Algebraic Number Theory
(lecture notes)
Martin Klazar

This course does not deal with the classical algebraic number theory, con-
cerned with finite extensions of the field of fractions Q and arithmetic in them
(in the past the course was oriented this way, and I was using the books of Mar-
cus [22] and Stillwell [29]), but instead I present a variety of topics devoted to
interesting number-theoretic facts obtained by algebraic methods. As the course
developed, at the end much of it revolved around bounds on sizes on zero sets
of polynomial equations and their applications. Eventually, the following topics
were covered.
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Notation. |X| or #X denotes the cardinality of a set X. N = {1,2,...}
are the natural numbers; Ng = {0,1,2,...}. Z={...,-2,-1,0,1,2,...} are
the integers and Q denotes the set of fractions (rational numbers). R is the
set of real numbers and C are the complex numbers. The symbols p and ¢
usually but not always denote prime numbers. Z, is the finite field of residues
modulo a prime p and F, is the finite field with ¢ elements, where ¢ is power
of a prime p. F* refers to the set (or multiplicative group) of nonzero elements
of a field F. F[t] or Flx1,...,x,] denotes the ring of polynomials in variable
t or in n variables 1, ..., x,, with coefficients in F'; F(t) or F(z1,...,x,) are
the fields of fractions of these rings (that is, ratios of polynomials). By (a,b) we
often denote the greatest common divisor of the integers a and b; for m € N,
p(m) denotes the number of n € N with n < m and (n,m) = 1. ®,(z) is



the n-th cyclotomic polynomial. Two acronyms: PID stands (besides ‘Prazska
integrovana doprava’) for the ‘principal ideal domain’ — each ideal in the ring is
generated by a single element — and UFD is the ‘unique factorization domain’
— each element in the ring has a unique, up to reordering and multiplying by
units, factorization into a product of irreducible elements.
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The abc conjecture and the Stothers—Mason theorem

We state the famous abc conjecture, proposed by Oesterlé in 1988 [27] and
Masser in 1985 [24]. Currently this is one of the most important open problems
in number theory, which we demonstrate by deducing from it validity of Fermat’s
last theorem for all sufficiently large exponents. Then we state and prove the
polynomial version of the abc conjecture, which in fact motivated it, and deduce,
unconditionally, the FLT for polynomials. Finally, we prove that both the
constant € in the exponent and the dependence of the constant M on ¢ in
the abc conjecture are necessary.

For any nonzero n € Z, we denote by

rin) =] »

pln

the radical of n, the product of all prime divisors of n. Clearly, 1 < r(n) < |n|
and 7(mn®) = r(mn) for any nonzero m,n € Z and k € N.

Conjecture (the abc conjecture). For every € > 0 there is a constant
M = M(g) > 0 such that if a,b,c € Z are coprime integers satisfying relation

a+b=c,

then
max(|al, |b],|c|]) < M - r(abc)* e .

In other words, for any € > 0 only finitely many triples of coprime natural
numbers a, b, ¢ exist such that a + b = ¢ and ¢ > r(abc)' =,

Corollary (asymptotic FLT). If the abc conjecture holds then there is an
no € N such that the equation

has no solution z,y, z,n € N with n > ng.



Proof. If we have a solution z,y, z,n € N of the equation, the abc conjecture
(with e = 1) implies that

2" < M r(a"y"2")? = M - r(zyz)? < M(zyz)? < M2°,

for a constant M > 0, and therefore n < (log M/logz) +6 < M + 6 (we may
assume that z > 3). |

Recently (August 2012), “Shinichi Mochizuki released a paper with a serious
claim to a proof of the abc conjecture. Mochizuki calls the theory on which
this proof is based inter-universal Teichmiiller theory (...)”, see [36] and the
references therein, especially [37].

If o € CJt] is a nonzero polynomial then r(a), the radical number of a, denotes
the number of distinct roots of a. So, again, r(a) < dega and r(ba™) = r(ba)
for every a,b € C[t] and n € N. In the ring C[t] we have the (formal) derivative

(antn + an—ltn71 + - tat+ Clo)/ = nantnil + (n - l)an—ltn72 +--tar

(o’ =0if a is constant). It is characterized by linearity, (aa + b) = aa’ 4+ BV,
and the Leibniz identity, (ab)’ = a’b+ ab’ (o, 8 € C and a,b € C[t]). Setting
(1/a)’ = —a’ /a?, we extend the derivative to the field C(t) of fractions of C[t]. If
f=rfife.. fr, fi € C(t), the Leibniz identity implies the logarithmic derivative
identity

(b ) _ hfoe Bfi i+ B ot L) i 7
=1 @
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It is crucial for the proof of the polynomial version of the abc conjecture.
Theorem (the abc conjecture for polynomials; the Stothers—Mason

theorem). Suppose that three polynomials a,b,c € C[t] satisfy relation
a+b=c,
are coprime and not all constant. Then

max(deg a,degb,degc) < r(abc) — 1.

Proof. Dividing a + b = ¢ by ¢ (c # 0 by coprimality), setting f = a/c, g = b/c
and differentiating, we get the equations

! /
f+g=1 and f’+g’:f~f7+g'g—:(),
g
which gives
FE b
9'lg a



We split a, b, ¢ in linear factors:

a _ of[(t —a)™ b _ BII(E = B)™

N (e TR A (AT

where «, 3,7 € C are nonzero, the a; are distinct roots of a with multiplicities
m; € N, and similarly for the 3; and ;. Expressing f’/f and ¢'/g by the
logarithmic derivative identity mentioned above, we get

b Yomi/(t—o) =3 0i/(t =)

a Yo/t —B) =Y o/t =)

If we multiply the denominator and the numerator on the right side by
N=][t=a) [TC-8)-T]t=),

b NQEmi/t—a) =X o0i/lt=7) _Q

we get

a  N(Zn/t—B)—oi/(t—) P’
where the polynomials P, @ € C[t] have degrees at most deg N — 1 = r(abc) — 1.
Since a, b are coprime, dega < deg P < r(abc)—1 and degb < deg Q < r(abc)—1.
From a + b = ¢ we deduce that deg ¢ < max(dega,degb) < r(abc) — 1 too. O

The theorem was obtained, independently, by Stothers [30] and Mason [23], and
our proof is taken from Lang [17, p. 194] who writes that it is due to Mason.
Using the theorem it is an easy matter to show that Fermat’s last theorem holds
for polynomials.

Corollary. Suppose that three polynomials a,b,c € C[t], not all constant, sat-
isfy relation
a"+b"=c", neN.

Then n < 2.
Proof. We may assume that the polynomials a, b, c are coprime. Let d > 1 be

their maximum degree. The S.—M. theorem: nd = max(dega”™, deg b™, degb™) <
r(a™b"c") — 1 =r(abc) — 1 < deg(abc) —1 <3d—1. Son < 2. O

For n = 1, there are very many solution, and the same for n = 2: specializing
the polynomial identity (22 — y?)? + (22y)? = (2? + y?)? holding in C[z,y], we
get many solutions (pythagorean triples) in CJ¢].
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As we promised, we show that in contrast with the neat polynomial version,
the abc conjecture for integers can only hold if it involves an ¢ in the exponent
and a multiplicative constant depending on €.



Proposition. No matter how large M > 0 is, there exists an € > 0 and a triple
a, b, c of coprime integers such that

a+b=c and max(|al,|b|,|c|]) > M -r(abec)'c .

Proof. For n=1,2,... let x,,,y, € N be defined by
To + YnV2 = (3+2V2)";

for examplea (371,91) = (3a2)7 (35272/2) = (17712> and (*T?ny?)) = (99770) It
follows by induction that
rr =2yt =1

for every n; these are solutions of the Pell equation 22 — 2y% = 1. Also, for any
even n = 2m we have

T + yn\/§ = (3 + 2\/§)n = (xm + ym\/§)2 = x%n + 2?/7%@ + 2$mym\/§ )

which gives that ¥, = 22,,¥m and shows that if n = 2™ then 2™t divides y,.
Thus setting n = 2" for m =1,2,... and

a=1, b=2yfb, c:xi,

we have that a + b = ¢, a, b, ¢ are coprime and, for any € > 0,

max(lal, o) _ a3 mpon 2
rlabe)ite  r(zayn/2m)1TE T (zpyn)ite T oa2e’
which proves the claim. O

This proof is taken from de Koninck and Luca [16, Theorem 11.2]. Lang [17, p.
196] suggests a similar proof, based on the identity (32n -1)+1= 32" and the
observation that the number in brackets is divisible by 2.

Roots of unity and cyclotomic polynomials

The next topic is applications of roots of unity to number theory; we will
give four. For m € N, the number « € C is an m-th root of 1 (unity) if o™ = 1.
There are exactly m of them and they form vertices, one of them being the
number 1 itself, of a regular plane m-gon inscribed in the unit circle in the
complex plane centered at the origin:

a = exp(2mik/m) = cos(2nk/m) + isin(2wk/m), k=1,2,...,m .

If (k,m) =1, a is called a primitive m-th root of 1: the order of « is m as
a? # 1 for any j < m. In general the order of an m-th root of 1 is a divisor d
of m, obtained as k/m =1/d, (I,d) = 1, by bringing the fraction k/m to lowest



terms. There are exactly ¢(m) primitive m-th roots of 1. For example, if m = p
is a prime number then ¢ = exp(2mik/p) for k = 1,2,...,p — 1 are the p — 1
primitive p-th roots of 1 and 1 = exp(2wip/p) is the only p-th root of 1 with
order 1, corresponding to the divisor 1 of p.

