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Flow = slope
of dual edge

Constraint
0 ≤ ϕ(·) ≤ 1

Lemma
Every admissible flow corresponds
to a 2-slope drawing.

max-flow: O(n log3 n)

min-cost flow: O(n2 log2 n)
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max. simultaneous real flow has
values 1 and 2, but no
simultaneous integer flows with
these values exists
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Max-Flow in Planar Graphs (w/ lower bounds)

a ≤ ϕ(u, v) ≤ b
b

−a

u

v

fleft

fright
lower bounds on the flow:

• definition:
ϕ(u, v) = d(fright)−d(fleft)

• d(fright) ≤ d(fleft) + b
⇒ ϕ(u, v) ≤ b

• d(fleft) ≤ d(fright)− a
⇒ ϕ(u, v) ≥ a
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• simultaneous
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• works for λ ∈ N
• NP-complete for

“short long” edges,
i.e., `(v)− `(u) ≤ 2



Rectilinear Planar Monotone 3-Sat

x2 x3 x4 x5 x6 x7

x5 ∨ x6 ∨ x7x1 ∨ x2 ∨ x3

x1 ∨ x4 ∨ x5

x1 ∨ x5 ∨ x7

¬x3 ∨ ¬x4 ∨ ¬x5
¬x2 ∨ ¬x3 ∨ ¬x5
¬x1 ∨ ¬x2 ∨ ¬x7

x1
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