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ABSTRACT

We study approximation algorithms for the permanent of
an n x n (0,1) matrix A based on the following simple idea:
obtain a random matrix B by replacing each 1l-entry of A
independently by e, where e is a random basis element
of a suitable algebra; then output |det(B)|>. This estima-
tor is always unbiased, but it may have exponentially large
variance. In our first main result we show that, if we take
the algebra to be a Clifford algebra of dimension polyno-
mial in n, then we get an estimator with small variance.
Hence only a constant number of trials suffices to estimate
the permanent to good accuracy. The idea of using Clifford
algebras is a natural extension of earlier work by Godsil and
Gutman, Karmarkar et al., and Barvinok, who used the real
numbers, complex numbers and quaternions respectively.

The above result implies that, in principle, this approach
gives a fully-polynomial randomized approzimation scheme
for the permanent, provided |det(B)|* can be efficiently
computed in the Clifford algebras. Since these algebras are
non-commutative it is not clear how to do this. However,
our second main result shows how to compute in polynomial
time an estimator with the same mean and variance over the
4-dimensional algebra (which is the quaternions, and is non-
commutative); in addition to providing some hope that the
computations can be performed in higher dimensions, this
quaternion algorithm provides an exponential improvement
in the variance over that of the 2-dimensional complex ver-
sion studied by Karmarkar et al.
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1. INTRODUCTION
The permanent of an n x n (0,1) matrix A = (a;;) is
defined as

per(A4) = Z Hai’”'

TES, i=1

Equivalently, per(A) counts the perfect matchings in the
(n + n)-vertex bipartite graph whose adjacency matrix is A.
Computing per(A) exactly is #P-complete, as was shown in
Valiant’s seminal 1979 paper [18]. The best we can hope for
therefore is an efficient approximation.

The past decade or so has seen a surprising variety of
approaches aimed at designing a polynomial time approxi-
mation algorithm for the permanent. These can be divided
into (at least) four categories: elementary recursive algo-
rithms [16]; reductions to determinants [5, 10, 6, 2, 3]; iter-
ative balancing [13]; and Markov chain Monte Carlo [4, 7,
9, 11, 8]. All the approaches have yielded non-trivial results
(at a minimum, fully polynomial approximation schemes
for random matrices, or polynomial time approximation al-
gorithms with approximation ratio ¢" for a modest con-
stant ¢ > 1), and fascinating insights both into the problem
and into the wider implications of the associated mathe-
matical techniques. Recently, as reported in [8], the Markov
chain Monte Carlo approach led to the first fully polyno-
mial randomized approzimation scheme for the permanent
of an arbitrary (0, 1) matrix (and indeed of any matrix with
non-negative entries). This is a randomized algorithm which
takes as inputs A and a parameter ¢ € (0,1] and outputs a
value that approximates per(A) within a factor 1 + ¢ with
high probability; the running time is polynomial in n and é

In this paper we pursue another of the approaches men-
tioned above, namely reduction to determinants. We are
motivated both by the intrinsic elegance of this approach,
and by the fact that, if successful, it seems likely to lead to
a more efficient algorithm. (The authors of [8] did not at-
tempt to minimize the exponent in their polynomial running
time; but even with fine tuning that algorithm is unlikely to
be practical.)

The origins of the determinant approach go back to the
following beautiful observation of Godsil and Gutman [5].
Let A be an n x n (0,1) matrix, and let B be the matrix
obtained by replacing each 1-entry of A independently by a
uniform random element of {£1}. Then the random vari-
able (det(B))? is an unbiased estimator of per(A), i.e., its



expectation is exactly per(A4). This is easy to verify using
the facts that the terms in the expansions of permanent and
determinant are identical up to sign, and that every cross
term in the expansion of det(B)2 disappears because it con-
tains an independent factor b;; with E[b;;] = 0.
Unfortunately, however, the above estimator has in gen-
eral a very large variance, so if we were to use it to es-
timate per(A) we would need to take the mean of expo-
nentially many independent samples to get a good estimate
with high probability. More precisely, given any unbiased
estimator X4 of per(A), the number of samples needed to
approximate per(A) within a factor 1 &+ & with high proba-

2 2
copet Sal . We call the ratio ik

moment to the square of the expectation the critical ratio
of the estimator.

Karmarkar et al. [10] showed that the critical ratio of God-
sil and Gutman’s estimator when run on any n x n (0, 1)
matrix A is bounded above by 3"/2. More remarkably, they
also showed that if each 1-entry of A is replaced not by {£1}
but by a random element of {+1, +i} (where ¢ is the complex
square root of —1),* forming a matrix C, then the analogous
estimator | det(C)|? is still unbiased and the bound on the
critical ratio drops to 27/2. This is still exponential, but
substantially smaller than the Godsil-Gutman version. In
addition, Frieze and Jerrum [6] showed that the critical ratio
of the Karmarkar et al. estimator is polynomially bounded
with high probability for a random (0, 1) matrix A.

These ideas were pushed further by Barvinok [2] in a
rather different framework. Instead of asking how much
time is needed to compute a (1+¢) approximation of per(A4),
Barvinok asked how good an approximation can be obtained
in polynomial time. Under this measure, he showed that the
original Godsil-Gutman idea could also be improved by re-
placing each l-entry of A by a continuous sample from a
standard normal distribution; the resulting algorithm ap-
proximates per(A) within a factor of about (3.57)" with
high probability in polynomial time. Moreover, the ex-
tension of Barvinok’s algorithm to the complex numbers,
analogous to that of Karmarkar et al., provides an improve-
ment of this approximation ratio to about (1.79)". Finally,
Barvinok also showed that a further extension to the quater-
nion algebra (i.e., each l-entry of A is replaced by a value
b1 + b2t + bsj + bsk, where i,j,k are Hamilton’s quater-
nions and the b’s are independent standard normal) again
improves the approximation ratio to about (1.32)™. In a sub-
sequent paper [3] Barvinok proposes an extension of his tech-
niques to higher dimensional algebras and conjectures that,
for sufficiently high dimension, it may yield a polynomial
time approximation algorithm for the permanent within ra-
tio ¢™ for any desired constant ¢ > 1. (Note that this is a
much weaker requirement than that of a fully polynomial
randomized approximation scheme.)