For n € N, we denote the ¢(n)-element set of primitive n-th roots of 1 by
pr(n). Since the set of all n-th roots of 1 is partitioned in the sets pr(d) for d
running over the divisors of n,

{e*/m | k=1,2,...,n} = | pr(d),
d|n
comparison of cardinalities gives the identity

n:ZQp(d).

d|n

The n-th cyclotomic polynomial ®,,(x) € Clx] is defined by

D, (z) = H (x—a).

a€pr(n)

Thus deg @,, = ¢(n). The partition gives besides the identity also the factor-

ization
" —1= H@d(x).
dln

Lemma. For every n € N, the polynomial ®,,(x) is monic, has integral coeffi-
cients and constant term £1.

Proof. 1t is clear that each ®, is monic. We prove the other two claims by
induction on n. For n = 1 they hold as ®1(z) =z —1. If n > 1, m = ¢(n),
D, (x) = 2™ + amo12™ 7 + -+ a1z +ag and Ui (2) = ;) gen Palz) =
LV 4 by 12" 4o 4 by + b, then by induction we have that b; € Z
and by = 1. Comparison of coefficients in

[ 2a(2) = @n(2) ¥, ()
din
= @™+ tazr+a)(@ "+ -+ bz +by)

" -1

yields the system of equations
—1 = apbg, 0 = agby + a1bg, ... .
It can be solved for each a; in terms of the b;, j < 4, and the ay, k < i, with

diViding only by bo: ag = 1/b0 =41, a1 = —aobl/bo = +apby € Z, ..., hence
a; € Z for every i. |



Application 1: primes of the form 1+ m, 1+ 2m, ...

Proposition. Let m € N. Then
p=1+mn, ne N,

1s a prime number for infinitely many n.

Proof. First note that it suffices to exhibit just one prime number of this form.
Indeed, if this prime is p(m) then p(km), k = 1,2,..., is a sequence of primes,
all congruent to 1 modulo m, containing infinitely many distinct primes because
p(km) > km for every k.

Let m € N; we may assume that m > 3. We consider the two polynomials

fz) = ®&,(x) and
g@) = [ @@, so
d|m,d<m
f@gl) = o™ 1.

By the above lemma, f(z) and g(x) have integral coefficients. Since they have
no common root (the roots of f(x) are exactly the primitive m-th roots of 1 and
the roots of g(z) are the remaining m-th roots of 1), there exist polynomials
a,b € Z]x] and a number ¢ € N such that

alw) f(x) + b(x)g(z) = c .

(The ring Q[z] is a PID and f,g are coprime in it, thus the ideal (f,g) = (1)
and we have the Bachet identity a.f + Sg = 1 for some «, 5 € Q[z]. Multiplying
by a common multiple of the denominators of the coefficients of a(z) and S(x),
we get the stated identity.) By the definition of ®,,(x), we have |f(x)| > 1 for
any x > 2 (Jx — a| > 1 for every a € pr(m) as m > 2). Thus there exist a
prime number p dividing the integer f(2¢) as |f(2¢)| > 2. Since f(2¢) divides
(2¢)™ — 1, so does p. If d is a divisor of m, smaller than m, then p does not
divide (2¢)4—1 = [1e, e a ®e(2c), because otherwise it would divide g(2c), hence
(by the above identity) ¢ and 1. Thus the multiplicative order of 2¢ modulo p is
m. Little Fermat’s theorem gives (2¢)P~! = 1 modulo p and therefore m divides
p — 1, and we are done. O

This proves a particular case of famous Dirichlet’s theorem (1837), which asserts
that for any two coprime numbers a, m € N the number a+mn is a prime num-
ber for infinitely many n € N, and is proved by analytic means. As discussed in
Narkiewicz [26], the algebraic arguments probably cannot be extended to yield
the general case.
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The previous proof is taken from Narkiewicz [26, p. ??7] who took it from
Wendt [34] and simplified it. (And we simplified the proof further a tiny bit:
[26] considers the values f(kc), k = 1,2,..., but this is unnecessary as f(2c)
always works.) In the lecture I gave a quite cumbersome presentation of the
proof by means of the next result, which I keep in the lecture notes for its
intrinsic interest.

Proposition. Let a € Z[z] be a nonconstant polynomial. Then infinitely many
prime numbers p divide a nonzero value a(n), n € N.

Proof. Let S = {p1,pa,...,pr} be a finite set of primes. We show that there is
an n € N such that a(n) # 0 and is divisible by a prime not in S.
A combinatorial argument. We consider the two sets

X ={pi'p3*...p;" | a; € No} and Y = {|a(n)| € N\{1} |n € N} .
We claim that for £ — +00, denoting by d = dega > 1,
X (2)| =X N[1,2]| = O(log" z) and [Y ()| = [Y N[1,2]| = Q")

The first bound folows from the fact that for any n € N, n > 2, there are
at most logz/log2 + 1 powers 1,n,n% n3 ... not exceeding = (and, of course,
from the uniqueness of prime factorizations). The second bound follows from
the facts that for each m € Z, the equation a(x) = m has at most d solutions
x € Z (even in C) and that a(n) = O(n?) for n € N. Thus for large z, the set
Y () is much larger than X (x) and, in particular, Y\X # . So any m € Y\ X
has the property that m = |a(n)| # 0,1 for some n € N and is divisible by a
prime not in S.

An algebraic argument. Let a(x) = agx®+ -+ a1z + ag with a; € Z, d > 1
and ag # 0. The claim holds if ap = 0 because then n divides a(n) for every
n € N. Thus we assume ag # 0. We set m = pyp2...p, and for k = 1,2,...
have

d d
a(kmao) = Y _ ai(kmao)" = ao (1 +> ai(km)iaél> .
=0 i=1

For any k, the integer in brackets is 1 modulo m and, if distinct from =41, it
is divisible by a prime not in S and so is a(kmag). As we know, a(n) = b
has at most dega = d solutions n € Z, and so we may select a k € N with
a(kmag) # 0, £aop; the value a(kmag) has then the required properties. o

The combinatorial argument reveals that polynomiality of the function
a: N—=Z

is in fact irrelevant for the result; what only matters is the degree of its non-
injectivity and its growth. For example, by the combinatorial argument, the
proposition holds for any strictly increasing function a(z) such that a(z) =
O(z°) as x — 400, with a constant ¢ > 0. See Elsholtz [10] for such results.



But the algebraic argument has its merit too. It is easy to come up with
functions a : N — Z growing too quickly to satisfy the growth condition, hence
the combinatorial argument does not apply to them, but for which the algebraic
argument works. For example, consider

a(z) = b(2%), b € Z[x] with degh>1.

Application 2: Wedderburn’s theorem on skew fields

It is easy to show (by linear algebra) that each finite field F' has p* elements,
where p is a prime and k£ € N, and it is not too hard to prove that for each
prime power p* there is (up to isomorphism) exactly one finite field F' with
this number of elements; F is obtained either as Z,[z]/(a) for an irreducible
polynomial a € Z,[x] with degree k or as the set of roots (in the algebraic
closure of Z,,) of the polynomial P

In contrast, no finite skew field (‘noncommutative field’), which is a noncom-
mutative ring in which each nonzero element is a unit, exists. The next proof
of this interesting fact relies on cyclotomic polynomials and is taken from the
nice book of Aigner and Ziegler [1, Chapter 5].

Theorem (Wedderburn [32], Dickson [9]). There is no finite skew field.

Proof (Witt [35]). Let T be a finite skew field that is not a field: zy # yx for
some z,y € T; we derive a contradiction. We partition 7% = T\{0} by the
conjugation relation ~: for z,y € T we have z ~y <= x = sys~! for some
s € T*. This is an equivalence relation, and we denote the equivalence classes
by

Ay ={yeT* |z~yl={sas |secT*}, zcT*.

™= |J A

zeTX*

So we have the partition

—if Ay, N Ay # 0 then A, = Ay, For x € T™ we consider also the centralizer
C, of z,

Co={yeT|zy=yzx}.
This is the set of elements in T' commuting with x; it contains 0 and 1 and is
a skew subfield of T'. The centre Z of T are the elements in T that commute
with every element in T

z= U Avim= U {@uon=Nc.

z€TX, |[Az|=1 zE€TX, |Az|=1 zeT

Z is a (commutative) subfield of T'.



For every x € T,
T =1CF] - [Aq] -
This follows from the fact that, given z € T, the mapping from T to T that
sends s to szs~! is onto A, and |CX|-to-1: sjxsy’ = sowsy + iff s5's; € C, iff
S1 € 3201..
T and every C, are vector spaces over the field Z. Denoting ¢ = |Z], and
the respective dimensions of 7" and C, by n and n,, we get

T =q" and [Cof = g™

By our initial assumption, there is at least one class A, with more than one
element. Let all the distinct non-singleton classes be Ay, Agy, ..oy Agy, t > 1,
and let n; be the dimension of C,, over Z. By the above relation, |A,,
|T[/|Cx|. Thus

" 1=|T"=|Z"|+ Z IAI—q—1+Z @i —1°

z€T™, |Ag|>2

We show that this identity,

qn171)|(qn71)7 n; <mn, QZQ

(t,q,n;,n € N), is contradictory. First we show that the divisibility assumption
implies that each n; divides n. Indeed, if ¢"* — 1 divides ¢ — 1, ¢, m,n € N and
q > 2, then we write n = am + b with 0 < b < m and

n_ 1= qam+b 11— (qm _ 1) — qm(q(a—l)m+b _ 1)

shows that ¢™ — 1 divides ¢(*~D™+b — 1: iterating we get that ¢™ — 1 divides
q” — 1, hence b = 0 and m divides n. So we have the identity

where q,n,n; are positive integers, ¢ > 2 and each n; is a divisor of n smaller
than n.
We deduce contradiction by means of cyclotomic polynomials. Factorizing
" —1 and 2™ — 1 by them, the identity gives

"—IZH(I)d( —q_l-i-zll_—lldln@d(i)

d|n

which implies, since each n; divides n but n; < n, that the integer ®,,(q) divides
q — 1. This is impossible:

I—qu*a|>qu*1| (g-1)™>q-1,

10



where the product is taken over all ¢p(n) > 1 primitive n-th roots of unity « € C,
because ¢ > 2 and each « has real part smaller than 1. O
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Application 3: euclidean constructions of the regular

plane 5-gon, 17-gon, 257-gon and 65537-gon

The well-known characterization of regular plane n-gons constructible by an
euclidean construction — a construction using only an unmarked ruler and a
compass — says that this is possible <= n factorizes to

n=2pipa...p;,

where | € Ny and the p; are mutually distinct primes of the form 2% + 1,
k € Ny. The implication = was proved by Gauss and the opposite implication
< by Wantzel.

