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In the eleventh lecture we cover Chapter II1.3. Normal order in G. Tenen-
baum’s book [4], up to page 475.

Two (arithmetic) functions f,g: N — C are normal orders of one another if
f(n) =14 0(1))g(n) for n € X, n — oo, where X C N has natural density 1.
We write f(n) = (1+0(1))g(n) (a. e.).

Chapter III.3. Normal order

The following are Theorems 3.1 (Turdn—Kubilius inequality), 3.2-3.5, Corol-
lary 3.6 and Theorems 3.7-3.10 in [4].

We have to introduce some notation. Let f: N — C. For N € N we define
IN=ZsN = ZP<N ¢p where (, = (,(f) are independent random variables on

an abstract prob. space S = (Q, P) with laws P(¢, = f(p )) (I1-1/p)p7,

v € Ny (f(1) = 0). We have the empirical varwnceVN( y=N"1 donen |f(n)—
En(f)|? and the semi-empirical variance Vi, (f) = N~} Zn<N |f(n)—E(Zsn)|?
We set |f
=Y E(GP) = > —1/p).
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Theorem 1 If f: N — C is additive then for any N € N,
VR (f) < (4+en)Br(N)? < (8+2en)V(Zsn) -

In particular, max(Cyn,C%) < 8+ O(y/loglog N/log N) (N > 3).



[4] gives cryptically some references for this result: Turédn [6] and (added by
us) Kubilius [3]. Paul (Pdl) Turdn (1910-1976) was a Hungarian mathemati-
cian and Jonas Kubilius (1921-2011) was a Lithuanian mathematician who was
rector of Vilnius University for 32 years.

Theorem 2 For any aq,...,ay € C,
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Theorem 3 If f: N — C is additive and if Bf(N) = o(E(Zs n)) (N — o),
then g(n) := E(Zs n) is a normal oder for f.

Theorem 4 For any function £(n) — oo and any N > 3,

{n < N: |jw(n) —loglog N| > £(N)+/loglog N}| < N/&(N
The same holds for Q(n).

This is classical Turdn’s form [5] of the classical 1917 theorem of Hardy and
Ramanujan [2].

Theorem 5 Let f: N — [0,+00) be multiplicative. If for some constants
A,B > 0 it holds that (i) for any y > 0 one has that ) ., f(p)logp < Ay

and (ii) 32, >, 5o f(p”)1log(p”)/p” < B, then for any x > 1,
Y fn)=(A+B+1)—— Y fn)
n<z Og(E n<z n
By [4] this theorem is from [1].

Corollary 6 Let Ay > 0 and Ay € [0,2). Suppose that f: N — R is multi-
plicative and satisfies 0 < f(p”) < )\1)\571 for any p and v € N. Then for any

z>1,
> s <o I] (-1 3 120

n<x p<z v>0
with an implicit constant that is independent of f and < 4(1 49X + M A2/(2—
A2)?).
For t > 0 we set

w(n,t) = Z 1 and Q(n,t) = Z v.

p|n,p<t p¥ | n,p<t

Theorem 7 Let yo > 0. Then for any y € [0,y0] and x > t > 2 it uniformly
holds that

>yt < a(logt)r !

n<lz

If in addition yo < 2 then the same holds for Q(n,t).



Theorem 8 For any x >t >3 and 0 < & < +/loglogt it uniformly holds that

Hn <x: |w(n, t) —loglogt| > {+/loglogt}| < ze €/3

For ¢ < (loglogt)Y/8, -/3 ~» -/2. The same holds for Q(n,t) if 0 < € <
cv/loglogt for some constant ¢ € (0,1).

Theorem 9 Let ¢ > 0 and £(n) — co. Then

w(n, t) —loglogt

a. e.).
e(n)<t<n | v/2loglogt - logloglogt ( )
By pj(n) we denote the j-th prime factor of n.
Theorem 10 Let e > 0 and {(n) — co. Then
log 1 i(n)—j
loglogpi(m) =J) 14 o (4 ).

sup . .
g(n)<j<n! V27 -logj
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