In this paper, we extend these ideas to higher dimensional
algebras in the original approximation scheme framework,
and demonstrate a more dramatic improvement than that
conjectured by Barvinok. As observed by Barvinok, the sets
{1}, {1,4}, {1,4, 4, k} are the basis elements of the first three

of the second

bility is

*Actually Karmarkar et al. used complex cube roots of unity,
rather than fourth roots as stated here. We prefer the latter
choice as it fits more naturally into our generalized frame-
work. It is not hard to check that the use of kth roots for
any k > 3 leads to essentially the same asymptotic behavior.
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Clifford algebras’, of dimensions 1, 2 and 4 respectively. For
each m > 1, we define a permanent estimator based on the
Clifford algebra CL,, of dimension 2™~'. The estimator
is analogous to that of Godsil-Gutman and Karmarkar et
al., and is very easy to describe: simply replace each 1-
entry of A by an independent element chosen u.a.r. from
{+e1, xes, ..., teym—1}, where the e; are the basis elements
of CLy, to obtain a matrix B; then output | det(B)|>. Note
that det(B) is a value in CL,; the norm-square function | - |
is simply the sum of squares of the coefficients in the above
basis. It is not hard to show that this estimator remains
unbiased for all m.

Our first main result is that the critical ratio of the estima-
tor decreases dramatically with the dimension. Specifically,
we show:

Theorem A Let X4
the above algorithm over CLy,, with m

| det(B)|? be the value output by
4qg + 2. Then

2
E[X 4] = per(A) and the critical ratio EE[E;(;]]Q for any n xn
matriz A is bounded above by (1 + 2%4)"/2.

An immediate corollary of this theorem is that, if we put
q = [ log, n], then the critical ratio is bounded by a con-
stant! — i.e., a constant number of trials suffice to get a
good approximation of per(A). Moreover, to achieve this we
need only work in the algebra CLsq+2 of dimension g4atl —
O(n?), which is also polynomial in . Thus, in principle, the
approach yields a fully-polynomial randomized approxima-
tion scheme for the permanent.*

The only catch is that our estimator requires the compu-
tation of | det(B)|?, where B is a matrix of basis elements
of a high-dimensional algebra. The algebras CL,, are not
commutative for m > 3 (m = 1 is the reals; m = 2 is the
complex numbers; m = 3 is the quaternions), so standard
polynomial time determinant computations break down. (In
fact, it is known that computing general determinants in a
non-commutative setting is computationally infeasible [15].)
Nonetheless, we are able to overcome this obstacle at least
for the first interesting case, namely the quaternions; for this
algebra, our general analysis shows that the critical ratio is
at most (3/2)™/2. In our second main result, we show how
to define a modified quaternion estimator closely related to
the original one, but easily computable in polynomial time.
Surprisingly, we show that this modified estimator has the
same first and second moments as the original one, yielding:

Theorem B There is a quaternion-based unbiased estimator
for the permanent that is computable in polynomial time and
has critical ratio at most (3/2)™/2.

Recall that the estimator of Karmarkar et al. has critical
ratio 2"/, so Theorem B gives a further significant exponen-
tial improvement. We leave as an intriguing open problem
the question of whether the higher-dimensional estimators
with small variance whose existence is guaranteed by The-
orem A also have modified versions that are computable in
polynomial time.

The following is a brief road-map of the paper. In section 2
we present the minimal set of facts about Clifford algebras

*More accurately, the second Clifford algebras. For defini-
tions see the next section.

fWe have chosen the values m = 2 mod 4 to allow the clean-
est statement of Theorem A. In fact the critical ratio is
monotonically decreasing with m, and our techniques allow
a similar bound to be computed for any m.



required to understand our work. We go on in section 3 to
define our generalized estimators based on the Clifford al-
gebras CL,,, and show that they are always unbiased. The
bulk of this section is devoted to the proof of the bound on
the critical ratio of these estimators, as stated in Theorem A.
The proof exploits the substantial group-theoretic structure
underlying the Clifford algebras, and offers as a byproduct
new insights into why the introduction of complex numbers
by Karmarkar et al. improves on the initial Godsil-Gutman
algorithm. In section 4 we define and analyze the modified
estimator over the quaternion algebra, thus proving Theo-
rem B. This analysis has a small amount in common with
that of Barvinok’s continuous quaternion version [2], but the
two differ substantially in that we are analyzing the second
moment while he was analyzing the tails. Finally, we note
that due to space limitations some of the proof details are
deferred to the full version of the paper.

2. CLIFFORD ALGEBRAS

In this section we cover the necessary fundamentals of
Clifford algebras that we require for our estimators. There
is a great deal of theory on Clifford algebras, but we will
present only the minimal required background. For further
reading we recommend, e.g., [12].

The Clifford algebras we will use are real algebras with
basis elements of the form ws,ay..q,, With a; € [m] and
a; < a;+1, together with uc = 1. The multiplication rules
are simple: for ¢ # j € [m], wiu; = u;; = —uju;, and
u;u; = 1. A general element of the Clifford algebra can thus
be written as h = Zs csus, where cg is real and S ranges
over subsets of [m].

We will restrict ourselves to the “second Clifford alge-
bras,” in which every basis element must have an even num-
ber of subscripts: e.g., w12, uz2467 etc. We denote the mth
such Clifford algebra CL,,. Clearly the number of basis el-
ements of CL, is the number of even-cardinality subsets
of [m], which is 2™ 7. Of course this is also the dimension
of the algebra over the reals.

The first few Clifford algebras are familiar enough. CL;
has 1 as its only basis element and is just the real numbers.
CL, has basis {1, u12}, and is in fact the complex numbers
with ¢ = u12. (Note that uly = urusuius = —uiul = -1.)
CLs has basis {1, u12,u23,u13} and is the quaternions, with
u23 = j and uis = k. (The reader may check the familiar
properties i> = j2 = k> = —1 and ij = k = —ji.) Note
that CL3 (and hence CL, for all m > 3) is not commuta-
tive; however, if two basis elements do not commute then
their two products differ only up to a sign. The reader may
consult the multiplication table for CL4 in the Appendix.

Conjugation in CL,, is defined in the natural way. The
conjugate of a basis element ug, written ug, is its inverse,
i.e., the (unique) element that satisfies usus = usus = 1.
The conjugate of a general element u =) 4 csus is defined
asu = Zs csus. Note that in general we cannot construct
the inverse of u from @, as wu may not be real; indeed, in
CL,, for m > 4 not every element has an inverse.

The following useful observations can readily be verified
from the above definitions:

1. A basis element us is self-conjugate (i.e., us is its own
inverse, us = ug) if and only if S consists of 4k subscripts.
If S consists of 4k + 2 subscripts, then us = —us. Notice
that for any S, u% = +1.

2. Two basis elements commute if and only if the number
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of subscripts they share is even; i.e., usus: = ugrug if and
only if |S N S’'| = 2k. Otherwise, usugr = —ugrus.