From the factorization 2" +y" = (z+y)(a" 1 —a"2y+a2"3y? —- .. 4y 1)
for odd r it follows that necessary condition for primality of 2¥ + 1 is that k is
a power of 2. The primes of the form 22 4 1, t € Ny, are called Fermat primes
because Fermat conjectured that all of them are primes; this turned out to be
quite wrong. To date only five Fermat primes are known:

21 4+1=3,2241=5 2" +1=17, 224+ 1 =257 and 2'6+1=65537.

The next number 232 + 1 was shown to be divisible by 641 and thus composite
by Euler. A more recent conjecture says that no Fermat prime besides these five
exists. In the lecture I will prove the following particular case of Gauss’ result.

Theorem (Gauss). Ifp =2F+1, k € N, is a prime number, then the reqular
plane p-gon can be obtained by euclidean construction.

(We put aside the prime p = 3 = 2 + 1 which is kind of exceptional; the
equilateral triangle is clearly constructible.) I will follow the proof in Davenport
[8, p. 20-21].

We start with some auxiliary results. The next is known as Fisenstein’s
wrreducibility criterion.

Proposition (Eisenstein). If p is a prime and f(z) = apz™ + -+ a1z + ag
18 an integral polynomial such that p does not divide a,, p divides each a; with
i <n and p* does not divide ag, then f(z) is irreducible in Z[z].

Proof. Note two easy results. First, the reduction mapping from Z[z] to Z,[z]

sending a polynomial p(z) to its reduction p(x), in which each coefficient is
reduced mod p, is a ring homomorphism. Second, if R is an integral domain,

11



e.g. Z,, and a € R*, then the only factorizations ax* = g(z)h(z) in R[z] are
g(z) = bz! and h(x) = cx™, where b,c € R with bc = a and I,m € Ny with
I+m = k. (This follows either from the fact that R[z] is a UFD or can be seen
directly.)

Now suppose for contradiction that f(z) = g(z)h(x) in Z[x] with deg g, deg h >
1. Reducing this mod p we get, by the assumption on the coefficients a;,

@pa" = g(z)  h(x), @ #0.

So, as we noted, g(r) = br! and h(x) = cx™ where b,c € Z, with bc = @,
and [,m € Ny with [ + m = n. In fact, I = degg > 1 and m = degh > 1
or vice versa. This means that the constant terms in both g(z) and h(z) are
divisible by p. Thus their product ag is divisible by p?, in contradiction with
the assumption. O

Corollary. If p is a prime, the cyclotomic polynomial ®,(z) = 2P~ + 2P~2 +
<o« +x+1 is irreducible in Z[z].

Proof. Clearly, ®,(z) is irreducible in Z[z] if and only if f(y) is irreducible in
Zly|, where f(y) = ®,(y+1). But

fly) =T,y +1) = m =yP 4 <11))yp2+...+ <pfl)

is irreducible by Eisenstein’s criterion, because (f) = pl=1) - is divisible

bypf0r0<i<pand(pfl):p. a

(p—i+1)
!

It is well known by the Gauss lemma, which we will neither state nor prove
here, that irreducibility in Z[z] is equivalent with irreducibility in Q[z].
For m € N, we denote by

ZX ={ili=1,2,...,m, (i,m) =1}

the set of residues modulo m coprime to m, and also the multiplicative group
(Z),,-). We say that g € Z is a primitive root modulo m if (Z),,-) is cyclic
and g generates it. Then i — ¢* gives an isomorphism of the groups (Z(my,+)
and (Z),,-). Every residue n € Z, then can be written as

n=g' (mod m),
where the exponent i € Z is unique modulo ¢(m). We write
i = ind(n) = indy(n)
for the inverse isomorphism. Clearly,
ind(mn) = ind(m) 4+ ind(n) (mod p(m)) .
Moduli with primitive roots therefore possess a discrete logarithm function ind,.

The next result is due to Gauss.

12



Proposition. Every prime modulus p has a primitive root.

Proof. We consider the finite field Z, = (Z,,+,-) and for any divisor d of
¢(p) = p— 1 denote by Ay the set of a € Z)% with order d and by R4 the set of
a € Z, with a? — 1 = 0. We want to show that A, ; # (. For any m € N we
have the elementary identity

> eld)y=m,

d|m

which follows by partitioning the numbers 1,2, ..., m by the equivalence relation
~ defined by i ~ j < (i,m) = (j,m) = d. We show that

Ag # 0 = |Aa = ¢(d) ,

which due to the identity (with m = p — 1) gives that always |A4| = ¢(d). In
particular, 4, ; # 0 because |4,_1| = ¢(p — 1) > 1, and there are ¢(p — 1)
primitive roots modulo p.

So let @ € Ay. The powers a,a?,...,a¢ are all distinct modulo p, for else
a would have order smaller than d. Also, {a,a?,...,a%} C R4. Since |Ryq| < d
(by the bound on the number of roots of a polynomial), we have that R; =
{a,a?,...,a%}. But Ay C Ry, and we see that each element of Ay is a power
a’, 1 <i <d. Clearly, a' € Ay iff i is coprime to d, and |A4| = p(d). O

In the following, p is a prime number, ¢ is a primitive p-th root of 1 — a
complex number of the form { = exp(2mik/p) with k € {1,2,...,p— 1} — and
g is a primitive root modulo p. Note that then

1’ C? C27 MR Cp_l

is the list of all p p-th roots of unity, where the last p — 1 ones are the primitive
roots with order p and 1 is the p-th root of unity with order 1.

Proposition. Let p be a prime and f € Z[z]. Then there exist unique integers
ai,az,...,ap—1 such that for every primitive p-th root of unity ¢ we have

f(¢) = alC-i-aQCQ + ... -‘r-ap,lgp*l ]

Proof. Using the identity (P = 1 we reduce each power of ¢ in f({) to one with
the exponent in 0,1,...,p — 1. If a term a¢® = a, a € Z nonzero, is present, we
get rid of it using the identity

CH P =1,

which follows from the fact that the sum of all p-th roots of 1 is 0 (minus
coefficient of zP~1 in 2P — 1). This gives the required expression of f(¢) as a
linear integral combination of all primitive p-th roots of 1. If

a1C+ax®+ - +ap 1P =alC+ahC + - +a), P
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for two distinct (p — 1)-tuples of integers ay,...,a,—1 and a},...,a;_;, by sub-
straction and taking out a power of ( we deduce that ( is a root of a nonzero
integral polynomial with degree smaller than p — 1, which contradicts the above

proved irreducibility of ®,(z). Thus the tuple ai,...,a,—1 is unique. |

If p is a prime and
pflzef’ @,fGN,

is a factorization, we define for j € Z the e-th Gauss period n; € C by

nj = Z ¢,

ind(n)=j (mod e)

that is, we keep in the sum 22;11 (™ = —1 only the exponents n whose index
indy(n) is j modulo e. Each n; is a sum of f summands and since 7, is periodic
in j7 modulo e, we have e (potentially) distinct Gauss periods and may take
j=1,2,...,e. Also,

m+mne+-+n.=-1.

The value of n; depends on the choice of the primitive root ¢ of 1 and also on the
choice of the primitive root g modulo p. But the replacement of ¢ with (™ for n
coprime to p and g with ¢* for ¢ coprime to p — 1 only results in permuting the
indices of 11,72, ..., Me, and thus makes no difference for symmetric expressions
in periods, that is, expressions that are invariant upon permuting the indices
(e.g., the identity 171 + 12 + -+ + 1. = —1). We make use of Gauss periods to
prove euclidean constructibility of regular p = (2% + 1)-gons.

Lecture 5, November 6, 2012

We assume that p > 2 is an odd prime and look first at the two Gauss
periods 71 and 79 for e = 2.

Lemma. If p > 2 is a prime number and e = 2 then the two corresponding
Gauss periods satisfy

o v2_ ) —p ... p=3(mod4)

(2 =m) _{ ... p=1(mod4)

p

Consequently, both periods are quadratic irrationalities, 1y 2 = %(1:&2\/13) in the
former case and m1 2 = (1 + \/p) in the latter.

Proof. We denote by QR the quadratic residues modulo p and by NR the
quadratic nonresidues. It is easy to see that the former are exactly the elements
in Z; with an even index and the latter are those with an odd index. Thus

p—1
m
G=3" <p>§m: o= Y M=mem
m=1 meZy meQR meZ) ,meNR
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Squaring, substituting mo = min modulo p and using properties of Legendre’s

symbol (%), we get

p—1 p—1 p—1
mimso n
G2 = <) le-i'mz _ () <m1+7n1n
> (5 > 2. (5

mi,ma=1 mi=1n=1

p—1 p—1
- () e
n=1 p mi=1

If n = p—1, the inner sum equals p — 1, and else it is —1 for then the exponent
runs through all residues in Z;. Hence

p—1 P2 1
@ () n-2G) -G

p ; p p
because the full sum 22;11(%) = 0 (there are %_1 quadratic residues and %_1
quadratic nonresidues). Thus, by the 1st supplement to the quadratic reci-
procity law, G2 = —p for p = 3 mod 4 and G? = p for p = 1 mod 4, and this is
the stated formula. Thus 72 —n1 = £i,/p in the former case and 1y —m1 = £/
in the latter, which together with n; + 72 = —1 enables us to express n; and 73,

up to the undetermined sign. m|

What about the undetermined sign in the expressions for 7; and 727 Since
Sl ¢™ =0, we get that also

p—1
ne—m=1+2 Z CmZZCm2~
m=0

mEZ;< ;mEQR

To speak about a concrete sign, first one has to fix a specific {. So let { =
exp(2mi/p). Davenport [8, pp. 12-16] gives a (cool) proof, due to Dirichlet in
1835, of the more general result that for any N € N,

s (1+44)VN N =0 (mod 4),

— o _J VN ... N=1 (mod4),
Z_a; exp(2min”/N) = 0 ... N =2 (mod 4) and
" ivV'N ... N=3(mod4).

