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Chapter 1

Combinatorial applications
of finite fields

1.1 Finite fields

Recall that a field is an algebraic structure

F = 〈F, 0F , 1F , +, ·〉

such that 〈F, 0F ,+〉 and 〈F \ {0F }, 1F , ·〉 are Abelian groups, and that the
multiplication · is distributive over the addition +. We write F ∗ for F \ {0F }
and call the latter group 〈F ∗, 1F , ·〉 the multiplicative group of F . Examples of
fields are Q (rational numbers), R (real numbers) and C (complex numbers). In
this chapter, we are interested in finite fields, and we will eventually describe
them all. Basic examples of such fields are provided by the next proposition.

Proposition 1.1 Let p be a prime number. The algebraic structure

Zp = 〈{0, 1, . . . , p− 1}, 0, 1, +, ·〉 ,

where in the base set we add and multiply integers modulo p, is a field.

Proof. We take for granted that the structure of integers 〈Z, 0, 1,+, ·〉 is a com-
mutative ring with 1. It is easy to see that this is preserved in the arithmetic
modulo p, and Zp is a unital commutative ring as well. It remains to prove
the existence of multiplicative inverses. Let a ∈ Z∗p. Then the map f(x) = ax
(multiplication modulo p) goes from Z∗p to Z∗p and is injective:

ax = ay ⇐⇒ ax ≡ ay ⇐⇒ a(x− y) ≡ 0 ⇐⇒ x ≡ y ⇐⇒ x = y (mod p) .

Since Z∗p is a finite set, the map f is also surjective and b := f−1(1) is the
multiplicative inverse of a. 2

Zp will also denote the base set {0, 1, . . . , p− 1}.
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Let F be a field and n ∈ N0. We define the element

nF = 1F + 1F + · · ·+ 1F︸ ︷︷ ︸
n summands

(∈ F ) .

For n = 0 we have, of course, nF = 0F . For n ∈ Z with n < 0 we define
nF = −(−n)F . The map n 7→ nF is a ring homomorphism from Z to F . If
nF 6= 0F for every n ∈ N, we say that the field F has characteristic 0. Else,
if m ∈ N is the minimum number such that mF = 0F , we say that the field F
has characteristic m. The fields Q, R and C have characteristic 0, and Zp has
characteristic p. I leave the proof of the next proposition to you as an exercise.

Proposition 1.2 Let F be a finite field. Then F has characteristic p for some
prime number p and for every m,n ∈ Z,

mF = nF ⇐⇒ m ≡ n (mod p) .

Proposition 1.3 Let F be a finite field with characteristic p. Then the field
Zp is isomorphic to a subfield of F .

Proof. Indeed, Zp 3 n 7→ nF ∈ F is such isomorphism. 2

If F has characteristic p, we view Zp simply as a subfield of F .
In the next proposition, linear algebra shows its power.

Proposition 1.4 Let F be a finite field with characteristic p. Then |F | = pr

for some number r ∈ N.

Proof. Since Zp is a subfield of F , the field F is in fact a (finite) vector space
over the field Zp. Let B = {b1, . . . , br} ⊂ F with |B| = r (∈ N) be one of its
bases. We have the map f : F → (Zp)r, f(a) = 〈c1, . . . , cr〉, given by

a = c1b1 + · · ·+ crbr .

Since B is a basis, f is a bijection and |F | = |Zp|r = pr. 2

We establish the basic result that the multiplicative group of every finite
field is cyclic. A group is cyclic if it is generated by a single element, so called
generator. For the proof we need a simple identity satisfied by Euler’s totient
function ϕ : N→ N. It is given by ([n] = {1, 2, . . . , n})

ϕ(n) = |{m ∈ [n] : (m, n) = 1}| .

The notation (m,n) = 1 means that m and n are coprime; no prime divides
both m and n. For example, ϕ(p) = p− 1 and ϕ(6) = 2. Let n = pa1

1 . . . pak

k be
the prime factorization of n (∈ N). The formula

ϕ(n) = n ·
∏k

i=1

(
1− p−1i

)
is well known.
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Lemma 1.5 Let n ∈ N. Then ∑
d |n ϕ(d) = n .

Proof. For a divisor d of n, let Xd = {m ∈ [n] : gcd(m,n) = d}. Then

Xd = {dk : k ∈ [n/d] ∧ (k, n/d) = 1} .

Since {Xd : d |n} is a partition of [n], we have

n = |[n]| =
∑

d |n |Xd| =
∑

d |n ϕ(n/d) =
∑

d |n ϕ(d) .

2

Theorem 1.6 Let F with |F | = pr be a finite field. The multiplicative group
F ∗ = 〈F ∗, 1F , ·〉 of F is cyclic and has exactly ϕ(pr − 1) generators.

Proof. Recall that the order ord(a) (∈ N) of an element a ∈ F ∗ in the group
F ∗ is the minimum n ∈ N such that an = 1F . As we know, ord(a) is a divisor
of |F ∗| = pr − 1. We claim that, more generally, for every divisor d | (pr − 1)
there are exactly ϕ(d) elements a ∈ F ∗ with ord(a) = d; for d = pr − 1 we get
the stated result.

To prove the claim, we define for d | (pr − 1) the sets

Rd = {a ∈ F ∗ : ord(a) = d} and Xd = {a ∈ F ∗ : ad − 1F = 0F } .

Suppose that Rd 6= ∅ and take any element a ∈ Rd. Then X = {a, a2, . . . , ad}
has |X| = d elements because ord(a) = d. Clearly, X ⊂ Xd. The well known
bound on the number of zeros of a polynomial over a field implies that X = Xd.
However, it is also clear that Rd ⊂ Xd, and therefore Rd ⊂ X. For i ∈ [d] we
have ord(ai) = d iff (i, d) = 1. Thus |Rd| = ϕ(d).