3. If u,u' are signed basis elements chosen independently

and uniformly at random, then their product uu’ is also a
uniformly random signed basis element.
It will be convenient to associate with each Clifford algebra
CL,, the group of its 2™ signed basis elements G,,. Each
group element o € G, corresponds to either us or —ug for
some S C [m], and the group operation is simply multipli-
cation as defined in CL,,. For a € G,,, we denote by u, the
corresponding signed basis element in CL,,. Thus an arbi-
trary element of CL,, can be written as h = ZaeGm Calla
for ¢, € RT. We assume that ¢, is non-zero for at most one
of us and —us, so that this representation is unique.

Recall from the introduction that our permanent estimators
are of the form | det(B)|?, where the entries of the matrix B,
and therefore also det(B), lie in the Clifford algebra CL,,.
Thus we need to define the norm-square |u|? for u € CLy,.
Generalizing from the reals, complex numbers and quater-
nions, we might try to use the definition |u|* = wu. However,
this is problematic in CL,, for m > 4 because uw is not in
general real. Instead, we will define |u|* to be the real part
of u%; equivalently, if u = Y ¢ csus, then |u|® = 3¢ c%.

3. GENERAL CLIFFORD ALGEBRA
ESTIMATORS

3.1 Definition and expectation

For each Clifford algebra CL,,, we can define a corre-
sponding estimator for the permanent in the natural way:
given a (0,1) matrix A, replace each l-entry of A with a
signed basis element of CL,, chosen independently and uni-
formly at random to obtain a new matrix B; then compute
X4 = |det(B)|*. Here det(B) = Y, g, sgn(m) [T, biri,
which is an element of the Clifford algebra CL.,; and | det(B)|?
is the real part of det(B)det(B). We prove first that this
estimator is unbiased for all m. The proof is similar to the
proofs for the low-dimensional versions of Godsil-Gutman
(m = 1) and Karmarkar et al. (m = 2), but is complicated
by the fact that u@ is not necessarily real.

ProposITION 3.1. In any Clifford algebra CL,,, we have
E[X4] = per(4).

Proof: We first introduce some notation. Given a per-
mutation m, we define B, to be [[_, bi,ri and B, to be
[1_, bixi- Thus B.Br = [[', aixi. Further, given two
permutations w1 and 72, we say that R(B,m,m) = 1 if
By, B, is real and 0 otherwise. Note that R(B,m,7) = 1
for all 7.

We can write the expectation of the estimator as E[X 4] =
Y s Pr(B)Y, ., sgn(mim2)Br, Br,R(B, w1, m) where the
sum is over all possible choices of the random matrix B and
Pr(B) is the probability of choosing B. We then proceed as
follows:

E[X 4] > "> Pr(B)Bx, Bx,R(B,m1,m) +

K s

3" 3 Pr(B)Bx,BryR(B,m, )

m1#me B
= > JJairxi+ D> D> Pr(B)Br,Bx,R(B, 71, 72)
T, 1 T1#me B



per(A)+ Y > Pr(B)Bx,Br,R(B, 71, m2).

w1 #me B

To finish the proof, note that all choices of B are equally
likely. When 71 # 72, let j be the smallest index such that
m1j # m2j. Then bj ~,; is chosen independently of the other
factors in the product B7r1§7r2; and for each value us it takes
on, it takes on —ugs with equal probability; in each case the
value of R(B, 1, m2) is the same. Thus the sum on the right
is 0 and E[X 4] = per(A). O

3.2 Thesecond moment: block diagonal case

Recall that the efficiency of the estimator X4 is governed
E[X3]

» E[Xa]?°

second moment, E[X3]. We first perform a detailed analy-

sis for block diagonal matrices, and then in the next sub-

by its critical ratio Thus we need to compute the

section use this to derive a bound for all matrices. Let
A = } 1 Then the block diagonal matrix A, is

the 2n x 2n matrix with n copies of A; along its diagonal.
From Proposition 3.1 we have E[X 4, ] = per(4,) = 2". For
convenience we define Ay to be the 1 x 1 identity matrix;
note that X 4, is identically 1. We will study the distribution
of X4, in the algebra CL,, as m varies.

The main result of this section is the following theorem:

THEOREM 3.2. For n > 0, let A, be the above block di-
agonal matriz. Then in CLagt2, we have E[X3 ] < [4(1 +

E[X2"] 1 n
mca, 7 < (1 gmer)”

22(1%)]", and thus the critical ratio

Let B,, denote the random matrix computed by the algo-
rithm when run on A,. Recall that the estimator X4, is
defined as the real part of det(By) det(B,). Since the prod-
uct of two random signed basis elements in CL,, is again
a random signed basis element, it is clear that det(B;) has
the same distribution as a + b, where a,b are independent
random signed basis elements. Thus we may write (in distri-
bution) det(By) = (a1 +b1)(a2+b2) - - - (an +bn), where the
a; and b; are randomly and independently chosen signed
basis elements from CL,. Therefore det(B,)det(B,) =
(a1 +b1)(a2 +b2) S (an—{—bn)(ﬁ—}—bn) o (a_1+b1) Thus the
distribution of det(Bn+1) det(Br+1) is equivalent to that of
(a1 + b1) det(B,,) det(B,) (@1 + b1), which in turn is equiva-
lent to

a(1 + ¢) det(By) det(Bn)(1 + 0)a, (1)

where a,c are independent random signed basis elements.
Since det(Bo)det(Bo) is always 1, expression (1) is valid for
all n > 0.

The success of the Clifford algebra estimators can be ex-
plained by the algebraic restrictions on the behavior of X4, .
The concrete ideas are contained in the following statement
and its proof:

LEMMA 3.3. Suppose we are working in CLy,. Then the
quantity det(B,)det(By) is either zero or of the form
ok Y wca o, where (1) k is a non-negative integer; and
(2) G is a self-conjugate subgroup of Gm (i.e., u2 = 1 for
adlaeG).

Note that any self-conjugate subgroup G is necessarily abel-
ian. Note also that the above representation assumes that
G does not contain both a and —a; all the self-conjugate
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subgroups in the sequel can easily be seen to have this prop-
erty and we will assume it from now on. We will write —G
to denote the set of @ € G, such that —a € G.

Proof of Lemma 3.3 (sketch): We proceed by induction
on n. In the base case n = 0, we have det(Bo) det(Bo) = 1,
which can be written in the form 2* ZQGGUD‘ with £ = 0
and G the trivial subgroup {1}. For the inductive step we
need to look at det(Bn+1)det(Br+1), which we recall can
be written in the form given in expression (1). Applying
the induction hypothesis to det(B, ) det(B,) and expanding,
this becomes

Zka(z ta +¢( D ua)e+ (Y ua)+ (D u,l)E>E. (2)

aEG aEG aEG aEG

Our task is therefore to show that, for an arbitrary self-
conjugate subgroup G and signed basis elements a and c,
the expression in (2) is either zero or can be written in the

form 2" Y weg Ua for some k' > 0 and self-conjugate sub-
group G’. This follows from a fairly straightforward case
analysis, whose structure we outline below. The proofs for
each case are deferred to the Appendix.

