b-choosability of graphs with crossings far
apart*
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Abstract

We give a new proof of the fact that every planar graph
is 5-choosable, and use it to show that every graph drawn in
the plane so that the distance between every pair of crossings
is at least 15 is 5-choosable. At the same time we may allow
some vertices to have lists of size four only, as long as they
are far apart and far from the crossings.

Thomassen [5] gave a strikingly beautiful proof that every planar
graph is 5-choosable. To show this claim, he proved the following
more general statement:
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Theorem 1. Let G be a plane graph with the outer face F, xy an
edge of F, and L a list assignment such that |L(v)| > 5 for v €
VG \V(F), IL(©)| 2 3 for v € V(F)\ {2y}, L) = |L{y) = 1
and L(x) # L(y). Then G is L-colorable.

Let us note that the lists of x and y of size 1 give a precoloring
of a path of length 1 in the outer face of G. Unfortunately, this
statement is rather tight, and almost any attempt to alter it (e.g.,
by allowing more than two vertices to be precolored, allowing lists
of size 2 subject to some constraints, allowing some crossings in the
drawing, etc.) fails with infinitely many counterexamples. We give a
proof of a different version of Theorem 1 (see Theorem 6), that turns
out to be more robust with respect to some strengthenings of the
planar 5-choosability theorem. Our proof is inspired by Thomassen’s
proof [6] of 3-choosability of planar graphs of girth 5. Using this
technique, we give the proof of our main result:

Theorem 2. Let G be a graph drawn in the plane with some cross-
ings and let N C V(G) be a set of vertices such that the distance
between any pair of crossed edges is at least 15, the distance between
any crossing and a verter in N is at least 13, and the distance be-
tween any two vertices in N is at least 11. Then G is L-colorable for
any list assignment L such that |L(v)| =4 forv € N and |L(v)| > 5
forve V(G)\ N.

Let us recall that a list assignment L for G is a function that
assigns to each vertex of G a set L(v), called the list of admissible
colors for v. An L-coloring is a choice of a color ¢(v) € L(v) for
each v € V(@) such that no two adjacent vertices receive the same
color. The graph is k-choosable if it admits an L-coloring for every
list assignment L with |L(v)| > k for every v € V(G).

Our main result, Theorem 2, clearly implies the following special
case.

Theorem 3. FEwvery graph drawn in the plane so that the distance
between every pair of crossings is at least 15 is 5-choosable.



Some distance condition on the crossings is necessary, even if we
would allow only three crossings, as shown by Kg. On the other hand,
it was proved in [4] and independently also in [2] that the distance
requirement is not needed, if we have at most two crossings. The
inductive proof of Theorem 2 involves a stronger inductive hypothesis
that is stated later as Theorem 7 and in particular also implies the
above-mentioned result from [2, 4].

Theorem 4 ([4, 2]). Every graph whose crossing number is at most
two is 5-choosable.

The proof of Theorem 4 is given at the end of the paper. Another
special case of Theorem 2 is the following.

Theorem 5. Let G be a planar graph and N C V(G) a set of vertices
such that the distance between any pair of vertices in N is at least 11.
Then G is L-colorable for any list assignment L such that |L(v)| = 4
forve N and |L(v)| > 5 forve V(G)\ N.

The last result is motivated by the result of Voigt [7] showing
that not all planar graphs are 4-choosable. Furthermore, it is related
to the following problem of Albertson [1]:

Problem 1. Does there exist a constant d such that whenever G is
a planar graph with list assignment L that gives a list of size one or
five to each vertex and the distance between any pair of vertices with
list of size one is at least d, then G is L-colorable?

Starting with a similar technique as used in this paper, we were
able to give a positive answer to this problem (which we present in
a separate paper [3]).

We start with giving the proof of the basic statement for planar
graphs in Section 1. In Section 2 we then generalize it by allowing
crossings and 4-lists subject to distance constraints, obtaining the
proof of Theorem 2.