The next general proposition is a tool enabling to relate Gauss periods for e
to those for e/2.

Proposition. Let p > 2 be a prime, p—1 =ef fore, f € N, ¢ be a primitive
p-th root of 1 and let

flx,t) € Z]z,t]
be a polynomial with the property that for any m € Z coprime to p but divisible
by e we have

fl@, Q) = fla,¢™) .
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Then there exist polynomials b; € Z[z], 1 < j < e, such that for every primitive
p-th root of unity ¢ we have

CSED SIS

Proof.
O

Proposition. Let p = 28 + 1, k € N, be a prime number, that is to say,
p =5,17,257 or 65537 (k = 2,4,8 or 16), and ¢ be a primitive p-th root of 1.
Then
CeQy,

where Qo = Q and Q; = Q;_1(\/a;_1) for j = 1,2,...,k with a1 € Q;_1
and Qj—1 C R. In other words, { can be obtained from fractions by using
rational operations and taking k times a square root, so that all involved square
roots except the last one taken are real numbers.

Proof.

Lecture 6, November 13, 2012

Application 4: a particular case of Weil’s theorem on the

number of solutions of polynomial congruences

In 1948, A. Weil [33] obtained a strong bound on the number of points
on curves defined over finite fields. To state it, we say that a polynomial
F € Klz1,...,z,] over a field K is absolutely irreducible if it is irreducible
in K[r1,...,2,] where K is the algebraic closure of K.

Theorem (Weil, 1948). Suppose F' € Fy[z,y] is an absolutely irreducible
polynomial over a finite field Fy with ¢ = p* elements. Then

N:#{(a,b)€F3\F(a,b)zO}:q—i—O(\/(}).

WEeil conjectured and partially proved more general and detailed results which
we do not state here. It turns out that building on the case n = 2, one can
extend Weil’s bound to n > 2 variables. Thus Lang and Weil [18] proved that
if F € Fy[z1,...,2,] is an absolutely irreducible polynomial in n > 2 variables,
then the equation F'(z1,...,2,) =0 hasin F,,

qnfl + O(qn73/2)
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solutions.
In the course I will prove two particular cases of this bound: for the polyno-
mials

F(x1,...,0,) = a1z]* +--- 4+ a2z’ and F(z,y) =y* —az® —ba® —cx —d,

with integral coefficients and just for the field F; = Z, of residues modulo a
prime p, when the equation can be viewed as a congruence modulo p.

For the diagonal polynomials in the first case we will count the solutions
by means of complex roots of 1; the method in the second case will be totally
different. The result and its proof are taken from the book of Borevi¢ and
Safarevic [5, Section 1.2]. We will prove the following.

Proposition. Let p be a prime, ai,...,a, € Z, n > 3, numbers not divisible
by p, 11,...,7n € N and d; = (r;,p — 1). Then the number N of solutions of
the congruence

a1z]t + agxy? + -+ apz;” =0 (mod p)
satisfies the estimate

|N _pn—1| < (dl — 1) . (dn — 1)(p _ 1)pn/2—1 — O(pn/2) )

The estimate is in fact valid also for n < 2 but then it is trivial and gives no
information; for n < 2 variables it is easy to resolve the congruence directly.
For n = 3 we get Weil’s bound and for n > 4 an even stronger bound. If an
exponent 7; is coprime to p— 1, the estimate yields N = p”~!. This can be seen
directly: we write the congruence as z;° = —y/a;, where y is the rest of the left
side, and (as we show in a lemma below) for any fixed mod p residue y given
by each of the p”~! choices of values for the unknowns distinct from z; there is
exactly one solution x;.

To prove the Proposition, we derive for N an explicit formula. By > ...
we denote summation over all p residues modulo p, and by Z; ... summation
over the p — 1 nonzero residues mod p. Also, for each prime p we fix ( € C, a
primitive p-th root of 1, and g € Z, a primitive root modulo p.

Lemma. Let p be a prime and F € Z[xy,...,x,] an integral polynomial. The
number N of solutions of the congruence F(xy,...,x,) = 0 modulo p is given
by the formula
1
N :pnfl 4= Z/ Z CzF(ml ..... Ty) )
P T1,..,Tn

Proof. For any y € Z we have

ey | p .. y=0(mod p)
ZCy_{O .o yZ0 (modp).

x
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Indeed, the former case is clear and in the latter zy runs through all residues
mod p, and we get the sum of all p p-th roots of 1, which is 0. Thus

1 TF (1, ,Tn) _ 1 zF(x1,..,Tn
N:;? Z ZCF(L, )752 Z CF(I )’
T

yoosTy T T T1,..,Tn
which gives the stated formula after taking out the terms with x = 0. ]
To make the formula more explicit if F(z1,...,2,) = a12]* + -+ + apxln,

we find the number of solutions y of the congruence y” = z. Recall that for
x € ZX, the index ind(z) is the mod p — 1 unique residue ¢ such that g' = =
mod p (g is the fixed primitive root modulo p).

Lemma. Letp be a prime, r € N, z € Z, d = (r,p — 1) and m(z) be the
number of solutions y of the congruence y" = x modulo p. Then

1 ... =0 (mod p)
m(z)=< 0 ... x#0 (mod p)& ind(z) #Z 0 (mod d)
d ... x#0 (mod p) & ind(z) =0 (mod d) .

In particular, if d =1 then m(x) =1 for every x € Z.

Proof. If x = 0 mod p, there is exactly one solution, y = 0. If x Z 0 mod p,
then so is y and in terms of indices the congruence is equivalent with

r-ind(y) = ind(z) (mod p—1) .

The left side and the modulus are divisible by d, and if the right side is not,
there is no solution. So we assume that d divides ind(z) and get the equivalent
congruence

(r/d) -ind(y) = ind(x)/d (mod (p —1)/d) .

Now (r/d,(p —1)/d) = 1 and thus the last congruence has exactly one solution
for ind(y) modulo (p—1)/d. It gives all ﬁ = d solutions for ind(y) modulo
p—1. O

To express the quantity m(z) in an algebraicly convenient form, we resort
to the d mappings xs: Z — C, s=0,1,...,d—1, given for x € Z not divisible
by p as
s-ind(x)

xs(x) =¢
where ¢ is a fixed primitive d-th root of 1, and by xs(z) = 0 if p divides z.

Lemma. Letp be a prime, x € Z, r € N, d = (r,p — 1) and m(zx) be the
number of solutions y of the congruence y" = x modulo p. Then

d—1
m(z) =1+ sz(x) )
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Proof. If p divides x then each sumand is 0 and we get m(z) = 1, as we should.
Else the right side equals

d—1

D> _x:(@)

s=0

Here if d divides ind(x) then each summand is 1 and the sum is d. If d does not
divide ind(z), then the last sum equals

d—lgs‘ind(z) _ gdind(z) _q _1-1 0
gind(z) — 1 eind(z) _ 1 :
s=0
For any x we have agreement with the previous lemma. O

For p a prime, x : Z — C a p-periodic mapping and a € Z, we denote
X) =D x(@)¢ .
T

If F(ay,...,2n) = a1z 4+ - -+ anxlm, we transform the formula for the number
of solutions stated in the first lemma for general polynomial in a more explicit
form involving the quantities 74 ().

Lemma. If p is a prime, a1,...,a, € Z, n > 1, numbers not divisible by
D, T1,...,Tn € N, d; = (riy;p — 1) and N is the number of solutions of the
congruence a1xy* + - -+ + apxir =0 modulo p, then

n d;i—1
nl
+ - § HETalanzsa
T =1 s=1

s-ind(x)

where X; s(x) =¢€; and €; s a fixed primitive d;-th root of 1.

Proof. For F(x1,...,2,) = a127" + - -+ + apzlr the formula for N stated in the
first lemma becomes

N = pn 1+ Z Z Cm(alxl +otanzin) _pn 1+ Z Hzcxalx i -
=1 x;
Denoting a = za;, r = r; and y = x;, the inner sum equals
e = e
y

where as before m(z) counts solutions y of y” = & modulo p. Denoting d =
d; = (r,p—1) = (r;,p—1) and replacing m(x) by the expression of the previous
lemma, we get

d—1 d—1
St =3 (1 + sz(a»)cw = Zcm + ZZXS )¢ =) " Talxs)
s=1

Yy T s=1 s=1 «
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because a # 0 modulo p. Thus the inner sum equals to the sum of the quantities
Ta(xs) for s =1,2,...,d — 1, and we get the stated formula. a

Note that we may assume that each d; > 2, because d; = 1 makes the whole
error term correctly 0, as we observed above.

In the next lecture we will prove that the quantities 7,(xs), called Gauss
sums, involved in the formula all have modulus ,/p. This gives the bound in the
Proposition at once:

n di—1 n d;i—1
—1
|N_pn | = E HE Talz Xzs > E HE ‘Talz Xzs
x i=1 s=1 T =1 s=1

n

MICER

= (p—1)(dy—1)...(dp —1)p"/>7L.

Lecture 7, November 20, 2012

To complete the proof of the Proposition, we prove that Gauss sums have
modulus /p.