The two main cases are case 1 (¢ commutes with all of G)
and case 2 (¢ does not commute with all of G). We subdivide
case 1 into three subcases according to whether or not c is
self-conjugate (i.e., ¢ = ¢) and, if so, whether ¢ lies in GU—G.

CASE 1: ¢ commutes with G.

CASE 1A: ¢ = ¢, ¢ € GU —G. Here if ¢ € G then the
outside coefficient 2¥ quadruples to 272, and the subgroup
G transmutes to another subgroup G' = aGa of the same
size as G. Otherwise, if ¢ € —G, we obtain 0.

CASE 1B: ¢ = G ¢ ¢ G U —G. Here the coefficient 2*
doubles to 2+ while G ezpands to a subgroup G’ = a(GU
cG)a of twice the size of G.

CASE 1c: ¢ = —¢. Here the coefficient doubles to 2F+1,
while G transmutes to G' = aGa, a subgroup of the same
size.

CASE 2: ¢ does not commute with G. As in case 1¢, the
coefficient doubles to 2+ while G transmutes to another
subgroup G’ of the same size.

This completes the sketch of the proof of Lemma 3.3.
|

Example: We illustrate each of the above cases with a run-
ning example from CLs, the 16-dimensional algebra whose
subscripts are drawn from {1,...,5}. We start with the base

case det(Bo) det(Bo) =1 (so k = 0 and G is the trivial sub-
group {1}) and follow the evolution of det(By) det(B,) for
some particular sequence of choices of ¢. (We will fix a =1

throughout for ease of computation.)

e ¢ = ui234 (case 1B). Expression (1) is (14wu1234)(1)(1+
u1234), which simplifies to 2(1 + u1234). The outside
coefficient has doubled to 2 and G has expanded to the
subgroup {1, u1234}.

e ¢ = wuizz (case 1A). Here expresssion (1) is 2(1 +
u1234)(1 + U1234)(1 + u1234), which simplifies to 8(1 +
u1234). The outside coefficient has quadrupled to 8 and
G has transmuted (to itself, because a = 1). (Note
that if ¢ had been —u1234, we would have obtained 0.)

e ¢ = u3 (case 1C). Here expression (1) is 8(14wu23)(1+
u1234)(1 — UQ?)), which simpliﬁes to 16(1 + u1234). The



outside coefficient has doubled and G has transmuted
(to itself).

e ¢ = us (case 2). Here expression (1) is 16(1+u2s5)(1+
u1234)(1 — u2s), which simplifies to 32(1 — u1345). The
outside coefficient has doubled and G has transmuted
to the subgroup {1, —u134s5}. O

The proof of Lemma 3.3 reveals a simple pattern to the

behavior of the random variable det(By) det(B,) that allows
us to easily bound E[X3 ]. Note that since X4, is the

real part of det(B,)det(B,), its value is just the outside
coefficient 2" in the representation in Lemma 3.3. From the
above case analysis, we see that when n increases by 1 this
coefficient either doubles or quadruples or drops to zero; and
which of these outcomes occurs depends on the relationship
between ¢ and G and on whether c is self-conjugate. Since ¢
is chosen u.a.r. from the signed basis elements, we can easily
assign probabilities to each of these outcomes. This allows
us to prove:

LEMMA 3.4. Let p be the mazimum possible value of the
ratio 2|G|/|Gm| over all self-conjugate subgroups G in G,.
Then in CLn, we have E[X3 ] < [4(1 + p)]", and thus the

E[Xin] n
BXa, 2 <(1+p)".

critical ratio
Proof: We again use induction on n. In the base case
n = 0, we have E[X} ] = 1. For the inductive step we

examine the random variable det(Bn+1) det(Br+1). Recall
that, conditioned on the value of det(B,) det(By), the distri-
bution of this r.v. is as in (1) where a, ¢ are independent ran-
dom signed basis elements. From Lemma 3.3 we know that
det(B, ) det(By) is either zero or of the form 2k ZaEG’ u,, for
some k and Gj; thus the r.v. X4, has value zero or 2" respec-
tively. From the proof of Lemma 3.3 we see that the outside
coefficient 2* exactly doubles in all cases except case 1A. In
this latter case it either quadruples (if ¢ € G) or becomes
zero (if ¢ € —@). Plainly each of these outcomes occurs
with probability |G|/|Grm|. Thus, conditioned on X4, , the
distribution of Xa,_, is

0 with probability |G|/|Gm;
2X 4, with probability 1 — 2|G|/|Gx.|;
4X 4, with probability |G|/|Gm|-

n

Since |G|/|Gm| < p/2 by definition of p, we therefore have
EIX3,.,.] < (165+4(1-p))EIX], ] = 4(1+p)EIXA, ). (3)

This completes the proof by induction on n. dJ

Lemma 3.4 bounds the second moment in terms of p =
2/G| . . .
where the maximum is over all self-conjugate sub-

max 1,
groups G in CL,,. The final ingredient is to show that p
decreases rapidly as a function of m:

LEMMA 3.5. Let m =4q + 2. Then in CLy,, p = 22(1%

Proof of Lemma 3.5 (sketch): We shall give a very
simple argument that gives a slightly weaker bound, namely
p < 2%, and conveys the main idea. The additional factor
of 2 in the exponent requires some slightly more detailed
analysis (see the full proof in the Appendix).
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Let G be a self-conjugate subgroup of G, and let H be
the subgroup GNG.—1. It is easy to check that either H =
G or |H| = |G|/2. This tells us that for any self-conjugate
subgroup G of G,,, there is a subgroup of at least half its
size in Gy,—1. Hence p does not increase as m increases.

Now consider CL4;. The basis element g that contains
every index (e.g., uwi2sasers in CLg) is self-conjugate and
commutes with every other basis element. This element
(or its conjugate) must be contained in every maximal self-
conjugate subgroup G of Gag; otherwise G U gG would be a
larger such subgroup.

When we move to CLsq+1, however, we see that any maxi-
mal self-conjugate subgroup G of G44 cannot be augmented,
since no element of G4q+1 — G4 commutes with g. Thus the
size of the maximal subgroup in G441 is unchanged from
Gq, so p decreases by a factor of 2. O

Putting Lemmas 3.4 and 3.5 together, we are done with
the proof of Theorem 3.2 and hence the main business of
this section. Theorem 3.2 and its proof contain the essential
intuition about the behavior of the second moment on block
diagonal matrices as m increases, and immediately imply
that for m = O(log n), the critical ratio is bounded above by
a constant. This proves Theorem A for the block-diagonal
case. For technical reasons, in order to bootstrap this to a
bound for general matrices we actually need to derive the
exact form of E[X} ] as a sum of exponentials 3, ¢; E}*, not
just an upper bound [4(1+ 55;+7)]" as in Theorem 3.2. This
information is contained in the following theorem, whose
proof follows from a slightly more refined analysis of the
behavior of the subgroups than that used in the proof of
Lemma 3.4 and may be found in the full version.