1 Planar graphs

Let P be a path or a cycle. The length ¢(P) of P is the number of its
edges, i.e., a path of length [ has [ 4+ 1 vertices and a cycle of length
I has [ vertices. Given a graph G and a cycle K C G, an edge uv
of G is a chord of K if u,v € V(K), but wv is not an edge of K.
For an integer k > 2, a path vgvy...vg is a k-chord if vy, vy € K
and vy,...,v5—1 € V(K). We define a chord to be a 1-chord. If
G is a plane graph, let Intx (G) be the subgraph of G consisting of
the vertices and edges drawn inside the closed disc bounded by K,
and Extg (G) the subgraph of G obtained by removing all vertices
and edges drawn inside the open disc bounded by K. In particular,
K = Intx (G) N Extg (G). Note that each k-chord of K belongs to
exactly one of Intx(G) and Extx(G). If the cycle K is the outer
face of G and @ is a k-chord of K, let C; and C3 be the two cycles
in K U@ that contain Q. Then the subgraphs G; = Int¢, (G) and
G2 = Intc, (G) are the Q-components of G.

As we have mentioned earlier, Thomassen’s Theorem 1 does not
extend to the case when we have a precolored path of length two.
However, if we strengthen the condition on the list sizes of the other
vertices on the outer face, such an extension is possible.

Theorem 6. Let G be a plane graph with the outer face F, P a
subpath of F' of length at most two and L a list assignment such that
the following conditions are satisfied:

(i) [L(v)] =5 for v e V(G) \ V(F),
(i) [L(v)| = 3 for v e V(F)\ V(P),
(iii) |L(v)| =1 forv e V(P),
(iv) no two vertices with lists of size three are adjacent in G,
(v) L gives a proper coloring to the subgraph induced by V (P), and
(vi) if P = uvw has length two and x is a common neighbor of u,
v and w, then L(x) # L(u) U L(v) U L(w).

Then G is L-colorable.



Proof. Suppose for a contradiction that the claim is false, and let G
be a counterexample with |V (G)|+ |E(G)| the smallest possible, and
subject to that, with the longest path P and with the minimum size
of the lists (while satisfying (i)—(vi)). It is clear that G is connected
and that every vertex v € V(G) satisfies deg(v) > |L(v)].

Furthermore, G is 2-connected: otherwise, let v be a cut-vertex
and let G; and G5 be subgraphs of G such that Gy U Gy = G,
V(G1) NV (Gs) = {v} and |V(Gy)],|V(G2)| > 1. If v € V(P), then
by the minimality of G there exist L-colorings of G; and Gs, and
these colorings together give an L-coloring of G. Otherwise, we may
assume by symmetry that P C G;. Consider an L-coloring ¢ of Gj.
Let Lo be the list assignment for G such that Lo(u) = L(u) for u # v
and La(v) = {p(v)}. By the minimality of G, G is La-colorable,
and this coloring together with ¢ gives an L-coloring of G.

Every triangle T in G bounds a face: otherwise, first color the sub-
graph Exty(G) and then extend the coloring to Int(G). A similar
argument shows that G contains no separating 4-cycles; otherwise,
consider such a 4-cycle K = kjkoksky, and let ¢ be an L-coloring
of Extx(G). Let G' = Intg(G). Since K is separating, we have
V(G') # V(K), and since every triangle bounds a face, we conclude
that K has no chord in G’. Let L’ be the list assignment for G/ — k;
such that L'(z) = {¢(2)} for z € {ka, ks, ka}, L'(2) = L(2) \ {(k1)}
if z & {ko,k4} is a neighbor of ky; and L'(z) = L(z) if z is any other
vertex. By the minimality of G, the graph G’ — k; is L’-colorable,
and this coloring together with ¢ gives an L-coloring of G.

