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the Ramanujan conjecture. Eichler’s proof relies on Weil’stheorem mentioned in
the previous section. The non-bipartite graphsG constructed in this manner satisfy
a somewhat stronger assertion than�(G) � 2pd� 1. In fact, besides their largest
eigenvalued, they do not have eigenvalues whose absolute value exceed2pd� 1.
This fact implies some strong pseudo-random properties, asshown in the next results.

Theorem 9.2.4 LetG = (V;E) be ad-regular graph onn vertices, and suppose the
absolute value of each of its eigenvalues but the first one is at most�. For a vertexv 2 V and a subsetB of V denote byN (v) the set of all neighbours ofv in G, and
let NB(v) = N (v) \ B denote the set of all neighbours ofv in B. Then, for every
subsetB of cardinalitybn of V ;Xv2V (jNB(v)j � bd)2 � �2b(1� b)n:
Observe that in a randomd-regular graph each vertexv would tend to have aboutbd
neighbours in each set of sizebn. The above theorem shows that if� is much smaller
thand then for most verticesv, NB(v) is not too far frombd.

Proof. Let A be the adjacency matrix ofG and define a vectorf : V 7! R byf(v) = 1� b for v 2 B andf(v) = �b for v 62 B. Clearly
Pv2V f(v) = 0, i.e.,f

is orthogonal to the eigenvector of the largest eigenvalue of A. Therefore(Af;Af) � �2(f; f):
The righthand side of the last inequality is�2(bn(1�b)2+(1�b)nb2) = �2b(1�b)n.
The left hand side isXv2V ((1 � b)jNB(v)j � b(d� jNB(v)j))2 =Xv2V (jNB(v)j � bd)2:
The desired result follows.�
Corollary 9.2.5 LetG = (V;E); d; n and� be as in Theorem 9.2.4. Then for every
two sets of verticesB andC ofG, wherejBj = bn andjCj = 
n we have:je(B;C)� 
bdnj � �pb
 n:
Proof. By Theorem 9.2.4Xv2C(jNB(v)j � bd)2 �Xv2V (jNB(v)j � bd)2 � �2b(1� b)n:
Thus, by the Cauchy Schwarz inequality;je(B;C)� 
bdnj �Xv2C jNB(v) � bdj
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n(Xv2C(jNB(v)j � bd)2)1=2 � p
n�pb(1� b)n � �pb
 n:�
The special caseB = C gives the following result. A slightly stronger estimate

is proved in a similar way in Alon and Chung (1988) .

Corollary 9.2.6 Let G = (V;E); d; n and� be as in Theorem 9.2.4. LetB be an
arbitrary set ofbn vertices ofG and lete(B) = 12e(B;B) be the number of edges in
the induced subgraph ofG onB. Thenje(B) � 12b2dnj � 12�bn:

A walk of length lin a graphG is a sequencev0; : : : ; vl of vertices ofG, where
for each1 � i � l, vi�1vi is an edge ofG. Obviously, the total number of walks of
lengthl in ad-regular graph onn vertices is preciselyn � dl. Suppose, now , thatC
is a subset of, say,n=2 vertices ofG. How many of these walks do not contain any
vertex ofC? If G is disconnected it may happen that half of these walks avoidC.
However, as shown byAjtai, Komlós and Szemerédi (1987) , there are many fewer
such walks if all the eigenvalues ofG but the largest are small. This result and some
of its extensions have several applications in theoreticalcomputer science, as shown
in the above mentioned paper (see also Cohen and Wigderson (1989) ). We conclude
this section by stating and proving the result and one of its applications.

Theorem 9.2.7 Let G = (V;E) be ad-regular graph onn vertices, and suppose
that each of its eigenvalues but the first one is at most�. LetC be a set of
n vertices
of G. Then, for everyl, the number of walks of lengthl in G that avoidC does not
exceed(1 � 
)n((1� 
)d+ 
�))l .
Proof. Let A be the adjacency matrix ofG and letA0 be the adjacency matrix of its
induced subgraph on the complement ofC. We claim that the maximum eigenvalue
of A0 is at most(1 � 
)d + 
�. To prove this claim we must show that for every
vectorf : V 7! R satisfyingf(v) = 0 for eachv 2 C and

Pv2V f(v)2 = 1, the
inequality(Af; f) � (1�
)d+
� holds. Letf1; f2; : : : ; fn be an orthonormal basis
of eigenvectors ofA, wheref1 is the eigenvector of�i, �1 = d and each entry off1
is 1=pn. Thenf =Pni=1 
ifi, where

Pni=1 
2i = 1 and
1 =Pv2V f(v)=pn =Pv2V�C f(v)=pn� (Pv2V�C f(v)2)1=2((1� 
)n=n)1=2 = p1� 
 ;
where here we used the Cauchy-Schwarz Inequality. Therefore

Pni=2 
2i = 
 and(Af; f) = nXi=1 
2i�i � (1� 
)d+ 
�;