THEOREM 3.6. Let m = 4q + 2. In CLn, E[X3 ] =
c1E} + c2EY, where Ey 4(1 + 224%), 0 < Es < Ej,
and c1,c2 are non-negative constants with c1 +c2 = 1. Thus
in particular E[X} | < ET.

Remark: The reason we choose m = 2 mod 4 is to allow
the cleanest possible formulation of Lemma 3.5 and The-
orem 3.6. However, the essential point is that a constant
factor increase in the dimension (i.e., a constant additive
increase in m) leads to a constant factor decrease in p (the
relative size of the maximum subgroup). In fact, we have
seen that p is monotonically decreasing with m, and a more
detailed analysis shows that p decreases by a factor of 2
when m =1,2,3 or 5 mod 8. O

3.3 The second moment: general case

In this section we extend our bound from the block diag-
onal case to prove the following result.

THEOREM 3.7. Let m = 4q+2. Then in CLy,, the critical
ratio for an arbitrary n X n matriz A satisfies

2 2 o n/2 _ n/2
s <Z‘”<El2 2) < (Elz 2) ,

E[XA]2 B =1

where c1,c2, Ev1, E> are as in Theorem 3.6.

Substituting the value E; = 4(1+ 22[1%) immediately yields
Theorem A in the Introduction.

Before embarking on the proof of Theorem 3.7, we intro-
duce a useful graph-theoretic framework from [10]. Recall
that we may view per(A) as the number of perfect matchings



in a bipartite graph B(A) in which (4, j) is an edge if and
only if a;; = 1. We define P(A) to be the set of permutations
{m € Sy : ai,»; = 1Vi}, which correspond naturally to per-
fect matchings in B(A) (and we will blur this distinction).
Thus per(A) = |P(A)|. We need the following observations:

(i) Given two perfect matchings m and 2, let the graph
G be their union 71 Ume. Then G is a disjoint union of
even-length cycles and isolated edges. We will define
¢(G) to be the number of cycles of G. Conversely, the
cycle cover G can be described as the union of a pair
of perfect matchings in 2¢(%) distinct ways. We write
G(A) as the set of all such cycle covers. We therefore
can write per(A4)* = 2cega) 2¢(&)

Given G,G"' € G(A), we will say that G’ C G if all of
the edges of G’ are contained in G, or equivalently, if
G’ can be formed from G by collapsing some of the
cycles of G. Thus there are (C(E))Zk graphs G' C G
such that ¢(G") = ¢(G) — k.

(iii) Consider the union of four perfect matchings w1, w2,
w3, ma. We will say that w1 U ma U w3 Uy is even if
every edge in the union is covered an even number of
times. In this case, m U 2 U w3 U w4 forms a cycle
cover.

Consider any G € G(A), and let A(G) denote the ad-
jacency matrix of G. Then the estimator X 4(g) run
on A(G) has the same distribution as X4, , the esti-
mator on the block diagonal matrix with ¢(G) blocks.

Proof of Theorem 3.7: Proceeding as in the proof of

Proposition 3.1, we can write
Z Sgn(W17T27T37T4)X

E Pr(B
T1T2T3T4

B, B,r2 B, BMR(B, w1, m2)R(B, w3, w4)

E[X3] =

(4)

To simplify notation, define Brjrorzny = B,,lﬁ,rzB,rgﬁ,r4
and write RE[Br ryrsr,] to denote the summation
ZB PI‘(B)B,.—lﬂ—zﬂ—qu(B, 1, WQ)R(B, T3, 7T4).

Our first observation is that RE[Br; ryrgr.] = 0 unless
miUmeUmsUmy is even. This follows because of the presence,
in non-even cases, of an independent factor b in Brjryrsmy
that takes on values tus with equal probability. Thus we
may rewrite equation (4) as

>

>

GEG(A) mUmaUmzUmg=G

E[X?A] = RE[BW1W27F37F4L (5)

where we can ignore sgn(mimem3m4) since it must be 1 when
m Uy Ums Uy is even.
We now prove, for any fixed G € G(A), that

>

T1UmoUrgUra=G

2
R‘E[Bﬂ'1ﬂ'2ﬂ'3ﬂ'4] = ZQ(E; -

i=1

2)°(A) . ()

This is done by induction on ¢(G). The base case ¢(G) = 0
is verified by noticing that 71 = w2 = m3 = 74 must be
the same permutation, so Br ryr3x, = 1, and both eval-
uations of R(:) are also 1, so the left-hand side of (6) is

1=3%,ci(E; —2)°.
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Now for any fixed G, let us define A(G) as the (0, 1) matrix
associated with G. Then

E[Xi(] = Z

G'€G(A(G)) miUmaUmgUmgs =G’

RE[Br)rymsmal-

Since one possible instance of G’ is G itself, we can rewrite
this as

RE[BM TR 7r4]

T1UmoUrgUmsa=G

=EXi] - Y >

G'CG mUmaUmgUmgs =G’

DILAEDSENEDY

G'CG miUmaUmgUmga =G

RE[BT"17T2T\'3T\'4]

RE[BT"17T27737"4]

c(@)
=B @ =3 ()2 Y el -
i k=1 i

- (B = 2)

SIS W
— ch

In the second step here we have used the assumption of
the theorem together with observation (iv) from earlier; in
the third step we have used the induction hypothesis and
observation (ii).

This completes the inductive proof of (6).
result into equation (5) gives

-y S

GegG(A) i=1

; _2 c(G)

Plugging the

c(G) < Z c(G)

GeG(A)

Finally, combining this with the observation that E[X 4]
2 cec(a) 2¢() we obtain

E[X3] chg(A)(El —2)e(®
E[X4]* YGegay 2@
(B —2)°@
S BT o

E1—2 n/2
— 2 -

This completes the proof of the theorem. O

We should note that our analysis includes the real- and
complex-based estimators of Godsil-Gutman [5] and Kar-
markar et al. [10] as special cases. In both cases the size of
the maximum self-conjugate subgroup is 1, and so F; = 8
for R and E; = 6 for C. Thus we see that the critical ratio
is bounded by 3™/2 for R and 22 for C, which are the same
as the bounds derived by less general methods in [10]. Our
proof indicates how the group-theoretic structure of CL,,
leads to the decrease with dimension of the critical ratio.