Since G is 2-connected, its outer face is bounded by a cycle, which
we denote by F as well. Next, we show that F’ has no chords. Other-
wise, let uv be a chord of F' and let G and GG be the uv-components
of G. If P C (G, then we first color G; and then extend the color-
ing to G2. The case that P C G5 is symmetric. It follows that P
has length two and all the chords of F' are incident with its middle
vertex. Let P = zjuzo, where z; € V(G;) for i € {1,2}. Let ¢ be
an L-coloring of G; and let Lo be the list assignment for G5 such
that La(z) = L(z) for z # v and La(v) = {¢(v)}. Since G is not
L-colorable, G4 is not La-colorable. By the minimality of G, either



v is adjacent to z3, or u, v and zo have a common neighbor w with
list of size three (which means, in particular, that w € V(F')). Since
every chord of G is incident with wu, the edge vzy or vw belongs to
F. Since every triangle bounds a face, we conclude that v has de-
gree two in G5. By symmetry, v has degree two in Gy as well, and
thus v has degree three in G. It follows that |L(v)| = 3, and thus
v cannot be adjacent to any other vertex with list of size three. In
particular, we cannot have the case with the vertex w. We conclude
that v is adjacent to z; and z2 and V(G) = {u,v, 21, 22}. However,
L(v) # L(u) U L(21) U L(22) by (vi), and thus G is L-colorable. This
contradiction proves that F' has no chords.
Similarly, we have the following property:

(1) Letuvw be a2-chord of F' and let Gy and Ga be uvw-components
of G. If P C Gy, then either u and w are adjacent and Gsg is equal
to the triangle uow, or there exists a vertex x such that V(Gs) =
{u,v,w,z}, |L(x)| =3 and z is adjacent to u, v and w.

If ¢(P) < 2, then it is easy to see that we can precolor 2 — {(P)
more vertices of F' without violating (vi). Thus, we may assume
that ¢(P) = 2. Let P = pop1p2. Suppose that pg, p1 and ps have a
common neighbor v. If v € V(F), then V(G) = {po, p1, p2, v} and G
is L-colorable. If v ¢ V(F), then v has degree at most four in G by
(1) and thus deg(v) < |L(v)|, which is a contradiction. Therefore,
Po, p1 and ps have no common neighbor.

Furthermore, ¢(F') > 6: If {(F') = 3, then we remove one vertex of
F and remove its color from the lists of all its neighbors, and observe
that the resulting graph is a smaller counterexample to Theorem 6.
In the case when ¢(F) = 4, then similarly color and remove the
vertex of V(F) \ V(P). Finally, suppose that ¢(F) = 5. Let ¢
be an arbitrary L-coloring of F' = popipovive. Remove vy and vy
from G and remove their colors according to ¢ from the lists of their
neighbors, obtaining a graph G’ with the list assignment L’. Since
every triangle in G bounds a face, at most one vertex in G’ has list
of size three. Since pg, p1 and ps have no common neighbor and
po is not adjacent to pa, G’ with the list assignment L’ is a smaller



counterexample to Theorem 6, which is a contradiction.

Let F = pop1pov1vavsvy . ... If £(F) = 6, then we set vy = po.
We may assume that |L(vy)] = 3 or |L(vz)| = 3, since otherwise
we can remove a color from the list of v;. Let us consider a set
X CV(F)\V(P) and a partial L-coloring ¢ of X that are defined
as follows:

(X1) If |L(vy)| = 3 and |L(v3)| # 3, then X = {v1} and ¢(v1) €
L(v1) \ L(po) is chosen arbitrarily.

(X2) If |L(vy)| = 3 and |L(v3)| = 3, then X = {v1,v2} and ¢ is
Ehczser)l}s)o that p(ve) € L(vg)\L(vs) and p(v1) € L(v1)\(L(po)U
@(v2 .

(X3) If |L(vz2)] = 3, and either |L(v4)| # 3 or |L(vs)| > 5, then
X = {va} and p(v2) € L(vz) is chosen arbitrarily.

