Discrete Math Tutorial 4
Kisel/Tiwary

Problem 1. In a group of 120 students, each student is assigned a unique 1D number from
1 to 120. We define an equivalence relation on this set of students as follows: two students
are related if and only if the difference between their ID numbers is divisible by 4. How many
equivalence classes does this relation create, and what is the size of each equivalence class?

Problem 2. Consider a poset (P, =) where P = {1,2,3,4,5,6} and the partial order is
defined by the divisibility relation (a < b if and only if a divides b). Draw the Hasse diagram
for this poset.

1. Identify all mazximal and minimal elements of the poset.
2. Find the length of the longest chain and the width of the poset.

3. Verify that for this poset, a(P)w(P) > |P|, where a(P) is the size of the largest
antichain and w(P) is the size of the largest chain.

Problem 3. Assume that we are given 26 distinct positive integers. Show that either there
exist 6 of them x1 < xo < w3 < x4 < x5 < g, with x; dividing x; 1 for i € [5] or there exist
siz of them, with no one dividing another one of these siz.

Problem 4. Let R be a relation over a set X. Consider the relation < defined over X x X
as follows: (ay,b1) =g (az, by) if either a; # as A (a1, a2) € R ora; = as A (by,bs) € R. Prove
that <g is an order over X x X if and only if R is an order over X.

Problem 5. Let X be a set with n elements. Determine the number of relations R over X
such that

1. R s arbitrary.

2. R is reflexive.

3. R is symmetric.

4. R is anti-symmetric.

Problem 6. Decide which of the following functions f : Z — 7Z are injective, which are
surjective and which are bijective.

1. x = 1+22
2. v — 143
3 r—=14+x2+23

Problem 7. Let X be a finite set and f : X — X be a function. Prove that f is an injection
if and only if f is a bijection.



Problem 8. Let X = {x1,z9,...,2,} be an n-element set and let Y = {0,1}", where
A" =AXx Ax---x A Give a bijection f : 2X =Y and deduce that the number of subsets

n times
of an n-element set is 2™.

Problem 9. Let X be an n-element set with n > 1. Let £ be the set of even-cardinality
subsets of X and O be the set of odd cardinality subsets of X. Let a € X and define

f: & — O as follows: f(S)=SA{a}. Prove that f is a bijection. Deduce that the number
of even-cardinality subsets of a set with n elements is 2" 1.

Problem 10. Prove that the number of ordred tuples (Ay, ..., A,) such that Ay C Ay C--- C
A, Cn] is (r+ 1)" by giving a bijection from the set of such ordered pairs to {0,...,r}".
(Also prove that the function you provide is indeed a bijection.)