4. COMPUTING THE ESTIMATOR

We turn now to the question of implementing the estima-
tors of the previous section. These estimators are defined
in terms of the symbolic determinant of a matrix whose en-
tries are basis elements of a high-dimensional Clifford alge-
bra. Since such algebras are non-commutative, it is not clear



how to perform such a computation in polynomial time; in-
deed, it is known that computing general determinants in a
non-commutative setting is computationally infeasible [15].

Our goal in this final section is to show that this difficulty
can be overcome at least in the first interesting case, namely
the quaternion algebra H = CLs. (Recall that this algebra is
non-commutative.) What we shall do is to construct a per-
manent estimator having the same flavor as that of the pre-
vious section, but which is efficiently computable; although
the two estimators will not be equal, they will share the same
first and second moments, so the performance guarantee of
the previous section can actually be achieved in polynomial
time.

4.1 A modified estimator over thequaternions

Our new estimator Y4 begins as before by replacing each

1-entry of A by arandom element from Hg = {1, +4¢, +5, £k},

the signed basis elements of the quaternion algebra. Call
the resulting random matrix H. Now, however, rather than
working with the symbolic determinant det(H), we use its
so-called Dieudonné determinant, defined as the result of
performing a standard Gaussian elimination procedure on H
as follows:

if n =1 then return Gauss(H) = hi1
else if column h.; = 0 then return Gauss(H) =0

else if h1; = 0 then add any row h;. with h;1 # 0 to row hj.

for all i > 1 add row multiple —h;1hy; hi. to row h;.
return Gauss(H) = h11Gauss(Hi1)

Note that Gauss(H) is quaternion-valued; moreover, its value
may depend on the row chosen in the third line. However,
the classical theory of Dieudonné determinants (see, e.g., [1])
ensures that the norm-square, |Gauss(H)|?, is well-defined
(and indeed preserved under any sequence of row and col-
umn operations). Note that in the quaternions the norm-
square is just |h|> = hh which is always real-valued, and
hence inverses exist.

Evidently the estimator Ya can be computed in O(n?®)
time. However, despite its resemblance to X of the pre-
vious section, it is not at all clear that it inherits the nice
properties of that estimator. Indeed, it is not even clear
that it is unbiased. Note in particular that |Gauss(H)|? and
| det(H)|? may differ considerably. For example, if we take
H= <; z ) then it is easy to check that |Gauss(H)|* = 4
whereas |det(H)|> = 0. However, we shall see presently
that, when the non-zero entries of H are random quaternion
basis elements, then these two quantities share the same first
and second moments!

It will be convenient to note that |Gauss(H)|? can be writ-
ten equivalently as a single complex determinant, known as
the “reduced norm” of H. This is derived from the represen-
tation of the quaternions as 2 x 2 complex matrices as fol-
lows. For h € H, write h uniquely as b+ ¢j, where b,c € C,

an

Then h is represented by the matrix ¢(h) = < .-
—C

Thus in particular the basis elements are represented as

ow=g 1) e0=(3 %)
) )

0 1
-1 0

0 <

o) = ( o= (1
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Given an n X n quaternion matrix H, define a 2n x 2n com-
plex matrix D = Dy by

dij = [d)(hf%]’f%])] (i mod 2),(j mod 2)
In words, Dy is formed by replacing each entry h;; of H by
its corresponding 2 X 2 complex matrix, and then erasing
the boundaries between these matrices.

We define the reduced norm of H as det(Dg). (Since Dy
is a complex matrix, this is well-defined and efficiently com-
putable.) The following fact is easy to check (see, e.g., [2]):

ProprosITION 4.1. For any n X n quaternion matriz H,
|Gauss(H)|* = det(Dx).

Thus in what follows we may think of Y4 as being defined
either as |Gauss(H)|? or as det(Dz). This flexibility will
prove useful in our analysis.

Our goal is to show that the above permanent estima-
tor Y4 is unbiased and has the same second moment as the
quaternion version of the general estimator X4 derived in
the previous section. Thus we will prove the following, which
is exactly Theorem B of the Introduction.

THEOREM 4.2. For any n X n (0,1) matriz A, the Dieu-
donné determinant estimator Ya satisfies

E[Y?2] 3\n/2
E[Y;]2 < (5) :

E[Y4] = per(4) and
Our analysis will proceed along similar lines to that of the
previous section, but the Dieudonné determinant will prove
a little harder to work with than the symbolic determinant.
In section 4.2 we will deal with the expectation, and in sec-
tion 4.3 with the second moment.

4.2 Analysisof expectation

For the expectation, it will be useful to work with the
reduced norm formulation of Y4. Let D = Dy € C2"%?™ be
the reduced norm matrix computed by the algorithm. Then
we have

def

= Y E[D.]

TESan

E[Y4] = E[det(D)] = E[ > sgn(m) Hdi,ﬂ]

TESon

Clearly each entry d;; of D depends on exactly one entry
of H, namely h(éh[%]' Conversely, each entry h;; of H
determines four entries of D, namely dai—1,2j—1, d2i—1,2;,
d2i2j—1 and da; 2;. Moreover, by (7) we can view these four
entries as b;j, ¢;j, —¢;j and bs; respectively, where b;;, c;; are
chosen randomly as follows: flip a fair coin. If Heads, choose
bi; w.a.r. from C4 = {£1,+i} and set ¢;; = 0; if Tails, set
bij = 0 and choose ¢;; u.a.r. from Cy.

Now let m € S»,. The factors d; ; of D, depend on a
set 7|, of between n and 2n entries of H, viz.

{(141,15) i € [2n]}
{06, TZ22T), (6, T2627) k€ [l

The result is an immediate consequence of the following two
claims:

Tn

CrAM 1: Let m € Sap,. Then E[D,] # 0 = x|, € P(A).

CrLAIM 2: Let 0 € P(A). Then E[D,] %< 32 =

E[Dx]

T | =0



The intuition behind these claims is that the only permu-
tations with nonzero expectation in D are those that cor-
respond exactly to nonzero permutations in H, and each
such permutation contributes an expected value of 1, thus
yielding the permanent.

To prove Claim 1, consider m € Sa, with E[Dx] # 0. Fix
any odd ¢ = 2k—1 € [2n], and assume 75 = 2 — 1 is odd (the
case of i even is handled similarly). Thus d; »; = bx; € Ca,
where by is the result of the random experiment described
earlier. Since by; has a random sign, this factor cannot be in-
dependent of all other factors in D,. But since the elements
of H are all independent, the only other elements of D which
are not independent of by; are di ri+1 = Cri, dit1,7i = —Cri
and di1,riv1 = Ekl. And since 7 is a permutation, the only
one of these that can be a factor of Dy is dit1,ri+1. Hence
we must have 7(i + 1) = mi + 1. This in turn implies that
%] = [@], so m|, contains only one entry in the kth
row of H, namely (k, f@]) Since ¢ was arbitrary, we
conclude that «|, € S,. Clearly 7|, cannot contain an in-
dex pair (k,l) with ax; = 0, since otherwise D, would be
zero. Thus 7|, € P(A) and Claim 1 is proved.

