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Characterization of modular lattices

We suppose that the lattice L is not modular and find in it a copy of Cs.
Thus there are u, v, w € L such that

u<w and uV(@WAwW) < (uVv)Aw.

We set
a=v,b=vAw,c=vVu, z=uV(WAw) and y=(uVv)Aw.

We show that these five elements are distinct and induce a copy of Cs. Note
that we changed the definition of ¢ compared to the last lecture — there is a
misprint at the end of the proof of Theorem 2.2 in the lecture notes

e A. Pultr, Matematické struktury, 2005, 155 pp., available at
http://kam.mff.cuni.cz/ pultr/

I emphasize that the results on applications of fixed points theorems and on
modular and distributive lattices I take from these lecture notes.

Clearly, x < y. We show that a is incomparable to both  and y. Suppose
not, then a < y or a > x. In the former case we have v < w, thus u Vv < w
(recall that v < w) and

r=uV@WAw)=uVv=(uVv)\w=y,
a contradiction. In the latter case similarly v > u, thus v A w > u and

r=uV@WAw)=vAw=(uVu)Aw=y,
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a contradiction.
It remains to show that a Vy = ¢ and a A x = b, that is

vV[(uVo)Awl=vVu and vAuV @AW =vAw.

Consider the first equation. Since (uVv) Aw > u (as w > u), the left side is
at least the right side. On the other hand, the right side majorizes the left side
because it majorizes each of the two arguments of V on the left. Thus the two
sides are equal. Very similar (dual) argument proves the second equation. By
the incomparability of a to both x and y we get that ¢ # a,y and b # a,x (and
of course b # ¢). Thus a,b, ¢, z,y are all distinct and form a copy of Cs in L. O

Characterization of distributive lattices

A lattice L is distributive if for every a,b,c € L we have
anN(dVe)=(aAb)V(aNc)

— A distributes over V in the same way as in arithmetics - distributes over +.
Unlike in arithmetics, in lattices this remains true when A and V are swapped.

Proposition 1 A lattice L is distributive if and only if for every a,b,c € L we
have
aV(bAe)=(aVb)A(aVec).

Proof. Suppose L is distributive and a,b,c € L. Then

(ave)A(avd) =p ((ave)Aa)V((aVe)Ab)
=a
=p aV(bAa)V(bAc)
—_———

=a

= aV(bAo).

We used distributivity by “multiplying” with the underlined elements. We also
used associativity of V and commutativity of A.

Exercise. Prove the opposite implication. O
Since a < ¢ implies a V ¢ = ¢, the last proposition shows that each distributive

lattice is modular. For the characterization of distributive lattices by forbidden
configurations we need the next identity.

Proposition 2 A modular lattice L is distributive if and only if for every
a,b,c € L we have the symmetric identity

(anb)Viance)V(bAc)=(aVb)A(aVe)A (V).



Proof. 1t is easy to see that we always have < (each of the three arguments of v
on the left is < than each of the three arguments of A on the right). Suppose that
L is distributive. Then, starting with the right side of the symmetric identity,

(avVb)A(aVe)A(bVe) =4 [av(bA(aVe)]ADBVe)
=p [aN(bV|VI[bLA(aVc)
=p (aAb)V(aAc)V(bAa)V (bAC).

In the first line we used the dual distributivity of Proposition 1 and “multiplied”
by the overlined element. Usual distributivity and “multiplication” by the un-
derlined term gets us on the second line and similarly we get on the third line.
We may omit b A @ and have the left side of the symmetric identity.

Assume that L is modular and the symmetric identity holds. Then

(avb)rhe = [lavb)Alave)A(DdVe))Ace

=s1 [(anb)V(aAnc)V(bAC)Ac
=y (ance)V(Ac)V(aAbAe)=(aNc)V (bAC).

In the first line the underlined terms are equal and we get on the second line
by replacing the term in the square brackets by the symmetric identity. Here
the underlined term is at most ¢ and modularity gives the third line. Here the
first underlined term majorizes the second one and we get the result. Thus L is
distributive. |

Finally we state and prove a characterization of distributivity by forbidden
configurations.

Theorem 3 A lattice L is distributive if and only if it does not contain sublat-
tices Cs and D3 where in

D3 = ({a7 ba C7$,y}7 S)

(five distinct elements) we have b < a,z,y < ¢ and a,x,y are pairwise incom-
parable.

Proof. If L contains C5 then it is not modular and hence not distributive. If L
contains D3 then

aN(zVy)=ahc=a#b=bVb=(aNz)V(aAy)

and L is not distributive.

In the other way, suppose that L is not distributive. If it is not modular
then, by the previous result, L O C5. Thus we assume that L is modular but
not distributive. By Proposition 2, there exist a, b, c € L such that

d=(aNb)V(aAc)V((bAc)<h=(aVbA(aVe)AN(bVc).



We define

u = (aV(bAc)AbBV)
v (bV(anc) AlaVe)
w = (eV(aAb))A(aVb)

and show that
uANv=uAw=vAw=d and uVv=uVw=vVw=h.

This by itself implies that u, v, w are pairwise incomparable and d < u,v,w < h
form a copy of D3 in L. If two of u, v, w were comparable, then one would be d
and the other i and also the remaining third element would be d or h but then
exactly one of the six equalities would not hold.

It suffices to prove just one equality, say u A v = d, the other five follow
from it by symmetry. Permuting a, b, ¢ does not change d (and h) but permutes
u, v, w. Thus we get u AN w =v Aw = d. Swapping A and V interchanges d and
h but leaves each of u,v,w invariant, because for example

u=(bAc)Va)A(bVe)=p (bAc)V(aA(bVc))

by modularity as the first underlined term is at most the second one. Similarly
for v and w. This swapping therefore changes the first three equations to uVv =
uVw=vVw=h.

Let us prove that u A v = d:

uAv (aVOAN))ABV)ADY (ane))AlaVc)
(aV(bAC) ANV (aNc))
=m (@N(OV(aAc))V(bAc)
=m (anNbd)V(aAe)V(bAc)=d.

On the first line, the first underlined term is < than the second one, and the
second overlined term is < than the first one, so the fourfold meet is determined
by only these two terms. On the second line the first underlined term is < than
the second one and modularity gives the third line. Here the second underlined
term is < than the first one and modularity gives the result. O