(X4) If |L(ve)| = 3, |L(v3)| = 4 and |L(v4)| = 3, then:

(X4a) If vy, vy and v3 do not have a common neighbor or |L(vy)| >
5, then X = {wvy,v3} and ¢ is chosen so that ¢(vs) €

L(vs) \ L(vs) and @(v2) € L(vz) \ {¢(v3)}.

(X4b) If vy, v and v have a common neighbor and |L(vy)| = 4,
then X = {v1,vs,v3} and ¢ is chosen so that ¢p(vs) €
L(vs)\ L(va), p(v1) € L(v1)\ L(po) and either at least one
of p(v1) and ¢(v3) does not belong to L(vs), or ¢(vy) =
©(v3). The vertex vy is left uncolored.

For later reference, Figure 1 shows the subcases used in the definition
of X and ¢.

Let G’ = G — X and let L' be the list assignment obtained from
L by removing the colors of the vertices of X according to ¢ from
the lists of their neighbors (if a vertex of X is not colored according
to ¢, we do not remove any colors for it). Observe that any L’-
coloring of G’ can be extended to an L-coloring of G, thus G’ is not
L’-colorable. By the minimality of G, this implies that G’ violates
the assumptions of Theorem 6. Since F' has no chords, the choice of
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Figure 1: Subcases in the definition of X. Triangle vertices represent
lists of size 3, square vertices list of size > 4. Encircled vertices are

in X.



X and ¢ implies that every vertex of V(G’) \ V(P) has list of size
at least three. Since pg is not adjacent to py and pg, p; and py do
not have a common neighbor in G, it follows that the conditions (v)
and (vi) are satisfied by G’ with the list assignment L’. We conclude
that (iv) is false, i.e., G’ contains adjacent vertices u and v such that
()] = |L'(v)] = 3.

Since F' has no chords, the choice of X ensures that at most one
of u and v belongs to V(F'); hence, we can assume that v ¢ V(F)
and v has two neighbors in X. In particular, X was chosen according
to the cases (X2) or (X4). Since G contains no separating cycles of
length at most 4, we conclude that v has at most one neighbor in X,
and thus u € V(F). Let © € X be the neighbor of v such that the
distance between v and = in F' — P is as large as possible. By (1)
applied to the 2-chord zvu, we conclude that the zvu-component of
G that does not contain P consists of zvu and a vertex z adjacent
to x, v and u with |L(z)] = 3. It follows that |L(u)| > 3, and
since |L'(u)| = 3, we have z € X and |L(u)] = 4. The inspection
of the choice of X shows that (X4) holds, i.e., u = vy, 2z = vy and
x = vs. However, note that the condition of (X4b) holds; hence
u € X, contrary to the assumption that u € V/(G’). This completes
the proof of Theorem 6. O

2 Near-planar graphs

In this section, we aim to show that graphs drawn in the plane with
crossings far apart are 5-choosable. For the purposes of the induction,
it will be useful to allow other kinds of irregularities (adjacent vertices
with list of size three, as well as vertices with list of size four not
incident with the outer face, which arise when some vertices incident
with a crossing are colored and their color is removed from the lists
of their neighbors), subject to distance constraints.

Let us first introduce some terminology. Let G be a graph. For
two subgraphs Hy, Hy C G, the distance d(Hy, Hy) between H; and
Hs is the minimum of the distances between the vertices of H; and



Hs, i.e., the minimum k& such that there exists a path vgvy...vx in
G with vy € V(H;) and v, € V(Hz). A drawing G of G in the plane
consists of a set V = {p, | v € V(G)} of distinct points in the plane
and a set of simple polygonal curves £ = {c. | e € E(G)} such that

e if uv € E(G), then p, and p, are the endpoints of ¢y,
e no internal point of any ¢, € £ belongs to V, and

e at most two of the curves in £ contain any point that does not
belong to V, and any two curves in £ have at most one point
in common.

