



.....
.
....

.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....
.
....

.

..

MOLP Problems with Interval Objective Functions
Coefficients and Target Intervals

.

......

n∑
j=1

ckjxj = tk, k = 1, · · · , p,

s.t.
Ax≤ b,

ckj ∈Ckj , k = 1, · · · , p, j = 1, · · · , n,
tk ∈ Tk, k = 1, · · · , p,
x≥0,

where Ckj is the closed interval [clkj , c
u
kj ] representing a region

the coefficients ckj possibly take. Tk is the closed interval [tlk, t
u
k ]

representing a region the target value tk possibly take. The
constraints of the problem are as in conventional MOLP
problem.
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.. The Work of Inuiguchi & Kume (1991)

.
Possible Deviation Dk = [dlk, d

u
k ] of [

∑n
j=1 c

l
kjxj ,

∑n
j=1 c

u
kjxj ]

from Tk..

......

Dk =



[tlk −
∑n

j=1 c
u
kjxj , t

u
k −

∑n
j=1 c

l
kjxj ]

if tlk −
∑n

j=1 c
u
kjxj ≥ 0,

[0, (
∑n

j=1 c
u
kjxj − tlk)

∨
(tuk −

∑n
j=1 c

l
kjxj)]

if tlk −
∑n

j=1 c
u
kjxj < 0 < tuk −

∑n
j=1 c

l
kjxj ,

[
∑n

j=1 c
l
kjxj − tuk ,

∑n
j=1 c

u
kjxj − tlk]

if tuk −
∑n

j=1 c
l
kjxj ≤ 0,

where
∨

denotes the maximum.
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0≤λ≤1, wk≥0 and

∑p

k=1
wk = 1.
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.. The Work of Inuiguchi & Kume (1991)

.

......

min λ

p∑
k=1

wk(d
l−
k + du

+

k ) + (1− λ)vl

s.t.

n∑
j=1

cukjxj + dl
−
k − dl

+

k = tlk, k = 1, · · · , p,

n∑
j=1

clkjxj + du
−

k − du
+

k = tuk , k = 1, · · · , p,

Ax ≤ b,

dl
−
k + du

+

k ≤ vl, k = 1, · · · , p,
xj ≥ 0, j = 1, · · · , n,

dl
−
k , dl

+

k , du
−

k , du
+

k , vl ≥ 0, k = 1, · · · , p.

6 / 24 In the name of Absolute Power & Absolute Knowledge



.....
.
....

.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....
.
....

.

.. The Work of Inuiguchi & Kume (1991)

.

......

min λ

p∑
k=1

wkvk + (1− λ)vu

s.t.

n∑
j=1

cukjxj + dl
−
k − dl

+

k = tlk, k = 1, · · · , p,

n∑
j=1

clkjxj + du
−

k − du
+

k = tuk , k = 1, · · · , p,

Ax ≤ b,

dl
+

k ≤ vk, k = 1, · · · , p,
du

−
k ≤ vk, k = 1, · · · , p,
vk ≤ vu, k = 1, · · · , p,
xj ≥ 0, j = 1, · · · , n,
vu ≥ 0,

dl
−
k , dl

+

k , du
−

k , du
+

k , vk ≥ 0, k = 1, · · · , p.
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.. The Work of Inuiguchi & Kume (1991).
Necessary Deviation Ek = [elk, e

u
k ] of [

∑n
j=1 c

l
kjxj ,

∑n
j=1 c

u
kjxj ] from Tk

..

......

Ek =



[tlk −
∑n

j=1 c
l
kjxj , t

u
k −

∑n
j=1 c

u
kjxj ]

if tuk −
∑n

j=1 c
u
kjxj ≥ tlk −

∑n
j=1 c

l
kjxj ≥ 0,

[0, (tuk −
∑n

j=1 c
u
kjxj)

∨
(
∑n

j=1 c
l
kjxj − tlk)]

if tlk −
∑n

j=1 c
l
kjxj < 0 < tuk −

∑n
j=1 c

u
kjxj ,

[
∑n

j=1 c
u
kjxj − tuk ,

∑n
j=1 c

l
kjxj − tlk]

if tlk −
∑n

j=1 c
l
kjxj ≤ tuk −

∑n
j=1 c

u
kjxj ≤ 0,

[
∑n

j=1 c
l
kjxj − tlk,

∑n
j=1 c

u
kjxj − tuk ]

if
∑n

j=1 c
u
kjxj − tuk ≥

∑n
j=1 c

u
kjxj − tlk ≥ 0,

[0, (
∑n

j=1 c
u
kjxj − tuk)

