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Vytvǒruj́ıćı funkce a jejich aplikace



Rozš́ı̌reńı Pascalova trojúhelńıku

Zdroj: Youtube (Veritasium: The Discovery That Transformed Pi)

https://www.youtube.com/watch?v=gMlf1ELvRzc&t=980s&ab_channel=Veritasium
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Binárńı zakǒreněné stromy

• Př́ıklady binárńıch zakǒreněných stromů s ≤ 4 vrcholy:

b1 = 1

b2 = 2

b3 = 5

b4 = 14

b0 = 1



Catalanova č́ısla

• Definována jako Cn = 1
n+1

(
2n
n

)
pro n ≥ 0.

• Hodnoty: 1, 1, 2, 5, 14, 42, 132, 429, 1430, 4862, 16796, 58786, . . .
• Objevil je Leonhard Euler v roce 1751.

Obrázek: Leonhard Euler (1707–1783) a Eugène C. Catalan (1814–1894).

Zdroj: http://en.wikipedia.org

• Je známo p̌res 200 intepretaćı: http://www-math.mit.edu/∼rstan/ec

http://www-math.mit.edu/~rstan/ec
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Interpretace Catalanových č́ısel I

• Plat́ı Cn = počet triangulaćı (n + 2)-gonu.

C1 = 1

C2 = 2

C3 = 5

C4 = 14



Interpretace Catalanových č́ısel II

• Plat́ı Cn = počet správných uzávorkováńı s n páry závorek.

C1 = 1

C2 = 2

C3 = 5

C4 = 14
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Interpretace Catalanových č́ısel III

• Plat́ı Cn = počet Dyckových cest v (n + 1)× (n + 1) mř́ıžce
(= schodǐst’ pod diagonálou).

C1 = 1

C2 = 2

C3 = 5

C4 = 14



Interpretace Catalanových č́ısel IV

• Plat́ı Cn = počet způsobů, jak si 2n lid́ı u stolu může poťrást rukama,
aniž by došlo ke ǩŕıžeńı.

C1 = 1

C2 = 2

C3 = 5

C4 = 14



Bonusová aplikace: rozklady č́ısel na liché a r̊uzné části

• Pro n ∈ N0 bud’ ln počet neuspǒrádaných rozkladů n na liché sč́ıtance.

3 = 3 = 1 + 1 + 1⇒ l3 = 2,

4 = 3 + 1 = 1 + 1 + 1 + 1⇒ l4 = 2,

5 = 5 = 3 + 1 + 1 = 1 + 1 + 1 + 1 + 1⇒ l5 = 3,

6 = 5 + 1 = 3 + 3 = 3 + 1 + 1 + 1 = 1 + · · ·+ 1⇒ l6 = 4.

• Bud’ rn počet neuspǒrádaných rozkladů n na r̊uzné sč́ıtance.

3 = 3 = 2 + 1⇒ r3 = 2,

4 = 4 = 3 + 1⇒ r4 = 2,

5 = 5 = 4 + 1 = 3 + 2⇒ r5 = 3,

6 = 6 = 5 + 1 = 4 + 2 = 3 + 2 + 1⇒ r6 = 4,

Věta

Pro každé n ∈ N0 plat́ı ln = rn.

• Stač́ı ukázat l(x) = r(x), kde l(x) =
∑∞

n=0 lnx
n a r(x) =

∑∞
n=0 rnx

n.
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• Stač́ı ukázat l(x) = r(x), kde l(x) =
∑∞

n=0 lnx
n a r(x) =

∑∞
n=0 rnx

n.
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3 = 3 = 2 + 1⇒ r3 = 2,

4 = 4 = 3 + 1⇒ r4 = 2,

5 = 5 = 4 + 1 = 3 + 2⇒ r5 = 3,

6 = 6 = 5 + 1 = 4 + 2 = 3 + 2 + 1⇒ r6 = 4,

Věta
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Bonusová aplikace: rozklady č́ısel na liché a r̊uzné části

l(x) = (1 + x + x2 + · · · )(1 + x3 + x6 + · · · )(1 + x5 + x10 + · · · ) · · ·

=
1

1− x
· 1

1− x3
· 1

1− x5
· · ·

r(x) = (1 + x)(1 + x2)(1 + x3) · · ·

• Dostáváme rovnost l(x) = r(x), protože

l(x) =
1− x2

1− x
· 1− x4

1− x2
· 1− x6

1− x3
· 1− x8

1− x4
· · · = r(x).
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l(x) = (1 + x + x2 + · · · )(1 + x3 + x6 + · · · )(1 + x5 + x10 + · · · ) · · ·

=
1

1− x
· 1

1− x3
· 1

1− x5
· · ·

r(x) = (1 + x)(1 + x2)(1 + x3) · · ·
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• Dostáváme rovnost l(x) = r(x), protože

l(x) =
1− x2

1− x
· 1− x4

1− x2
· 1− x6

1− x3
· 1− x8

1− x4
· · · = r(x).
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Obrázek: G. H. Hardy (1877–1947) a Srinivasa Ramanujan (1887–1920).

Zdroje: https://imdb.com a https://www.insidescience.org

Děkuji za pozornost.