A crossing of G is a point in the plane that belongs to two of the
curves in &, but not to V. An edge e is incident with the crossing
if x € c.. An edge e is crossed if it is incident with some crossing,
and non-crossed otherwise. For a crossing x, we define G, to be
the graph consisting of the two edges incident with x. Two vertices
of G are crossing-adjacent if they belong to G, for some crossing
x and are not adjacent in G. Removal of |J& splits the plane into
several connected subsets, which we call faces of G. By a slight abuse
of terminology, we sometimes identify a face with its boundary and
hence speak about the vertices, edges and crossings of the face.

Let G be a drawing of a graph G, let P be a path of length at
most three contained in the boundary of the outer face F of G (where
in particular, no edge of P is crossed), N a subset of V(G) and M a
subset of F(G), and let L be a list assignment for G. We say that L
is (P, N, M)-valid if the following conditions are satisfied:

(S) |L(v)| > 5 for v € V(G) \ (V(F)UN), |L(v)] > 3 for v €
V(F)\V(P) and |L(v)| = 1 for v € V(P),

)

(

(N) [L(v
(M) if |L(u)| = |L(v)| = 3 and w and v are adjacent, then uv € M,

| >4 forve N\V(F),

(P) L gives a proper coloring to the subgraph induced by V(P),

10



Figure 2: Special subgraphs and their ranks

(T) if a vertex v has three neighbors wy,ws, w3 in V(P), then
L(v) # L(w1) U L(w2) U L(ws), and

(C) if z is a crossing and G, contains a vertex with list of size three,
then all other vertices of G, have lists of size 1 or > 5.

We define some subgraphs H of G to be special, and assign a rank
r(H) to each such subgraph (see Figure 2). Specifically, H is special
if it falls into one of the following cases:

e H consists of the two edges incident with a crossing. In this
case, its rank is 4.

e P has length three and H consists of the middle edge of P; the
rank of H is 3.

e H is equal to a vertex of N, and r(H) =2
e H is equal to an edge of M, and r(H) = 0.

The drawing G is (P, N, M)-distant if d(Hy, Ho) > r(Hy)+r(H)+7
for every pair Hy # Hs of special subgraphs of G. We shall occa-
sionally refer to the (P, N, M)-distant requirement as the distance
condition. The purpose of the introduced rank function is the fol-
lowing. In our inductive arguments, we will occasionally construct
a smaller graph G’ and introduce a new special subgraph H’ in a
vicinity of a special subgraph H that would no longer exist in G’.
If H' has smaller rank than H, the distance condition for special

11
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subgraphs in G’ would still hold, and the induction hypothesis can
be applied.

A subgraph O C G is an obstruction if O is isomorphic to one of
the graphs drawn in Figure 3 and sizes of the lists of its vertices match
those prescribed by the figure, where the full-circle vertices have list
of size one, triangle vertices have list of size three, square vertices
have list of size four and pentagonal vertices have list of size five. Let
us remark that if the distance condition holds, then G can contain
at most one of the obstructions. For further reference we exhibit in
Figure 4 all possible list assignments for which the obstructions are
not colorable. In particular, observe that the following holds:

(2) Let H be one of the obstructions and let Q be the path in H
consisting of full-circle vertices. Suppose that QQ has length two and
that H is neither Oy nor Ogy. Let g be the middle vertex of Q
and let L be a list assignment such that each vertex v drawn by a k-
gon has |L(v)| = k, while the vertices of Q have lists consisting of all
possible colors. Then there exists a color b such that every L-coloring
¥ of @ with 1(q) # b extends to an L-coloring of H.

We prove the following claim, which obviously implies our main
result, Theorem 2.

Theorem 7. Let G be a graph drawn in the plane, P a path of length
at most three contained in the boundary of the outer face F' of G and
L a list assignment for G. Suppose that there exist sets N C V(G)
and M C E(Q) such that L is (P, N, M)-valid and the drawing of G
is (P, N, M)-distant. If

(O) every obstruction in G is L-colorable,
then G is L-colorable.

