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Conjecture (Mukkamala, Pach, P4lvolgyi, 2011)

The parameter obs(n) is around n.

Theorem

For every positive integer n, we have

obs(n) < n[logn] — n+ 1.

We can answer the question of Alpert et al. provided x(G) is bounded.

Theorem (in the journal version)

For every positive integer n and every n-vertex graph G, we have
obs(G) < (n—1)([log k] + 1),

where k := min{x(G), x(G)}.

The bounds apply even if the obstacles are required to be convex.



IS
Dilated drawings



Dilated drawings

Regular drawing of K44



Dilated drawings

1st level



Dilated drawings

2nd level



Dilated drawings

3rd level



Dilated drawings

4th level



Dilated drawings

5th level



Dilated drawings

6th level



Dilated drawings

7th level



Dilated drawings




Dilated drawings




Dilated drawings

Levels form caps.



Dilated drawings

Levels form caps.

Key observation
(a) If &y < --- < dp_1, then all levels of a drawing D of K, , form caps.

(b) If D is e-dilated, that is, we also have d,—1 < (1 +¢)di, and £ > 0 is small,
then all edges of every cap are incident to the same face of D.




Dilated drawings




Proof of the key observation

Key observation
(a) If di <--- < dy—1, then all levels of a drawing D of K, , form caps.

(b) If D is e-dilated, that is, we also have d,—1 < (1 +¢)di, and £ > 0 is small,
then all edges of every cap are incident to the same face of D.




Proof of the key observation

Key observation
(@) If dy < --- < ds—1, then all levels of a drawing D of K, , form caps.

(b) If D is e-dilated, that is, we also have d,—1 < (1 +¢)di, and £ > 0 is small,
then all edges of every cap are incident to the same face of D.

. qj
Part (a): Pis2 o ’ J
: . qj+1
) :
Pi+1 : P qj+2

Pié



Proof of the key observation

Key observation
(@) If dy < --- < ds—1, then all levels of a drawing D of K, , form caps.

(b) If D is e-dilated, that is, we also have d,—1 < (1 +¢)di, and £ > 0 is small,
then all edges of every cap are incident to the same face of D.

. qj

Part (a): pitag D
: . qj+
pi+1© : G2

Pi



Proof of the key observation

Key observation
(@) If dy < --- < ds—1, then all levels of a drawing D of K, , form caps.

(b) If D is e-dilated, that is, we also have d,—1 < (1 +¢)di, and £ > 0 is small,
then all edges of every cap are incident to the same face of D.

Part (a): pita




Proof of the key observation

Key observation
(@) If dy < --- < ds—1, then all levels of a drawing D of K, , form caps.

(b) If D is e-dilated, that is, we also have d,—1 < (1 +¢)di, and £ > 0 is small,
then all edges of every cap are incident to the same face of D.

. qj
Part (a): pisa :
qj+271q;
2
Px+22+Pi T g
Pi+1 : qj+2




Proof of the key observation

Key observation
(@) If dy < --- < ds—1, then all levels of a drawing D of K, , form caps.

(b) If D is e-dilated, that is, we also have d,—1 < (1 +¢)di, and £ > 0 is small,
then all edges of every cap are incident to the same face of D.

. qj
Part (a): pisa :
qj+2t+q;
2
Px+22+Px T g
Pi+1 : 42

Pi

Part (b) follows from the fact that e-dilated drawings converge to the regular
drawing as € — 0
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Let g(h, n) be the number of (labeled) n-vertex graphs G with obs(G) < h.
Upper bounds:

g(h, n) < 2°(") (Pach, Sariéz, 2011).

g(h,n) < 20(hnlog? n) (Mukkamala, Pach, Sari6z, 2010).
Better upper bound on g(h, n) gives better lower bound on obs(n).

In 2013, Dujmovi¢ and Morin conjectured g(h, n) < 2f(M-o(h) where
f(n) < O(nlog? n).

Theorem
For all n, h € N with h < n, we have

g(h, n) > 29




Application Ill: Complexity of faces in arrangements of segments



Application Ill: Complexity of faces in arrangements of segments

An arrangement of segments /



Application Ill: Complexity of faces in arrangements of segments

Faces of the arrangement. /



Application Ill: Complexity of faces in arrangements of segments

The complexity of F; is 4. /



Application Ill: Complexity of faces in arrangements of segments

The complexity of F; is 7. /



Application Ill: Complexity of faces in arrangements of segments

The complexity of F; is 7. /

Question (Arkin et al., 1995)

What is the complexity of M faces in an arrangement of line segments with n
endpoints?




Application Ill: Complexity of faces in arrangements of segments

The complexity of F; is 7. /

Question (Arkin et al., 1995)

What is the complexity of M faces in an arrangement of line segments with n
endpoints?

Upper bound: O(min{nM log n, n*/3M?/3 + n? log M})
(Aronov et al., 1992, and Arkin et al., 1995)



Application Ill: Complexity of faces in arrangements of segments

The complexity of F; is 7. /

Question (Arkin et al., 1995)

What is the complexity of M faces in an arrangement of line segments with n
endpoints?

Upper bound: O(min{nM log n, n*/3M?/3 + n? log M})
(Aronov et al., 1992, and Arkin et al., 1995)

Theorem
Lower bound: Q(min{nM, n*/3M?/3}).




Application Ill: Complexity of faces in arrangements of segments

The complexity of F; is 7. /

Question (Arkin et al., 1995)

What is the complexity of M faces in an arrangement of line segments with n
endpoints?

Upper bound: O(min{nM log n, n*/3M?/3 + n? log M})
(Aronov et al., 1992, and Arkin et al., 1995)

Theorem
Lower bound: Q(min{nM, n*/3M?/3}).

Tight for M > nIog3/2 n.
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The number of incidences between M points and N lines is at most

O(M?3N?/3 + M + N).

Best upper bound is 2.44 - M?/3N?/3 4 M + N (Ackerman, 2014).
Lower bounds:
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0.63 - M?/3N?/3 4 M + N (Elekes, 2002)
Theorem
The number of incidences between M points and N lines is at least

1.11- M?3N2/3 - M+ N.

Thank you.