∨
(tlk −

∑n
j=1 c

l
kjxj)]

if
∑n

j=1 c
l
kjxj − tlk < 0 <

∑n
j=1 c

u
kjxjt

u
k ,

[tuk −
∑n

j=1 c
u
kjxj , t

l
k −

∑n
j=1 c

l
kjxj ]

if
∑n

j=1 c
l
kjxj − tlk ≤

∑n
j=1 c

u
kjxj − tuk ≤ 0.
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.. The Work of Inuiguchi & Kume (1991)

.

......

min λ

p∑
k=1

wk((e
l−
k + eu

+

k )
∧

(el
+

k + eu
−

k )) + (1− λ)ul

s.t. n∑
j=1

clkjxj + el
−
k − el

+

k = tlk, k = 1, · · · , p,

n∑
j=1

cukjxj + eu
−

k − eu
+

k = tuk , k = 1, · · · , p,

Ax ≤ b,

((el
−
k + eu

+

k )
∧

(el
+

k + eu
−

k )) ≤ ul, k = 1, · · · , p,
xj ≥ 0, j = 1, · · · , n,

el
−
k , el

+

k , eu
−

k , eu
+

k , ul ≥ 0, k = 1, · · · , p,

where
∧

denotes the minimum.
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.. The Work of Inuiguchi & Kume (1991)

.

......

min λ

p∑
k=1

wkuk + (1− λ)uu

s.t.

n∑
j=1

clkjxj + el
−
k − el

+

k = tlk, k = 1, · · · , p,

n∑
j=1

cukjxj + eu
−

k − eu
+

k = tuk , k = 1, · · · , p,

Ax ≤ b,

el
−
k + el

+

k ≤ uk, k = 1, · · · , p,
eu

−
k + eu

+

k ≤ uk, k = 1, · · · , p,
uk ≤ uu, k = 1, · · · , p,
xj ≥ 0, j = 1, · · · , n,
uu ≥ 0,

el
−
k , el

+

k , eu
−

k , eu
+

k , uk ≥ 0, k = 1, · · · , p.
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.. Our Aim ...

.

......

Minimizing the total distance of planned intervals,
[
∑n

j=1 c
l
kjxj ,

∑n
j=1 c

u
kjxj ], from target intervals, [tlk, t

u
k ],

k = 1, · · · , p. In order to do that, we use the following distance
concept between two intervals.
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.. The Distance Between Two Intervals

.
Definition
..

......

Let [al, au] and [bl, bu] be two intervals. Then, the distance
between them is defined as (Moore, 2009):

d([al, au], [bl, bu]) = max{|al − bl|, |au − bu|}.

It is easy to check that the distance d, defined in the above,
introduces a metric on the space of closed intervals in the set of
real numbers.
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The Distance Between the kth Planned Interval and Its
Target Interval (k = 1, · · · , p)

Dk = d([
n∑

j=1

clkjxj ,
n∑

j=1

cukjxj ], [t
l
k, t

u
k ]) =

max(|
n∑

j=1

clkjxj − tlk|, |
n∑

j=1

cukjxj − tuk |),

k = 1, · · · , p,

Using the deviational variables dl
−

k , dl
+

k , du
−

k and du
+

k as:

n∑
j=1

clkjxj + dl
−

k − dl
+

k = tlk;

n∑
j=1

cukjxj + du
−

k − du
+

k = tuk ;

Dk can be written as follows:

Dk = max(|dl
−

k − dl
+

k |, |du
−

k − du
+

k |),
k = 1, · · · , p.
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Our Model for Solving an Interval MOLP Problem with
Target Intervals

.

......

min λ

p∑
k=1

wkvk + (1− λ)u (1)

s.t.

n∑
j=1

clkjxj + dl
−
k − dl

+

k = tlk, k = 1, · · · , p,

n∑
j=1

cukjxj + du
−

k − du
+

k = tuk , k = 1, · · · , p,

Ax ≤ b,

|dl−k − dl
+

k | ≤ vk, k = 1, · · · , p,
|du−

k − du
+

k | ≤ vk, k = 1, · · · , p,
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.. Continued ...
.