Before giving the proof of this statement, let us give a quick out-
line. Essentially, we follow the proof of Theorem 6. First, we show
that the outer face of a hypothetical minimal counterexample G has
no chords and then we also restrict its 2-chords. This is somewhat

13
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Figure 4: The lists for which the obstructions cannot be colored.
Colors represented by different letters may be equal to each other if
they do not occur in the same list for a particular obstruction.
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more complicated due to the presence of crossings and the condition
(O). Next, we find the set X and its partial coloring ¢ defined in
the same way as in the proof of Theorem 6, and use it to construct
the graph G’ with the list assignment L’. By the minimality of G,
we conclude that G’ violates one of the assumptions of the theorem.
A straightforward case analysis shows that (O) holds, and the con-
ditions (S), (P) and (T) follow in the same way as in the proof of
Theorem 6; but (M), (N) and (C) can be violated in ways which do
not enable us to obtain a contradiction directly. However, we observe
that in such a case, there is a special subgraph S near to X. In this
situation, we apply the symmetric argument on the other side of the
path P, and obtain another set X’ and a special subgraph S’ close to
it. By the distance condition, we have S = S’, and thus there exists
a short path from X to X’ passing through S. In this situation, we
consider all the possible combinations of X, X’ and their positions
relatively to S, and obtain a contradiction similarly to the way we
deal with 2-chords.

Let us note that the assumption (C) is a product of a some-
what delicate tradeoff. We believe the claim still essentially holds
even without this assumption, and avoiding it would greatly reduce
the number of possible bad cases and simplify the last part of the
proof. However, the list of obstructions in (O) would be significantly
larger, making the first part of the proof longer and more compli-
cated. Moreover, if we omit (C) completely, then there exists an
obstruction with a precolored path of length one (see Figure 5(a)),
which would be a major problem (we could not easily get rid of
chords of F). One could consider excluding Figure 5(a) by forbid-
ding vertices with lists of sizes three or four joined by a crossed edge.
This would still simplify the last part of the proof a lot. However, in
addition to having more than 10 new obstructions, we do not see a
way how to reduce the 2-chord depicted in Figure 5(b), which would
need to be dealt with somehow.

Proof of Theorem 7. We follow the outline of the proof of Theorem 6.
We assume that G is a counterexample to Theorem 7 with |V (G)| +

15



(a) (b)

Figure 5: Why is condition (C) needed?

|E(G)| as small as possible, and subject to that, with the minimum
sizes of its lists. Let k = ¢(P) < 3, and let P = pop; ...px. By
applying the same kind of reductions as used in the proof of Theorem
6 together with the minimality of G, one can show:

(8) The following properties are satisfied:

(a) Every vertex v € V(QG) satisfies deg(v) > |L(v)].
(b) G is 2-connected and £(P) > 1.

(¢) Ewvery mon-crossed chord of F is incident with exactly one in-
ternal vertex of P.

(d) If K is a triangle in G and no edge of K is crossed, then K
is not separating. If K is a separating 4-cycle without crossed
edges, then Intg (G) — V(K) is either a vertex in N or a com-
plete graph on 4 wvertices involving a crossing.

(e) Ewery vertex v € V(G) satisfies |L(v)| < 5.

(f) If v € V(G) \ V(P) is adjacent to a vertex p € V(P), then
L(p) € L(v).

Most properties in (3) are easy to argue about; they are left to
the reader. Property (e) is achieved by removing colors from lists of
size 6 or more. The only problem that may arise is that we obtain

