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the Ramanujan conjecture. Eichler’s proof relies on Welisorem mentioned in
the previous section. The non-bipartite graghsonstructed in this manner satisfy
a somewhat stronger assertion thdi&) < 2+/d — 1. In fact, besides their largest
eigenvalued, they do not have eigenvalues whose absolute value exgdd- 1.
This fact implies some strong pseudo-random propertiey@sn in the next results.

Theorem 9.2.4 LetG = (V, E) be ad-regular graph om: vertices, and suppose the
absolute value of each of its eigenvalues but the first onensost). For a vertex

v € V and a subseB of V' denote byV (v) the set of all neighbours afin G, and
let Ng(v) = N(v) N B denote the set of all neighbours®fn B. Then, for every
subsetB of cardinalitybn of V;

> (INs(v)] — bd)® < Xb(1 — b)n.

Observe that in a randodiregular graph each vertexwould tend to have aboét
neighboursin each set of size. The above theorem shows thakifs much smaller
thand then for most vertices, Np(v) is not too far frombd.

Proof. Let A be the adjacency matrix @ and define a vectof : V — R by
f(v) =1-bforve Bandf(v) = —bforv ¢ B. Clearly) . f(v) =0,ie.,f
is orthogonal to the eigenvector of the largest eigenvafué. arherefore

(Af, Af) <X*({, f).

The righthand side of the lastinequalitpi&(bn(1—5)2 +(1—b)nb?) = A2b(1—b)n.
The left hand side is

> (1= 8)INp(v)] = b(d— [Ns(»)]))* = Y (INp(v)| — bd)”.

vEV vEV
The desired result followdl

Corollary 9.25 LetG = (V, E),d,nand X be as in Theorem 9.2.4. Then for every
two sets of vertice® andC of G, where|B| = brn and |C| = cn we have:

le(B, C) — cbdn| < AWbc n.

Proof. By Theorem 9.2.4

> (N5 (v)| - bd)® < S (IN5(v)] - bd)? < A%b(1 — b)n.
veC vEV
Thus, by the Cauchy Schwarz inequality;

le(B, C) — cbdn| < > |Np(v) — bdl
veC
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< ven(Y (1N (v)| — bd)%)M/? < y/endy/b(1 — b)n < AWhe n.
veC
|
The special cas® = C gives the following result. A slightly stronger estimate
is proved in a similar way in Alon and Chung (1988) .

Corollary 9.2.6 LetG = (V, E),d,n and A be as in Theorem 9.2.4. L& be an
arbitrary set ofbn vertices of@ and lete(B) = 1e(B, B) be the number of edges in
the induced subgraph @ on B. Then

1 1
le(B) — Ebzdn| < E)Jm.

A walk of length lin a graphG is a sequence, . . ., v; of vertices ofG, where
foreachl < ¢ <, v;_1v; is an edge of7. Obviously, the total number of walks of
lengthl in ad-regular graph om vertices is precisely. - d'. Suppose, now , that
is a subset of, say,/2 vertices ofG. How many of these walks do not contain any
vertex of C? If G is disconnected it may happen that half of these walks agbid
However, as shown byAjtai, Komlos and Szemerédi (198HErd are many fewer
such walks if all the eigenvalues 6f but the largest are small. This result and some
of its extensions have several applications in theoretimaiputer science, as shown
in the above mentioned paper (see also Cohen and Wigder888)(L We conclude
this section by stating and proving the result and one ofipdieations.

Theorem 9.2.7 Let G = (V, E) be ad-regular graph onn vertices, and suppose
that each of its eigenvalues but the first one is at mostetC be a set oén vertices
of G. Then, for every, the number of walks of lengttin G that avoidC does not
exceed 1 — c)n((1 — c)d + X))t

Proof. Let A be the adjacency matrix @ and letA’ be the adjacency matrix of its
induced subgraph on the complementbfWe claim that the maximum eigenvalue
of A4’ is at most(1 — ¢)d + cA. To prove this claim we must show that for every
vector f : V ~— R satisfyingf(v) = 0 for eachv € C and}_, ., f(v)? = 1, the
inequality(Af, f) < (1 —c)d+cXholds. Letfy, fa, ..., f» be anorthonormal basis
of eigenvectors ofd, wheref; is the eigenvector of;, A; = d and each entry of;

isl/y/n. Thenf =37, cifi, whered"" ¢ =1and
c1=2ev F(V)/Vn=3ev_c f(¥)/v/n
< (Cvev-c F@)H(1 = )n/n)? = VT ¢,

where here we used the Cauchy-Schwarz Inequality. Ther®ft , c? = c and

(Af, ) z": (1—c)d+ e,



