
P (�) is sum of (edge) lengths of all nodes of a BST tree obtained by a per-mutation � 2 Sn, where Sn is the set of all permutation of the set f1; : : : ; ng.The average node depth of an average BST is the number1n 1n! X�2Sn P (�):Denote Q(n) = 1n! X�2Sn P (�):There aren 
hoi
es of the 1st permutation element �(0), let us denote it by j,�n�1j�1� 
hoi
es of the set fm j �(m) < jg = A,(j � 1)! 
hoi
es of mapping numbers 1; : : : ; j � 1 into A,(n� j)! 
hoi
es of mapping numbers j + 1; : : : ; n into f2; : : : ; ng � A.Note that n n� 1j � 1!(j � 1)!(n� j)! = n!:It is Q(n) = 1n! X�2Sn P (�) == 1n! nXj=1 n� 1j � 1! X�2Sj�1 X�2Sn�j(P (�) + j � 1 + P (�) + n� j) == 1n nXj=1 1(j � 1)! 1(n� j)! X�2Sj�1 X�2Sn�j(P (�) + P (�) + n� 1) == 1n nXj=1 1(j � 1)! 1(n� j)! X�2Sj�1 X�2Sn�j P (�)++1n nXj=1 1(j � 1)! 1(n� j)! X�2Sj�1 X�2Sn�j P (�)++1n nXj=1 1(j � 1)! 1(n� j)! X�2Sj�1 X�2Sn�j(n� 1) =1



= 1n nXj=1 1(j � 1)! X�2Sj�1 P (�) + 1n nXj=1 1(n� j)! X�2Sn�j P (�) + 1n nXj=1(n� 1) =
= 1n nXj=1Qj�1+1n nXj=1Qn�j+(n�1) = 1n n�1Xk=0Qk+1n n�1Xk=0Qk+(n�1) = 2n n�1Xk=0Qk+(n�1):Now n�1Xk=1 k log2 k = dn=2e�1Xk=1 k log2 k + n�1Xk=dn=2e k log2 k �� dn=2e�1Xk=1 k(log2 n� 1) + n�1Xk=dn=2e k log2 n �� n�1Xk=1 k log2 n� dn=2e�1Xk=1 k == n(n� 1)2 log2 n� dn=2e(dn=2e � 1)2 �� 12n2 log2 n� n28 + �n + 14 � n2 log2 n� � 12n2 log2 n� n28 :We are going to prove that Q(n) � 4n log2 n for all n > 0.It is Q(1) = 0 = 4 log2 1, and by indu
tionQ(n) � 2n n�1Xk=1 4k log2 n+ n � 8n  12n2 log2 n� n28 !+ n == 4n log2 n� n+ n = 4n log2 n:Consequently, the average node depth of an average BST tree is at most4n log2 n.

2