Lemma. Let p be a prime number, € a primitive d-th root of 1, where d > 2
and is a divisor of p—1, x = xs : Z — C be given by x(x) = 5= for some
se{l,2,...,d—1} ifx € Z with (z,p) =1 (x(x) =0 if p divides x) and a € Z
be a number not divisible by p. Then

C(ZJE

ITa(X)] =

Proof. The properties of x = x5 important for the proof, easily folowing from
ther definition, are that x is periodic modulo p, x(ab) = x(a)x(b) for any
two numbers a,b € Z and that x(c) # 1 for some ¢ € Z) (set ¢ = g, then
x(c)=e®*#1asd>2and s #0).

If f,g: Z — C are p-periodic functions, the formula

— % 3 )i

defines a hermitian scalar product on the p-dimensional complex vector space
of p-periodic and complex-valued functions on Z. The set of p functions

fol@) =" beZ,,
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is an orthonormal basis: (f, fr) = 1 if b = b/, and = 0 if b # b, by the
evaluation of >~ (*¥ above. We expand x in terms of this basis,

X(@) =Y afy(x), o €C,
b

multiply the expansion by x(c) for a nonzero mod p residue ¢ and change the
summation variable b to bc:

x(ez) = x(e)x(@) = > _ x(@anfo(@) = > _ x(e)anefoe(x) = Y x(c)anefolcr) .
b be be

This shows that o, = x(c)ap. and, setting b = 1, |a.| = |ay| for any ¢ € Z.
Setting b = 0 we get the equation ag = x(¢)ap, thus ap = 0 (as we remarked
above, we can select ¢ so that x(c) # 0,1). So for any a € Z),

060 =Dl = (p = Dla* = W ’
b

because

Ty e 7o)
Oéfa_<X7ffa>_p;X( )C » .

But by definition also

ox) = = 3 xOx® = = 3 k@) = 2=
p P4

b

and we get that |7,(x)|? = p. O

The proof of the Proposition is now complete.

Another particular case of Weil’s theorem:

Hasse’s theorem

In 1936, H. Hasse [15] proved a conjecture, stated by E. Artin in 1924, on
the number of points on elliptic curves over finite fields. In terms of congruences
his result, which we do not state in details, gives the following bound.

Theorem (Hasse, 1936). Let p be a prime number, a,b,c,d € Z be numbers
with a # 0 and N be the number of solutions of the congruence

y? = az® + ba? + cx + d (mod p) .
Then
N=p+0(Vp),
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with an absolute implicit constant in the O.

Instead of congruences we will use the language of finite fields Z,; we may
and will assume that p > 5. The proof we present is taken from Baker and
Wiistholz [4, Section 1.6] (who in turn write that they follow Baker [3]). Let

f(@) = az® + b2 + cx +d € Zplz] and g(z) = f(z)P~V/2 € Z,[z] .

Recall Euler’s criterion: if @ € Z, is nonzero, then a(P~1/2 = £1 and for value
1 the equation y? = « has exactly 2 solutions and for value —1 it has 0 solutions.
If @ = 0 then y? = o has 1 solution. (In the above lemma we actually proved a
more general result.) Thus if

n=#{a€Z,|g(e) =1} and n' =#{a € Z, | g(a) = -1},

then p—3 <n+n’ <pand2n <N <2n+ 3. It suffies to show that
n,n'<g—|—0(\/f9),

for then n = p/2 + O(,/p) and hence N = 2n + O(1) = p + O(/p)-
We prove that

n<§+0(\/fo);

as we will see, the same bound for n’ can be proven almost with no change. To
this end, we construct an auxiliary polynomial

J—1

J—1
pla) = (uj) +vj(@)g(@)a? =Y uj(@)a? + vj(x)g(z)a?
j=0

§=0
where J € N and u;,v; € Zp[z] are polynomials with degrees at most (p —5)/2
each. Their coefficients and the value of J will be specified later.
Lemma. If at least one of the polynomials u;(x) and v;(x), 0 < j < J, is
nonzero, then so is the whole ¢(x).

Proof. Let djo = degu; and dj; = degv;. We show that the degrees of any
two (nonzero) summands of the 2J summands in the last sum defining ¢(x) are
distinct; this shows that there is no cancellation and proves the claim. Suppose
two of the degrees are equal:

djr +pj +k(3/2)(p— 1) =djw +pj’ + K (3/2)(p - 1),
where 0 < j,j5' < J and k, k¥’ € {0,1}. This equation is equivalent with
2dji — djiw) +3(K — k) = p(2(j" — j) + 3(K' — k)) .

The integer on the left side is in absolute value at most 2(p—5)/2+3 =p—2 <p
(for this step to work we need p > 5), and the right side is divisible by p. Thus
their common value is 0, which implies that k = k¥’ and j = j'. m|
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Next we consider derivatives of ¢(x). Since we differentiate polynomials with
coefficients in the field Z, of characteristic p, things sometimes go differently
than in the more familiar case of characteristic 0.

Lemma. For everyl=0,1,2,... we have the representation

) = 7) + vn(@)g(w))e"

=0

where w;;, vy € Zplz] are polynomials with degrees less than 21 + p/2 each.
Moreover, for each j, each coefficient of uj(x) expresses as a linear combination
(with coefficients in Zy) of the coefficients of uj(z), and similarly for vj(z) and
vj(z).

Proof. We proceed by induction on [. For [ = 0 the claim holds. Since
()Y = (p(z)P) and (xP7) = 0, we have

@ =L S gy Sy
FlayT & fla) 2

From g(x)’ = 25tg(a) f(a)'/f(x) we get

f(z)
Hence
1 J—1 .
() = 2 N (g4 (@) + vj4 (2)g (@)
fla)+t —

where

ujii1(z) = (=) f(@)uj(z) + uj(x) f(z) and

v () = (=0 f(@) vi(z) +vp@) f(z) + Brou(e) f(z)

are polynomials with degrees by at most 2 larger than uj;(x) and vj;(z) because
deg f = 3. The claim on the form of the coefficients in u;;(z) and vj;(x) is also
clear from the recurrence. a

We set up ¢(z) so that it vanishes on each solution of g(z) =1 1in Z, to a
high order, which will provide the above upper bound on the number n of these
solutions. One can control the vanishing by a simpler polynomial:

Lemma. We associate with o(x)") the polynomial

J—1

i) =Y (i) + vp())a’

J=0

23



It has degree less than 21+ 5 +.J —1 and has this property: if (the coefficients in
uj(x) and v;(z) were selected so that) V() is a zero polynomial, then g(a) =1,
o € Z,, implies that ¢ (a) = 0.

Proof. If u,v € Zy[x] are two polynomials that are congruent modulo the ideal
generated by {a? —z, g(z) — 1}, then u(a) = v(a) whenever o € Z,, is such that
g(a) = 1; the reduction of 2? follows from the fact that a? = « for every a € Z,,
(by little Fermat’s theorem). And this is exactly the case for the numerator of
() and ¥ (x). Thus p(a)P = ¢ (a) = 0 whenever g(a) = 1. O

To specify the coefficients of u;(x) and v;(x), we use the simple but useful
fact that any system of linear homogeneous equations with more unknowns than
equations has a nontrivial solution.

Lemma. If F is a field and a; = (a;1,a:2,...,0i) € F*, i =1,2,...,m, are
m n-tuples of elements of F' and m < n, then there erist ay,as,...,a, € F,
not all of them 0, such that

aj10q1 + a0 + - -+ apa, =0, 1 =1,2,....m .

Proof. In a vector space V, if U,U’ C V are subspaces then the codimensions
(codim U = dimV — dim U) satisfy

codim (UNU’) < codim U + codim U’ .

Each of the m hyperplanes in Zj given by > jaijry =0 has codimension at
most 1, and thus their intersection has codimension at most m and dimension
at least n —m > 1. In particular, the intersection contains a nonzero vector. O

We want to specify the coefficients of the polynomials u;(z) and v;(x), j =
0,1,...,J —1, defining p(x) so that some of them and hence ¢(z) is not a zero
polynomial, but each v¢;(x), I =0,1,...,L — 1, is a zero polynomial; the value
of L € N will be specified later. The number of unknown coefficients equals
2J (% +1) = J(p — 3). We have one homogeneous linear equation for each
coefficient of each ¢;(x), 1 =0,1,...,L—1, which we require to be 0 (recall that
each coefficient of ¢;(x) is a linear combination of the coefficients in u;(z) and
vj(x)). We have degeyy < 214+ 8 +J -1 < 2L+ 5+ J —1 and thus the number
of equations is less than L(2L + & +.J). To summarize, in view of the previous
lemmas we get the following.

Lemma. If p > 5 is a prime number and J, L € N are such that

L(2L+§+J) <J(p-3),
then one can select the polynomials u;,v; € Zp[z], where j =0,1,...,J—1 and
deguj,degv; < %75, so that the above defined polynomial ¢ € Zy[z] is nonzero
and
oW(@)=0,1=0,1,...,.L—1,
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for every o € Z,, with g(o) = 1.
Lecture 8, November 27, 2012

We set L = [/p] and J = L/2 + c for a constant ¢ > 0. The inequality in
the previous lemma then becomes

(5/2)L24-pL/2+cL < pL/24cp—3L/2—3c <= (5/2)L*4(c+3/2)L+3c < cp,

which is satisfied if (¢ +3/2)/p + 3¢ < (¢ — 5/2)p. This holds for any p > 7 if
¢ = 20 and larger, so we may set J = L/2+ 20 (plus % for odd L, to make J an
integer). The choice

L=1[yp], J= @ 420 (+1/2 for odd L)
therefore satisfies for any prime p > 5 the inequality in the previous lemma.

Finally, we apply the next well-known fact.

Lemma. If u € Z,[x] is a nonzero polynomial, S C Z, and uY(a) = 0 for
everya € S andl=0,1,...,L —1, where L € N and L < p, then

u(z) = v(z) H (z—a)l veZ,l].

acs
In particular, degu > |S|L.