To prove Claim 2, fix 0 € P(A). We will in fact prove the
stronger property that Zwm‘nzo D, = 1. Consider a per-
mutation m € S, with 7|, = 0. By the argument above,
each element h; »; corresponds to two factors in Dy: either
bi»i and b; »; or ¢;,o; and —C;,o;. Thus the set {7 : 7|, = o}
is in 1-1 correspondence with the subsets of [n], where the
subset specifies those ¢ which contribute factors b; ,;. Re-
call that for each i, either b;,; € C4 and Ci,o; = 0 or vice
versa. Hence D, = 0 for all but one of these permuta-
tions m, namely the permutation 7 corresponding to the
subset N = {i : b; »; # 0}. For this permutation, we have
D; = sgn(#)(—1)""!Vl. And an easy induction on n — |N|
establishes that sgn(#) = (—1)""V! from which Claim 2
follows.

This concludes the proof of the first part of Theorem 4.2.
|

4.3 Analysisof second moment

To prove the second moment claim in Theorem 4.2, we
will proceed in similar fashion to the previous section. In
particular, the main step once again is to express the second
moment of the estimator for a general matrix A in terms of
that for the 2 x 2 all-1’s matrix A;:

THEOREM 4.3. Let Ey = E[YZ ]. Then for any n x n
(0,1) matriz A, we have

BiYil= Y (B -2,
GEG(A)

The proof of Theorem 4.3 is deferred to the full version of
the paper. It is similar in overall structure to our second-
moment analysis for general CL, in section 3, but both
simpler because of the fixed dimension 2™~! = 4 and more
complex because of the Dieudonné determinant. This lat-
ter complication is handled with similar technology to the
expectation analysis in the proof we have just given.

In light of Theorem 4.3, it remains only to compute E;.
Let H = (h;j) be the random quaternion matrix computed
by the algorithm when run on A;. Following the progress of
the algorithm Gauss shows that

YAl = |Gauss(H)|2 = |h11h22 — h11h21511h12|2.

Thus Ya, has the same distribution as |h — g|?, where h,g
are chosen independently and u.a.r. from Hs. An easy hand
calculation now shows that Y, takes the values 0 and 4 each
with probability é, and the value 2 with probability %. Thus
E, =5, so from Theorem 4.3 we get E[Y}] = 3 g4 37
for an arbitrary A. Hence the critical ratio is bounded above
by

c(G c n
E[Yi] Y aega 379 <3> @ < <3> /2

= < max —
E[Ya]?  Yaega) 2¢@ T ceg(a)

2

2

This completes the proof of the second claim in Theorem 4.2,
and the analysis of our modified quaternion estimator. O

4.4 Beyond the quaternions

The question of whether the performance of our higher-
dimensional Clifford algebra estimators X4 can also be
achieved in polynomial time remains an intriguing open prob-
lem. Of course, a positive resolution would in light of Theo-
rem A imply a fully-polynomial randomized approximation
scheme for the permanent completely different from that
of [8]. We have developed an efficient version of the estima-
tor in the next algebra, CL4, which according to large-scale
experiments has the same behavior as the corresponding X 4.
This would actually overcome another major obstacle, as
CLy4 is the first algebra that is not a division algebra (i.e.,
not all elements have inverses).® However, so far we have not
been able to go beyond this. We note that CL,, for any m
has a representation as k X k matrices over R, C or H (or
direct sums of such matrices), so one can always define an
analog of the “reduced norm” we used for the quaternions.
It is also easy to see that the resulting estimator is unbi-
ased, but experiments indicate that the variance is much
larger than that of the corresponding X 4.
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APPENDI X

A.2. THE CLIFFORD ALGEBRA CL,

The Clifford algebra CL4 has eight basis elements, namely
{1, U12, U23, U13, U1234, U34, U14, u24}. The Only self—conjugate
basis elements are 1 and u1234. Note that these are also the
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only two elements that commute with all others. The com-
plete multiplication table is as follows:

M1 U12 U23 uU13 U1234  U34 U14 U4 |
w12 -1 u13 —U23  —U34 U234 —U24 W14
U3  —wiz  —1 U12 —wi4  U24 U234 —U34
w13 U2z —UL2 -1 24 14 —U4A  —UI234

%1234 —U34 —UL4 U24 1 —U12  —Uu23 w13
U34  U1234 —U2a  —UI4  —wrz —1 u13 U23
U14 U24  U1234 U34 —u23 —uiz —1 —U12

L U24 —U14 Us4 —U1234 u1s —U23 U12 -1 ]

If h = c1 +courz + causs + cauis + csu1234 + Couza +cruia +
csu24 then its conjugate h is defined as

h = c1—c2u12 —C3U23 — C4U13+C5U1234 — CeU34 — CTULL — C8U24.

Note that

— 8
2
hh=>" L€ +2(c1cs — cac — cacr + cacs)uanas,
=

which is not real. The norm-square is defined by |h|?

Z?:l cf.
A.3. SOME PROOFSFROM SECTION 3

In this section we fill in the proof details for Lemmas 3.3
and 3.5 that were omitted from the main text.

Proof of Lemma 3.3: Before proceeding with the case
analysis of equation (2) outlined in the main text, we require
some easy facts about self-conjugate subgroups.

LEMMA A.3.1. Let G be a subgroup of Gm, and let a be
any element of Go,. Let H be the subset of G that commutes
with a, i.e., b € H if and only if ab = ba. Then H is a
subgroup of G, and furthermore, either H = G or |H| =
IGl/2.

Proof: That H is a subgroup of G is immediate. Suppose
that H # G, and let G — H = {b1,...b,} be those elements
of G that do not commute with a. Now notice any product
bib; does belong to H. Thus the elements b1 b; are all distinct
and belong to H, so H is at least as large as G — H. O

LEMMA A.3.2. In the situation of the previous lemma,
with |H| = |G|/2, let g be an element of G but not H. Then
gH=G—-H.

LeEmMA A.3.3. [Expansion] Let G be a self-conjugate sub-
group of Gm,, and let ¢ be a self-conjugate element of G, that
commutes with G but is not in GU—G. Then GUcG s also
a self-conjugate subgroup of G, and has twice the size of G.

LEMMA A.3.4. [Conjugation] Let G be an arbitrary sub-
group of Gm. For any a € Gm, a(d ], cq Ua)a can be written
as Y cqr Ua, where G' = aGa is a conjugate subgroup of
G. Hence if G is self-conjugate, then so is G'.