16



an obstruction; however, inspection of bad lists for the obstructions
exhibited in Figure 4 shows that we can always remove one of the
colors so that (O) still holds. The only remaining nontrivial claim
is the property of separating 4-cycles in part (d). To prove that, we
first color the subgraph of G consisting of Extx(G) and all chords
of K and then consider G’ = Intx (G). Let K = v1v9v3v4, and let ¢;
be the color of v; as used in the coloring of Extx (G). Suppose that
c1 # c3. In that case we consider the list assignment L’ for G’ given
by setting L'(v) = L(v) if v ¢ V(K), L' (v;) = {¢;} for i = 1,2,3, and
L'(v4) = {e1,¢3,c4}. Since any L'-coloring of G’ yields an L-coloring
of G, we conclude that G’ does not satisfy all assumptions of the
theorem. It is easy to see that the only possible violation is that
G’ contains an obstruction. Note that this obstruction contains the
whole path vivsvs and that the only vertices whose lists have size 3
or 4 are v4 and possibly a vertex in N. If a vertex in N is present,
there is no crossing by the distance condition. The only obstructions
with these properties are Oyn; and Ogs, yielding the outcome of the
claim (a similar argument shows that V (Intx (G)) only consists of the
vertices of the obstruction; see (4) below for details). The remaining
case to consider is when ¢; = c3. In this case we replace the color c3
in the list of v3 and in the lists of all its neighbors by a new color ¢}
that does not occur elsewhere, and then apply the same argument
as in the previous case. It is to be observed that the color cj will
only be used for vz, and the color c3 will not be used on any of the
neighbors of v3. Thus a coloring with the revised lists gives rise to
an L-coloring of G also in this case. This completes the proof of (3).

Let T = vyvovus be a triangle in G. Suppose that the edge vyvo
is crossed by an edge uw, where w belongs to Gy = Intr(G) and
w # vs. Let ¢ be an L-coloring of Exty(G) and let Ly be the list
assignment such that La(v;) = {p(v;)} for 1 < i <3, La(w) = L(w)\
{¢(uw)} and Ls(z) = L(2) otherwise. Note that |Ly(w)| > 4, that G
is not Lg-colorable and that it is (vivevs, (N N V(G2)) U {w},H)-
distant. Observe that G satisfies the validity conditions (S)—(C),
and also satisfies (O). Hence it is a counterexample to Theorem 7,
contradicting the minimality of G. Similarly, if w = wvs, then we
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conclude that no vertex is drawn in the open disc bounded by T
Together with (3), we obtain the following conclusion:

(4) IfT is a triangle in G distinct from F, then V (Intr(G)) = V(T).

Suppose now that G contains one of the obstructions from Fig-
ure 3. Note that each of the obstructions contains a special subgraph.
By the distance condition, none of them has further crossed edges
and (4) implies that no such obstruction H appears in G, as oth-
erwise we would have G = H and G would be L-colorable by the
assumptions.

Furthermore, analogous arguments as used in the proof of (3)(d)
show that the following conditions hold:

(5) If K is a4-cycle in G distinct from F and V(Intg (G)) # V(K),
then either Intx (G) — V(K) is K4, or there exists a vertex z such
that V(Intx (G)) = V(K)U{z}, z is adjacent to all vertices of K and

z either belongs to N or is incident with an edge crossing an edge of
K.

(6) If K is a 5-cycle in G distinct from F, V(Intx (G)) # V(K), no
edge of K is crossed and there exists a special subgraph S C Exty (G)
such that d(S, K) < 1, then V(Intx(G)) = V(K) U {z} for a vertex
z adjacent to all vertices of K.

Some explanation concerning the proof of (6) is needed: Again,
we first color Extx(G) and then consider Intx (G) with the 5-cycle
precolored. By the previous results, K has no chords, since the
outcomes of (5) would yield a special subgraph too close to S. Let
uv be an edge of K, and let G = Intx(G) — {u,v}. By removing
the colors of u and v from the lists of their neighbors, we obtain
another instance of a list coloring problem with a precolored path
of length 2. Since any coloring of G’ gives rise to a coloring of G,
we conclude that one of the assumptions of the theorem is violated.
By the distance condition, the only one that may not hold is the
assumption (T). Since the common neighbor w of the three vertices
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on the path has list of size 3 (and it had list of size 5 in G), it is
adjacent to u and v in G, thus proving the claim.