Proof. It suffices to prove this for S = {a}. (Z,[z] is a UFD and the polynomials
(x — «)” and (z — B)® are coprime if o # 3, thus if both divide u(z) then so
does their product.) We proceed by induction on L. For L = 0 the claim holds
trivially, with u = v. For L > 1 we have by induction u(z) = (z — o)t~ 1t(z)
for some t € Z,[x], which after L — 1 differentiations yields the expression
u(x) LY = (L — )t(z) + (x — a)w(x) for some w € Z,[z]. As (L —1)! # 0
in Z,, setting © = o we get t(a) = 0. Thus, by the division algorithm in Z,[x],
t(x) = (z — a)v(z) and u(z) = (x — a)!~H(2) = (2 — a)Fv(2). a

The lemma does not hold for L > p.

We finish the proof of Hasse’s theorem. In view of the last two lemmas and
the above choice of J and L, we get for the number n of solutions of g(z) =1
the inequalities

J + p=5 + 3(p=1) 23
nL < degy and n<p 2L z <§+Tp<‘g+46\/]3.
This is the required bound on n. To prove the same bound on n’ — literally

the same, p/2 +46,/p — it suffices to change the + sign in the definition of the
polynomials ¢;(x) in the above lemma to — (the reduction polynomial g(z) — 1
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is replaced with g(z) + 1). Since 2n < N < 2n+3andn >p—-n'—3 >
p/2 —46,/p — 3, we get the explicit bound

IN—p| <92p+6<95/p (p>7).

Clearly, the bound [N — p| < 95,/p holds for the primes p = 2,3,5 too. The
constant in the O(,/p) error term for N is indeed absolute, independent of the
coeflicients a, b, ¢, d. The proof of Hasse’s theorem is complete. o

Another elementary proof of Hasse’s theorem was given by Manin [21], see
the book of Gel'fond and Linnik [13, Chapter 10]. Manin’s proof uses the
group structure of points on elliptic curves and works with the solutions of
y? = ax® + bx? + cx + d in the field of rational functions C(t).

The Chevalley—Warning theorem and Alon’s

combinatorial Nullstellensatz

In one of the lemmas above we proved that any system of m homogeneous
linear equations with n unknowns, n > m, has a nontrivial solution (s, ..., sy,)
with at least one s; # 0. In fact, if the coefficient field (finite or infinite) is K,
there exist at least | K| distinct solutions, obtained by multiplying the nontrivial
solution by elements of K. The next theorem is a generalization to higher degree
systems.

Theorem (Chevalley—Warning). Suppose that Pi,..., P, € Fylz1,...,x,)
are m nonzero polynomials with coefficients in the finite field ¥y with ¢ = pF
elements and

deg Py +---+deg P, <n.

Then

#la=(ai,...,a,) €Fy | Pi(a) =--- = Pi(a) =0} =0 (mod p) .

This was proved by Chevalley [7] and Warning [31]. If the polynomials have
zero constant terms then the system of equations has always the trivial all-zeros
solution, and the theorem implies that there must be another solution:

Corollary. If the polynomials P; are as in the theorem and have zero constant
terms, then the system of equations P, = --- = P,, = 0 has a solution with at

least one nonzero coordinate.

Before proving the theorem we present a nice combinatorial application.
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Corollary. Any finite loopless multigraph G = (V, E) (multiple edges are al-
lowed) that arises from a 4-regular multigraph (each vertex incides with four
edges) by adding one edge contains a nonempty 3-reqular submultigraph G'.

Proof. We associate with each vertex v € V' of GG the equation

Z ale,v)z? =0,

ecE

where a(e,v) = 1if v € e and is 0 else and the coefficients are understood as
elements of the field Z3. G has (4|V]| + 2)/2 = 2|V| + 1 edges. This is also
the number of unknowns, which thus exceeds the sum of degrees 2|V| of the
equations. By the previous Corollary, the system of equations has a solution

(e, e€ E) € ZLEI with at least one nonzero coordinate. We set

E' ={ec€ E|a.#0} and V’:UE’CV.
This gives a nonempty submultigraph G’ = (V’, E’). Since a? = 1 for every
Z;, we get that the degree of any vertex v € V' in G’ is divisible by 3, because

Y e ale,v’) is 0 in Zz. But the degrees in G’ lie in the set {1,2,3,4,5}, and
thus are all equal to 3. O

Lecture 9, December 4, 2012

We prove the Chevalley—Warning theorem and then deduce by means of it
another interesting result. Let N be the number of solutions of the system

P, = P, =-.- = P, = 0p in the finite field F' = F, with characteristic p. Then
Ne= 32 I (1r = P(@)1Y)
acFni=1

where Nr is the sum of N elements 1r in the field F'. This follows from the
fact that 0|FF|_1 = 0p and BIFI=! = 1p if B € F is nonzero. We show that the

sum is in fact Op. Thus Ng = 0p, which implies that N is a multiple of p.
Let D = (|F| —1)(deg P + --- + deg P,,). Expanding the powers and the
product, we get the expression

Np = Z Z ckﬁafi, c, € F

Q€F™ kENY, ki4-+k, <D i=1

which is the same as the expression

Np = Z ckHZafi.

KENE, ki+-+ko<D  i=la,eF
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Since, by the assumption, D < (|F| — 1)n, from k; + --- + k, < D it follows
that each n-tuple k = (ki,...,ky) in the sum contains a coordinate k; that is
smaller than |F| — 1. If k; = 0, it follows from the former expression that the
sum ZajeF afj is to be interpreted as 1p + - - - 4 1 with |F| summands 15 (in
question is the value of 0%), and so it equals |F|p = Op, as |F| = 0 mod p. If
1<k;j <|F|—1, again

This follows from the fact that the group (F*,-) is cyclic, with a generator
g — we proved this fact in the fifth lecture in the case of F' = Z,, but the
proof works without change for any finite field — and therefore for any nonzero
number r € Z not divisible by |F| — 1 we have

A= (g =g"> 7 =0p,

YEF YEF YEF

as g" # 1p. Thus each product is Op and so is the whole sum. O

The following result was proved by Erdés, Ginzburg and Ziv [11] fifty years
ago.

Theorem (Erd8s—Ginzburg—Ziv). Let n € N. Among every 2n — 1 (not
necessarily distinct) integers some n of them sum up to a multiple of n.

Proof. We give proof only for prime modulus n = p, and leave extension to
arbitrary n as an exercise. Suppose ai,...,a2,—1 are the given integers. We
consider in the field Z, the two equations

2p—1 2p—1

-1 -1
E a;x? = E ¥ =0.
i=1 i=1

The system has the trivial all-zeros solution. By the Ch.—W. theorem it has
also a nontrivial solution sq,. .., S2p—1, because the number of unknowns 2p —1
exceeds the sum of degrees (p — 1) + (p — 1) = 2p — 2. Let I be the set of
i€{1,2,...,2p — 1} with nonzero s;; I # (). Since a?~! =1 for any a € Zy,
after setting x; = s; the two equations give, respectively,

Zaizo and 21:0.

i€l i€l

Thus both } 7., a; and |I] is divisible by p and, since 0 < [I| < 2p, |[I| =p. O
The (2n — 2)-tuple of n — 1 0s and n — 1 1s shows that the value 2n — 1 in the
theorem cannot be decreased.

The next theorem was proved by Alon [2], who in his article obtains by
means of it many interesting combinatorial results. Of these we present below

just one, a geometric result on cube and hyperplanes.

28



Theorem (combinatorial Nullstellensatz). Suppose n € N, F is a field
(or even an integral domain,),

feF[xlax%"'vxn]
is a nonzero polynomial and x’flxéﬂz ..k ki€ Ny, is a mazimum degree

monomial in f (i.e., ki + -+ k, = deg f) with nonzero coefficient. Then for
any n-tuple of subsets A; C F with |A;| > k; + 1 there exist elements a; € A;
such that

f(a/laa2a"'7a'n) #O

Proof. By induction on deg f. For deg f = 0 the result is trivial. Let deg f > 0
and the k; € Ng and A; C F be given. We may assume that k; > 1 and take
an arbitrary element a; € A;. We express f as

f=(@—a)g+h,

where g € Flx1,xo,...,x,] with degg = deg f — 1 and h € Flxg, x3,...,x,].
This follows from the division algorithm in the ring R[x1], R = F[za,...,z,]:
we divide by the monic polynomial z; —a; and get a remainder h with degree 0

in z7. Clearly, in g the maximum degree monomial x]flflajgz ...z¥" has nonzero
coefficient.
We distinguish two cases: (i) h(ag,...,a,) # 0 for some as € As,...,a, €

A, and (ii) h(az,...,a,) = 0 for every ag € As,...,a, € A,. If (i) occurs, we
are done:
flai,a2,...,a,) = h(ag,...,a,) #0.

In the case (ii) we apply inductive assumption to g, the exponents k1 —1, ks, . .., ky,
and sets A1\{a1}, As,..., Ay,: there exist elements b; € A;, by # ay, such that
g(b1,...,by) #0. Then

f(bl,bg, . ,bn) = (b1 — al)g(bl, . ,bn) 75 0 y

and we are done as well. O

The proof of Alon’s theorem was simplified in several articles and the above, in
our opinion ultimately simple, proof is due to Michalek [25]; we smoothed his
presentation further a tiny bit. In retrospect, the proof is such a straightforward
generalization of the argument in the univariate case that no nonzero polynomial
f € Flx] with degree d vanishes identically on a (d + 1)-element set A C F —
express f as f = (z —a)g + h, where a € A, g € F[z] has degree by 1 less than
fand h € F, and apply induction to g — that one wonders why this proof was
not found (much) earlier.

Proposition. In the n-dimensional Euclidean space R™, one cannot cover all
2™ wertices of the unit cube but one by less than n hyperplanes.
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Proof. Let H; C R™, i =1,2,...,m, be some m hyperplanes, H; given by the
equation

pi(x) =pi(x1,...,0n) =121+ + 2y + 5 =0, ;5,0 €R.