We proved that for every divisor d | (pr − 1) either Rd = ∅ or |Rd| = ϕ(d).
Since {Rd : d | (pr−1)} is a partition of F ∗ and |F ∗| = pr−1, Lemma 1.5 proves
the claim. 2

Next we show that every finite field is determined, up to an isomorphism, by
its number of elements. For the proof, we need some properties of polynomials
over fields. Let G ⊂ F be an extension of fields and let a ∈ F . We say that the
element a is algebraic over G if f(a) = 0F for some nonzero polynomial f(x) in
G[x]. The minimal polynomial of a is then the (unique) monic f(x) ∈ G[x] such
that f(a) = 0F . It is not hard to show that minimal polynomials are irreducible
and that if f(x) ∈ G[x] is a minimal polynomial of a ∈ F and g(x) ∈ G[x] is
a polynomial such that g(a) = 0F , then f(x) divides g(x).

Theorem 1.7 Let F and G be finite fields such that |F | = |G|. Then F and G
are isomorphic.
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Proof. Let |F | = |G| = pr = q and σ ∈ F ∗ be a generator of the multiplicative
group of F . First, we show that the set {σ0, σ1, . . . , σr−1} is a basis of F as
a vector space over Zp. Let i ∈ [r] be the minimum number such that the set
of vectors

X = {σ0, σ1, . . . , σi−1}

is linearly independent over Zp, but that X ∪ {σi} is linearly dependent. 2

1.2 Sidon sets

X ⊂ Z (X may be finite or infinite) is a Sidon set if for every d ∈ N the equation
x − y = d has at most one solution x, y ∈ X. These sets are named after the
Hungarian mathematician Simon Sidon (Szidon) (1892–1941) [10], not after the
Czech–Jewish writer and rabbi Karol Sidon (1942) [3, 9].

Recall that for n ∈ N we denote [n] = {1, 2, . . . , n}. We introduce the
extremal function

Si(n) = max({|X| : X ⊂ [n] and is a Sidon set})

— Si(n) is the maximum size of a Sidon subset in {1, 2, . . . , n}. Erdős and Turán
[2] proved the following upper bound.

Theorem 1.8 (Erdős and Turán, 1941) For n ∈ N we have

Si(n) ≤ n1/2 +O(n1/4) .

Their method gives in O the constant
√

2. This was improved by Lindström [6].

Theorem 1.9 (Lindström, 1969) For n ∈ N we have

Si(n) < n1/2 + n1/4 + 1 .

Proof. Let n ∈ N and X ⊂ [n] with |X| = m (∈ N) be a Sidon set. For k ∈ N
we define the set of pairs

Y = {〈x, y〉 ∈ X2 : x > y ∧ |(y, x) ∩X| ≤ k − 1}

and consider the sum S(k,X) =
∑
〈x,y〉∈Y (x − y). Using the identity 1 + 2 +

· · ·+ l =
(
l+1
2

)
, l ∈ N0, we obtain the bounds(km−(k+1

2 )+1

2

)
≤ S(k, X) <

(
k+1
2

)
n .

The former inequality follows from the fact that S(k,X) has (m − 1) + (m −
2) + · · ·+ (m−k) = km−

(
k+1
2

)
summands, which are mutually distinct natural
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numbers. To obtain the latter inequality, we write X as X = {x1 < x2 < · · · <
xm}. Then

S(k, X) =
∑

1≤i<j≤m
j−i≤k

(xj − xi) =
∑

...

∑j
l=i+1(xl − xl−1)

≤
(
1 + 2 + · · ·+ k

)∑m
l=2(xl − xl−1)

=
(
k+1
2

)
(xm − x1) <

(
k+1
2

)
n .

Thus we obtain the inequality

1
2

(
km−

(
k+1
2

))2
<
(
k+1
2

)
n

and solving it for m we get the bound

m <
√

(1 + 1/k) ·
√
n+ k+1

2 .

It is easy to see that
√

1 + 1/k < 1 + 1
2k for every k ∈ N. Hence the optimum

choice of k = k(n) is k = dn1/4e. Then

m <
√
n+ 1

2k

√
n+ k

2 + 1
2

≤
√
n+ 1

2n
−1/4√n+ 1

2n
1/4 + 1

2 + 1
2

= n1/2 + n1/4 + 1 (n ∈ N) .

2

I have a bit sentimental relation with this topic because I rediscovered Lind-
ström’s proof in [4]. There is a natural conjecture that

Si(n) ≤ n1/2 +Oε

(
nε) (n ∈ N)

for every fixed ε > 0. We are very far from resolving it, but recently people have
succeeded in improving the more than half of a century old bound of Lindström.

• Balogh, Füredi and Roy [1] proved that Si(n) < n1/2 + 0.998n1/4 + O(1)
(n ∈ N). We reproduce their proof in the next section.

• O’Bryant [8] by a careful analysis of their proof decreased the coefficient
of n1/4 to 0.99703.

It turns out that the upper bound Si(n) < n1/2 +O(n1/4) is relatively tight
for infinitely many n. The construction [11] of corresponding large Sidon sets
uses finite fields.

Theorem 1.10 (Singer, 1938) Let n = m2+m+1 where m = pr for a prime
number p and r ∈ N. Then there exists a Sidon set X ⊂ [n] with size |X| = m+1.
Thus

Si(n) > n1/2

for every number n that has the stated form.

Proof.
2
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1.3 The bound of Balogh, Füredi and Roy

1.4 The Chevalley–Warning theorem
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Chapter 2

Counting solutions of
congruences
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