
Constrained set systems
Problem: How many subsets may an n-element set contain,
if each subset has odd size, but the intersection of each pair of
distinct subsets has even size.

Formally:
max k : ∃A1, . . . , Ak ⊆ {1, . . . , n} ∀i ̸= j : 2 ∤ |Ai | ∧ 2 | |Ai ∩ Aj |

Example: n = 5, k = 3
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Theorem: It holds that k ≤ n, i.e. under the precribed constraints,
at most n sets A1, . . . , An exist (e.g. of size one).



Proof that k ≤ n

We construct the so called
incidence matrix M ∈ Zk×n

2 :

mij =
{

1 if j ∈ Ai

0 if j /∈ Ai
.
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we get:

M =

1 0 0 0 0
0 1 1 1 0
0 0 1 1 1


Observe that MMT = Ik , because over Z2 we have:

(MMT)ij =
{

1 if i = j , as this is the parity of |Ai |,
0 if i ̸= j , as this is the parity of |Ai ∩ Aj |.

Now k = rank(Ik) = rank(MMT) ≤ rank(M) ≤ n

Note: If we choose M ∈ Rk×n, then (MMT)ij = |Ai ∩ Aj |.