Suppose that their union contains each of the 2" vectors {0,1}" except the
origin (0,0,...,0). Thus every §; is nonzero. We show that m > n.
Let us suppose for contradiction that m < n. Consider the polynomial

f@=061...0m(1—z1)...(1 —x,) —p1(x) ... pm(x) € Rz, ..., 2,] .

Since the subtracted term has degree m < n, it follows that f(x) has de-
gree n and the monomial z1xs...2, has in f(x) nonzero coefficient, namely
(=1)"B1 ... Bm. The polynomial f(x) vanishes at each of the 2" vectors {0, 1}™:
at the origin it gives value 81 ...8;, — B1...08m = 0, and at each (v1,...,v,)
with v; € {0,1} and at least one v; = 1 both terms in the difference are zero.
But by Alon’s ¢. N., with 4; = {0,1} for i = 1,2,...,n, there exists a vector in
{0,1}" on which f(z) has nonzero value. This is a contradiction. ad

We remark that just two hyperplanes 1 = 0 and x; = 1 cover all 2" vertices of
the unit cube, and n hyperplanes 1 = 1,25 = 1,..., 2, = 1 cover all vertices
but the origin.

Lecture 10, December 11, 2012

The Skolem—Mahler—Lech theorem on zero sets

of recurrence sequences

If Fis a field, by a recurrence sequence (in F') — the precise denomination
would be a sequence satisfying a homogeneous linear recurrence relation with
constant coefficients — we mean a sequence

a = (ap) = (ag,a1,a2,...) CF

such that for some k > 1 elements «q,...,ar_1 € F, not all of them zero,
we have Zf:_ol Qian+; = 0 for every n € Ny. In other words, there exist
ay,...,ar € F ap # 0, such that

Ap = Q10p—1 + Q20p_o+ -+ QxQp_, N>k .

If (an) C F is any sequence, m € N and i € {0,1,...,m—1}, the i-th m-section
of (ay,) is the subsequence

(ai+mn)n20 = (ai; Aitm, Gi42my - - - )
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of terms in (a,) with the index n =i mod m. We will prove a particular case of
the next theorem that characterizes occurrences of zeros in recurence sequences.

Theorem (Skolem—Mahler—Lech). Suppose F is a field of characteristic 0
and (an) C F is a recurrence sequence. Then there exists an m € N such that
each of the m-sections of (ay,) is either identically zero or contains only finitely
many zeros: for each i € {0,1,...,m — 1},

Aitmn = 0
holds either for all n € Ny or for only finitely many n € Ny.

We will prove the theorem only for the field of fractions F' = Q. It turns
out that the general case reduces to this one by certain algebraic specialization
arguments, which we will not have time to present. The theorem was proved
first for F' = Q by Skolem [28], for F' being a number field (i.e., when F has
finite dimension as a vector space over Q) by Mahler [20] and in the general
case by Lech [19]. Below we give an example (due to Lech) showing that in
fields with positive characteristic the theorem no longer holds.

Before we begin with the proof we reformulate the theorem and give a few
remarks and examples. For a sequence a = (a,) we denote by

Z(a) ={n € Ny | a, =0}

the zero set of the sequence. The SML theorem says, equivalently, that the zero
set of any recurrence sequence in a field with characteristic 0 has form

Z(Q)ZSUAlLJAQU"'UAt, t € Ng,

where S C Ny is a finite set and each A; C Ny is an infinite arithmetic progres-
sion j+dNo = {j,j+d,j+2d,...} with j € Ng and d € N (possibly depending
on i).

Speaking of recurrence sequences, multiplication of rabbits and the Fibonacci
sequence come in mind, our first example: F = Q and

a=(an) =(1,1,2,3,5,8,13,21,34,...)

given by
Up = Ap_1 + Ap_2, Gy = a1 = 1.

Thus, clearly (since the a,, strictly increase) Z(a) = 0.

Somebody might object that according to her/his definition of Fibonacci
numbers, the initial values are ag = 0, a; = 1 and the sequence starts a =
(an) =1(0,1,1,2,3,5,8,...), hence Z(a) = {0}. Should the very size of the zero
set of the Fibonacci sequence depend on reglementing where it starts? This
trouble is resolved by regarding recurrence sequences as defined on Z, rather
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than Ny. We revert the recurrence and by running the sequence backwards
extend it from Ny to Z:

Up = Q10p_1 + Q20p_2 + -+ QpAp_j, ap #0

—1 -1 —1
= Op—k = O Ok—10p—k+1 — " — —Qp "Q10p_1 — Q@ Ap .

For the Fibonacci sequence, a,_2 = —a,—1 + a, gives the extension
a=(ap)nez=(..,-8,5,-3,2,-1,1,0,1,1,2,3,5,8,...) .

Now it is easy to see that |Z(a)| = 1, no matter where the sequence exactly
‘begins’.

Nevertheless, we will stick to sequences defined on Ny. It is not too hard
to prove that the SML theorem for recurrence sequences of the type (an)nenN,
is equivalent to the version for recurrence sequences of the type (ay,)nez. We
prove equivalence of both versions at the end.

In the second example, F' = Q and

an = (n—=06)(1+(=1)").

Then
Z(a) = {6} U (1 + 2Np) .

Since ap —anp—2 = 2(14(—1)"), we see that (a,) is indeed a recurrence sequence:
Ap+t+2 — 20y + ap-—2 = (an+2 - an) - (an - an—2) =0, n=>2.

The third example demonstrates that zero sets of recurrence sequences in
fields with characteristic p need not have form described in the SML theorem.

Proposition. Let p be a prime number and F = Z,(x), the field of rational
functions with coefficients in the finite field Z,. The sequence a = (a,) C F,
given by

an=1+z)"—-1—2", ne Ny,

has zero set
Z(a) = {1,p,p>.p*,p",... },

and is a recurrence sequence: there exist coefficients o, 8,v,6 € F, not all four
zero, such that

Qlp 43 + 5(1114_2 +van41 + 5an = 07 n>0.

Proof. In any field F' with char(F') = p,
p p!
= 0,1
(zlzgzk> il i €04
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with the value 1 iff some i; = p (and i;; = 0 for j’ # j); this follows from the
fact that if no ¢; = p, then the multinomial coefficient is divisible by p. It folows
that for any aq,...,a; € F and r € N,

(a1++ak)prza€7++azr
Thus for n € N in the form n = mp*, k € No, m € N and (m,p) = 1,
(1+x)":(1—|—mx—|—~~—|—xm)pk:1—|—(mx)pk+-~+x"7fé1+m” if m>1.

For m =1 we have (1+z)" =14 2". So a, = 0 exactly if n is a power of p.
To show that (a,) is a recurrence sequence, consider the system of three
homogeneous linear equations with four unknowns «, 5, and 9:

a(l+z)* +B(1+z)2 +~y(1+2)+6 = 0
at+p+y+d =
ard+ a4y +06 = 0.

As we know from the above Proposition (in lecture 7), this system has a non-
trivial solution o, 3,7,d € F. But a4 = (1 + 2)*(1 +2)" — 1 — zFz", and
using this for £ = 0,1, 2,3 we get, for every n € Ny,

Q43 + Banye +Yany1 +da, = 0(1 + x)n —0-1-0z"=0.

O

Now, to begin with the proof of the SML theorem, we derive for any recur-
rence sequence a = (ag, a1,as, ...) C F a matrix representation. The recurrence

Op = 0 Ap—1 + C2@p_2 + -+ Qplp_k, N >k,

can be equivalently written as

Qp, a1 Qg9 3 ... A1 O Ap—1
Ap—1 1 0 0 . 0 0 QAp—2
Ap—2 — 0 1 0 0 0 Ap—3 , ’I’LZk‘
Ap—k+1 0 0 0 N 1 0 Ap—k

We call the square k x k matrix M € F¥*F on the right side the matriz of the
recurrence. It is regular:

det M = (=1)"ay, #0 .

Iterating the relation and using associativity of matrix multiplication, we get a
quasi-explicit formula for a,:

an = uM" 1y = uM™w, n e Ny ,
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where M € F¥*¥ is the matrix of the recurrence, u = (1,0,...,0) € F**¥ is a
row vector and v = (ay_1,ax_2,-..,a0)" € FF*1 and w = M=%y € F¥*! are
column vectors.

This matrix formula for a,, works in any field F' but from now we confine to
fractions, F' = Q. First we reduce the problem to the situation when all entries
in the matrix formula are integers.

Lemma. Ifa = (ag,a1,...) C Q is a recurrence sequence given by

k
an = E Qiln_g, a; €Q, ap #0,
=1

then there exist a d € N, integral vectors u = (1,0,...,0) € Z"** and w € Z**!
and a reqular integral matriz M € ZF** such that

d"Ha, =uM"w e Z, neN.

Proof. 'We have the matrix formula a,, = u(M’)"w’, where u = (1,0,...,0),
M’ is the matrix of the recurrence and the entries of M’ and w’ lie in Q. We
take a common multiple d € N of the denominators of the entries in M’ and
w’, and set M = dM’ (each entry in M’ is multiplied by d) and w = dw’. Then
M € Z*** and is regular, w € Z**! and

Z > uM"w = d" " u(M')"w' = d"a, .
O
Of course, the point is that the two sequences a/, = d"*'a, and a, have the

same zero set:
Z(a") = Z(a) .
Next, we transform the integral matrix formula into an expansion of each

m-section, for some m € N, of the sequence to powers of a prime p.

Proposition. Suppose that u € Z'YF, w € ZF*', M € Z*** is a regular
matriz,
ap =uM"™, n=0,1,...,

and p is a prime number not dividing det M. Then there exists a number m € N
such that for each i € {0,1,...,m — 1} there is a sequence (bg,b1,b2,...) C Z

such that l
l )
Qigmi = Y <3> b, 1=0,1,2,... .