......

vk ≤ u, k = 1, · · · , p,
dl

−
k .dl

+

k = 0, k = 1, · · · , p,
du

−
k .du

+

k = 0, k = 1, · · · , p,
xj ≥ 0, j = 1, · · · , n,
vk ≥ 0, k = 1, · · · , p,

dl
−
k , dl

+

k , du
−

k , du
+

k ≥ 0, k = 1, · · · , p,
u ≥ 0.

The proposed model can be transformed to a linear
programming problem. It is obvious that |(.)| ≤ vk,
k = 1, · · · , p, can be substituted with two linear constraints
(.) ≤ vk and −(.) ≤ vk. The nonlinear constraints dl

−
k .dl

+

k = 0

and du
−

k .du
+

k = 0, k = 1, · · · , p, can be eliminated due to the
dependency of columns of dl−k , dl+k and du−k , du+k , when the
Simplex method is used for solving the model.
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.. New Model
.

......

min λ

p∑
k=1

wkvk + (1− λ)u (2)

s.t.

n∑
j=1

clkjxj + dl
−
k − dl

+

k = tlk, k = 1, · · · , p,

n∑
j=1

cukjxj + du
−

k − du
+

k = tuk , k = 1, · · · , p,

Ax ≤ b,

dl
−
k + dl

+

k ≤ vk, k = 1, · · · , p,
du

−
k + du

+

k ≤ vk, k = 1, · · · , p,
vk ≤ u, k = 1, · · · , p,
xj ≥ 0, j = 1, · · · , n,
vk ≥ 0, k = 1, · · · , p,

dl
−
k , dl

+

k , du
−

k , du
+

k ≥ 0, k = 1, · · · , p,
u ≥ 0.
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.. The Property of Model (2)

.
Lemma
..

......

Let model (2) be feasible then it has an optimal solution in
which the constraints dl

−
k .dl

+

k = 0 and du
−

k .du
+

k = 0,
k = 1, · · · , p, are satisfied.
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.. A Relationship Between Models (1) and (2)

.
Theorem
..

......

The optimal solution of model (1) can be obtained by solving
model (2).
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.. A Numerical Example

In order to illustrate the proposed model, consider the following
interval MOLP problem with interval targets which was
proposed by Inuiguchi and Kume (1991):
Optimize:

c1x1 + c4y1 = t1,

c2x2 + c5y2 = t2,

c3x3 + c6y3 = t3,

s.t.

x1 + x2 + x3 ≤ 9,

y1 + y2 + y3 ≤ 9,

c1 ∈ [2, 3], c4 ∈ [5, 7], t1 ∈ [28, 32],

c2 ∈ [2, 3], c5 ∈ [1, 3], t2 ∈ [25, 30],

c3 ∈ [4, 8], c6 ∈ [2, 3], t3 ∈ [31, 37],

xj ≥ 0, yj ≥ 0, j = 1, 2, 3.
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.. Continued ...

Applying the proposed model when λ = 1
2 and

w1 = w2 = w3 =
1
3 , we have

min
1

6
(v1 + v2 + v3) +

1

2
u

s.t.

2x1 + 5y1 + dl
−
1 − dl

+

1 = 28,

2x2 + y2 + dl
−
2 − dl

+

2 = 25,

4x3 + 2y3 + dl
−
3 − dl

+

3 = 31,

3x2 + 7y2 + du
−

1 − du
+

1 = 32,

3x2 + 3y2 + du
−

2 − du
+

2 = 30,

8x2 + 3y2 + du
−

3 − du
+

3 = 37,

x1 + x2 + x3 ≤ 9,

y1 + y2 + y3 ≤ 9,

|dl−1 − dl
+

1 | ≤ v1,

|du−
1 − du

+

1 | ≤ v1,20 / 24 In the name of Absolute Power & Absolute Knowledge
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.. Continued ...

|dl−2 − dl
+

2 | ≤ v2,

|du−
2 − du

+

2 | ≤ v2,

|dl−3 − dl
+

3 | ≤ v3,

|du−
3 − du

+

3 | ≤ v3,

vk ≤ u, k = 1, 2, 3,

xj ≥ 0, yj ≥ 0, j = 1, 2, 3,

vk ≥ 0, k = 1, 2, 3,

dl
−
k , dl

+

k , du
−

k , du
+

k ≥ 0, k = 1, 2, 3,

u ≥ 0.

The problem solution is x1 = 0, x2 = 4.5, x3 = 4.5, y1 = 5,
y2 = 3.6667 and y3 = 0.3333 where D1 = 3, D2 = 12.3333,
D3 = 12.3334 and D(x)=10.87.
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