We now proceed with the case analysis from the main part
of the paper.

CASE 1: ¢ commutes with all of G.

Here (2) becomes 2Fa(2 Yoaea bat(cH+E) X, e ta)a. We
now analyze the three subcases outlined in the main text:

CASE 1A: ¢ =T, ¢ € GU —G. Observe that (2) becomes
2°a(23" e ta+2¢Y e Ua)a. Nowifc € G then cG =G,



SO €Y pcqa = Dneq Ua and we get 2k+2a(zaegua)6.
We then apply the conjugation lemma. Similarly, if ¢ € —G,
then ¢G = —G and we end up with 0.

CASE 1B: ¢ = ¢ ¢ ¢ GU —G. Again, (2) becomes
2%a(23 e ta + 2¢X, o ua)@. Since c is self-conjugate
and commutes with G, from the expansion lemma we can
write this as 2"™a(} .o/ ua)@ where G = G U cG is also
self-conjugate. We then apply the conjugation lemma.

CASE 1¢: ¢ = —¢. Here (2) becomes 2k+1a(zaegua)6,
and the conjugation lemma finishes this case.

CASE 2: ¢ does not commute with all of G.

By Lemma A.3.1, the set of elements that commute with ¢
form a subgroup H C G with |H| = |G|/2. In this case, the
first two terms in (2) become Y . ua + (D cq Ua)C =
23 cy Ua- Analyzing the last two terms will require two
subcases:

CASE 2A: ¢ =¢. Here we get c(} e ta)+ (P acq ta)C =
2¢ )", e Ua, S0 upon combining with the first two terms (2)
becomes 2k+1a(zaeH Ua + €Y, e Ua)@. H must be self-
conjugate since it is a subgroup of G. c is self-conjugate,
commutes with H, and does not belong to HU—H. Thus the
expansion lemma allows us to rewrite ZQEH U +C EagH Uy
as > cqr Ua Where G' = HUcH is self-conjugate and abel-
ian. We then apply the conjugation lemma and we are done.

CASE 2B: ¢ = —C. Here ¢}, cqUa) + Qe a)C =
2¢c EQGG—H Uq, SO upon combining with the first two terms
(2) becomes 2k+1a(za€H o +C€) e i Ua)a- Recall from
Lemma A.3.2 that G — H = gH for some g € G not in H.
Thus we can rewrite Y ., Ua+CD  cqy Ua 85D oy Uat
€Y wen Ua- Since cg is self-conjugate ((cg)? = cgeg =
—ccgg = —c?g®> = —(=1)(1) = 1) and commutes with H
(both ¢ and g commute with H), we can again apply the
expansion lemma followed by the conjugation lemma.

This completes the proof of Lemma 3.3. O

Proof of Lemma 3.5: Here we prove the stronger version
of Lemma 3.5 stated in the main text, namely that p =

22(1%. We first require two lemmas:

LEMMA A.3.5. Let m #Z 0mod4. Suppose a subgroup
H of size 287! expands to a subgroup G of size 2%. Then
|Z(H)| = 2|Z(G)|, where Z(H) and Z(G) are the centraliz-
ers of H and G in G, .

Proof: Recall that the centralizer of a subgroup G in G,
is the set of elements of G, that commute with all of G.

The proof appeals to a linear algebra description of G,,.
Consider F5*, the m-dimensional vector space over F;. We
identify a basis element a of G, with the vector v such that
v; is 1 if and only if ¢ appears among the subscripts of a.
Note that given two basis elements a and b their product
(up to sign) is described by the sum of their corresponding
vectors v + w. Further, if we define the dot product in the
usual way, then a and b commute if and only if v - w = 0.

A self-conjugate subgroup K of size 2/ can then be repre-
sented (up to sign) as a j-dimensional subspace Wi of F3*.
K is generated by exactly j elements, and a basis for the
subspace Wik consists of the vectors corresponding to these
generators. These vectors are distinct because of our re-
striction that if a € K then a ¢ —K. The vectors must be
linearly independent since a linear dependence would imply
that one generator is a product of the others up to sign,
which is impossible.
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We define the subspace Vx to be the subspace spanned
by Wk and T, the all-ones vector. The basis elements that
commute with K are then exactly those represented by the
orthogonal subspace Vi&. Any v € Vi must have an even
number of subscripts since v-1 = 0 and must commute with
K sincev-w = 0 for all w € Wk. It is a well-known fact that
dim Vk + dim Vi = dimFy* = m. There are thus 24™ Vic
unsigned basis elements in Z(K) so |Z(K)| = 2¢'™ Vic +1

Finally, observe that if H expands to G, then dim Vg =
dim Viz —1. This is true since G requires one more generator
than H, and further, none of these generators can be 1 since
m # 0 mod 4. Thus |Z(H)| = 2|Z(G)|. O

LEMMA A.3.6. When H expands to G as above, ezactly
half of the elements in Z(H) — Z(G) are self-conjugate.

Proof: Recall from case 1B of the proof of Lemma 3.3 that
G can be described as a(H U cH)a for some self-conjugate
¢ that commutes with H. Since conjugation by a changes
only the signs of H U cH we see that Z(G) = Z(H U cH).

Note that H C Z(H), and consider the set of cosets of
H in Z(H). Note that the elements of a coset are either
all self-conjugate or all not self-conjugate ((dh)? = dhdh =
ddhh = d?). Also, the elements of a coset either all commute
with ¢ (and hence with G) or all do not commute with ¢
(dhe = edh & dch = cdh < dc = cd).

Now consider a coset dH in Z(H) — Z(G) that is not
self-conjugate. Then cdH is also in Z(H) — Z(G) but is self-
conjugate. Similarly if dH in Z(H)— Z(G) is self-conjugate,
then c¢dH is not. Thus we have a bijection between self-
conjugate and non-self-conjugate cosets in Z(H) — Z(G),
proving our result. O

We now use the above two lemmas to show that when
m = 4q + 2, the largest self-conjugate subgroup has size
exactly 2%

When m = 2 mod 4, the self-conjugate elements comprise
exactly half of the 2™~! unsigned basis elements. (To see
this, recall that the unsigned basis elements correspond to
even cardinality subsets of {1,...,m}; the self-conjugate el-
ements correspond to those subsets of cardinality 4k + 2.)
Thus when the subgroup has size 2° = 1, its centralizer con-
tains 2™ 2 self-conjugate unsigned basis elements. At each
expansion step, the subgroup size doubles and the number
of self-conjuate unsigned basis elements in the centralizer
halves until the two are the same; this occurs when the sub-
group has size 2, where t = -2 = 2q.
2|G|

Thus p = maxg [ is exactly 22[1%, as desired. dJ