J=0
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Proof. We claim that there is an m € N such that
M™ =1+ pN

where I is the identity k x k matrix and N € Z***. Indeed, if we reduce the
entries in M mod p, we get a matrix M € Z’;Xk that is still regular because

det M = det M # 0. Thus for m we may take the order of M in the (finite and
noncommutative) multiplicative group of regular matrices in Z’;Xk, or we may

set m to be the order of this group. Anyway, m < pkz. Writing n = ¢ + ml,
0 <i < m, we get by the binomial formula that

! 1
Qigmi = uM*(I + pN)lw = Z (l>pj(uMZNJw) = Z (l.)pjbj ,
i=0 M =0

where b; = uM'N7w € Z. Eventhough the matrix ring is noncommutative, we
may use the binomial formula as in the commutative case because the matrices
I and N commute. ]

Now it is clear that the SML theorem for F' = Q follows from the previous
lemma and proposition and the next proposition.

Proposition. Suppose p is a prime with p > 2 and (bo,b1,b2,...) C Z is a
sequence of integers, not all of them zero. Then the equation

N

> () o0
=0V

has only finitely many solutions | € Ny.

The last proposition does not hold for p = 2: Since
L/l L/
=1 =3 ()2 =0y ()P

for p = 2 and (bo,b1,be,...) = (0,—1,1,—1,1,...) the equation is solved by
every even number [ =0,2,4,6,....

Lecture 11, December 18, 2012

It remains to prove the last proposition. We deduce it as a corollary of a more
general result on infinite systems of polynomial congruences. For a prime p, we
call a fraction § € Q p-integral if ord,(a/b) = ordy(a) — ord,(b) > 0, that is, 7
in lowest terms has denominator coprime to p. It is easy to see that the product
and sum of two p-integral fractions is again p-integral. Thus

Q) :={a € Q] ais p-integral}
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contains Z and forms a subring of the field Q. The notion of congruence to a
power of p extends from Z to Q,: if r € Np and «, 8 € Qp,), we define

a = (mod p") <= ordp(a—pF) >r.

A Skolem system S, for a given prime p, is an infinite sequence of polynomial
congruences _
pj(z) =0 (mod p*¥), 7=0,1,2,...,

such that each p; € Qfz], 0 < i3 < ip < ... and i; go to +oo, and the
coefficients of the polynomials p; satisfy the coherence condition

p;(x) = pjs1(w) (mod p¥)

meaning that for each n € Ny the coefficient of 2" in p; is modulo p% the same
as in p;j41 (hence pj(z) = pj(z) (mod p%) for each j/ > j); powers 2™ with
n exceeding the degree have zero coefficient by default. A solution of S is any
a € Q(p) satisfying each of the congruences:

pj(a) =0 (mod pij), j€Np.

The coherence condition implies that if a solves the j-th congruence, then it
solves each earlier congruence with index j/, 0 < j' < j.

For a given Skolem system S, we denote by pj(z) € Z 5, [z] the polynomial
obtained from p;(x) by the mod p% reduction, that is, we replace each coefficient
by its residue modulo p%. If at least one polynomial p;(z) is nonzero, we call S
a nonzero Skolem system. Clearly, zero Skolem systems (with all polynomials
P;(x) being zero) are solved by every o € Q). We are going to show that
any nonzero Skolem system has only finitely many solutions. The coherence
condition implies that if ™ has in pj(«) nonzero coefficient, then this coefficient
remains nonzero in every p;/(x) with j' > j. Thus if S is nonzero and jy, € Ny
is the first index with 7, (z) # 0, then p;(z) # 0 for every j > jo and

degpj, (¢) < degpjo+1(w) < degpjor2(x) < ... .

We define deg S, the degree of the (nonzero) Skolem system S, to be the degree
deg p;, of the first nonzero reduction in S.

Proposition. Letp be a prime and S be a nonzero Skolem system of polynomial
congruences

Qp[z] 3 pj(z) =0 (mod p"f)7 i=0,1,2,...,

with degree d. S has at most d solutions in p-integral fractions x = a € Q).

We give the proof in the next (and final) lecture and conclude this one by
showing how this result implies finiteness of the solution set for [ € Ny of the

binomial equation
l
AN
. pjb =0 ’
2 (J) !

J=0
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where p > 2 is a prime and the b; € Z are given coefficients, not all zero.
First, there is a nondecreasing sequence 49 < i1 < ... of i; € Ng such that
lim; i; = 400 and

ord, (p? /5!) > ij, 5=0,1,... .

Indeed, by the old result of Legendre on prime factorization of factorials,

. j — 1 —2)j
Ordp(p]/j!)—jZ{],CJZ](le)—(p )JEOand — 400
k>1 LP =1 P p—1
for 7 — oo, because p > 2. Thus for j =0,1,... we may set

.VP—QMJ
ij=|—] .
p—1
For j =0,1,..., we consider the sequence S of congruences

L (x k ! p" -
pj(m)::Z(k>p bkZZHx(x—l)...(m—k—i—l)bkEO(modp%).

We claim that S is a nonzero Skolem system and that each solution | € Ny of
the above binomial equation solves S too. By the last proposition, the above
binomial equation has therefore only finitely many solutions.

By the above inequality and definition of the exponents i;, the coefficients of
pj(x) are p-integral and those of (j) P’ b; are zero modulo p%, let alone modulo
pi~t. Thus p;j(x) lie in Q(p) 7] and satisfy the coherence condition. Suppose
that bg = by = --- = b,._1 = 0 but b,. # 0. Since the roots of (f) are exactly
0,1,...,7 — 1, we see that

pi(r) =pr(r) = (:>prbr = p"b,. # 0 for every j with j > r .

We take j large enough so that j > r and i; > ord,(p"b,). It follows that for
each such j the reduction p;(x) is nonzero (as p;(z) attains on r a value that
is nonzero mod p') and thus S is a nonzero Skolem system. Finally, suppose

that [ € Ny is such that
l
l .
)p’b; =0.
22() !

J=0

We claim that p;(l) = 0 mod p% for every j € Ny. Indeed, for j = [ this holds
even as an equality, hence for j < [ it holds by the coherence condition satisfied
by S, and for j > [ it holds by the fact that each (;), k > [, vanishes at x = [.
Hence [ solves S.

This concludes, modulo the proof of the last proposition, the proof of the
SML theorem for fractions.
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Lecture 12, January 8, 2013

We prove the last proposition, which bounds the number of solutions of a
nonzero Skolem system. Let us first recall the proof of the more elementary but
basic result that each polynomial equation

Flz] > p(z) =0,

where p(x) is a nonzero polynomial with coefficients in a field F' and degree d,
has at most d solutions x = a € F. It goes by induction on d. If d = 0, there
is no solution (p(z) is a nonzero constant). Let d > 0 and « € F be a solution
(if there is still no solution, the claim holds trivially). Write, by the division
algorithm,
p(x) = (z — a)q(z) + pla) = (z — a)q(z) ,

where ¢ € F[xz] is nonzero and of degree d — 1. If § € F, § # «, is another
solution, then 0 = p(5) = (8 — a)q(B) and ¢(B) = 0. Thus § is also a solution
of the equation g(z) = 0, and there are at most d — 1 of these, by induction.
Thus in total p(z) = 0 has at most 1+ (d — 1) = d solutions.

We will mimick this proof for Skolem systems. We already extended it
to multivariate polynomials, when proving (after Michatek) the Combinatorial
Nullstellensatz in lecture 9.

Proof of the last proposition. Suppose p is a prime and
pi(@) = 0 (mod p'), j=0,1,2,...,

is a nonzero Skolem system S. We may assume that already po(x) is nonzero
and thus deg S = deg(pg) = d € Ny. We prove by induction on d that S has
at most d solutions o € Q(;,y. This is true if d = 0, for then already the first
congruence po(xz) = 0 (mod p™) has no solution. We therefore assume that
d >0 and S has a solution a € Q). Using the division algorithm, we express

pi(x) = (v — a)g;(x) + pj(a), j=0,1,...,

where ¢; € Q(p)[z] and has degree by 1 less than p;. (Since we divide by a
monic polynomial, namely x — ¢, the partial ratio ¢;(z) automatically remains
in Qp[z].) We claim that (i)

¢;(x) =0 (mod pi), j=0,1,2,...,

is a nonzero Skolem system S’ with degree d — 1 and (ii) any other solution
B € Q), B # a, of S solves " as well. Induction then gives that S has at most
1+ (d — 1) = d solutions.

To show that ¢;(x) satisfy the coherence condition, we express their coeffi-
cients in terms of those of p;(z). Let degp; = d; and the coefficient of 2™ in
pj(z) be a;,,. Then

<6

& " —a”
gj(z) = Z Ajpp———— = ajn(z" P2 a4 dza )
n=1
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The coherence condition for S implies that modulo p this expression is identical
to that for j + 1 and thus, modulo p*, the polynomials ¢;(x) and g;1(z) have
identical coefficients. Setting 7 = 0 and reducing mod p*, we get

Po(x) = (z = @)go() -

Thus go(x) is nonzero and has degree degpg — 1 = d — 1. We have proven the
claim (i).

To prove the crucial claim (ii), we take a € Q(;) distinct from « that solves
S. We need to show that ¢;(5) = 0 mod p* for each j € Ny. Let j € Ng be
given. We take k € Ny large enough so that k > j and

i — Ordp(ﬁ —a) > ij

(which is possible as § — a # 0 and i — +00). We set © = § in the equality
defining g (z):
Pe(B) = (B — @)qr(B) + pr(a) -

From this equality it follows that ord,(gx(8)) is at least
min(ord, (px(83)), ordy (pr(a))) — ordy(8 — a) > i, — ordy(8 — a) > i; .

That is, qx(8) = 0 mod p%. Since gx(B8) = ¢;(8) mod p% by the coherence
condition for &', we conclude that ¢;(8) = 0 mod p’, which we needed to
prove. g

We conclude with giving several remarks on the (previous proof of the) SML
theorem.
1. The proof we just completed is inspired by Hansel [14] and Fischer [12].
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