Our next goal is to show that F' does not have chords. Let uv be
a non-crossed chord of F'. By (3)(c), u is an internal vertex of P, say
u = py, while v € V(P). Let G; and G5 be the uv-components for G
such that pg € V(G1), and let P; = popv and P» = vp; ...pg. For
each color ¢ € L(v) \ L(u), let L. be the list assignment such that
L.(v) = {c} and L.(z) = L(z) if z # v. Since G is not L-colorable,
either G; or Gy is not L.-colorable. Furthermore, since both G,
and Gy are L-colorable (by the minimality of G), there exist distinct
colors ¢; and ¢y such that Gy is not L., -colorable and G is not L.,-
colorable. Since G is a minimal counterexample, the assumptions of
our theorem fail for G; and G5 with respect to these list assignments.
In the sequel we discuss what can go wrong.

All special subgraphs in G that do not contain v remain special in
G1 or G2 and no new special subgraphs arise. Thus, G is (P, N N
V(Gl), MnN E(Gl))—distant and G2 is (PQ,N n V(Gg),M N E(Gg))—
distant. Clearly, validity conditions (S), (N), (M), and (C) hold for
both graphs. Thus one of (P), (T), or (O) fails. If Gy contains an
obstruction, then it contains a special subgraph whose distance to p;
is at most two. In that case, we conclude that ¢(P) < 2 and that G5
contains no obstruction, since the distance between special subgraphs
in G is more than four; also, no edge at distance at most two from
p1 in Go is crossed. Since ¢(P) < 2, we may in this case exchange
the role of G; and G5 and henceforth assume that G contains no
obstructions. Similarly, by exchanging the roles of G; and Gs if
necessary, we may assume that no edge in G; at distance at most
2 from p; is crossed. Furthermore, if G violates (T), then since no
edge in (G; incident with p; is crossed, we could consider the chord
p1z instead of pjv, where z is the common neighbor of pg, p; and
v. Therefore, we can assume that G satisfies (T) and (O). Since no
L-coloring of G5 extends to an L-coloring of G, we conclude that G
violates (P), and thus v is adjacent to pg. Since vpy is neither crossed
nor incident with an internal vertex of P, we conclude that vpg is part
of the boundary of F', and hence G is equal to the triangle pop;v.
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Suppose now that G contains an obstruction H; by (3) and (4), we
have Gy = H. However, the inspection of the obstructions shows
that G would either be L-colorable or an obstruction. Therefore, G
satisfies (O). Furthermore, by the absence of Op; and property (T)
of G, we conclude that there exists a color ¢ € L(v) \ (L(po) U L(p1))
such that G satisfies (P). Since this coloring does not extend to an
L-coloring of G, it follows that Gs violates (T), i.e., there exists a
vertex w adjacent to v and to vertices p,p’ € V(P) \ {po} such that
L(w) = L(p) U L(p') U {c}. Since we cannot choose ¢ so that G
satisfies both (P) and (T), it follows that either G contains Ops, or
vw € M (in which case ¢(P) = 2), and G contains Oyp;. This is a
contradiction, thus every chord of F is crossed.

Consider now a (crossed) chord uwv of F' that is not incident with
an internal vertex of P. Let e be the edge crossing uv and let G and
G2 be the uv-components of G — e such that P C GG;. Let e = z1x9,
where 21 € V(G1) and a2 € V(G3). By the minimality of G, there
exists an L-coloring ¢ of G1. Since p(u) # p(v), we can assume that
o(x1) # @(u). Let G’ be the graph obtained from G5 —uv by adding
new vertices 1, and ys, edges of the path P’ = uy;y.v and the edge
y122. Let L' be the list assignment for G’ such that L'(u) = {¢(u)},
L'(v) = {p)}, L'(y1) = {p(z1)}, L'(y2) = {c} for a new color ¢
that does not appear in any of the lists and L'(z) = L(z) for any
other vertex z. Note that G’ has a new special subgraph consisting
of the edge y1y2 and that G' is (P', N N V(G’), M N E(G"))-distant,
since the crossing of G incident with x5 does not belong to G’ and
any path from a special subgraph in G’ to y;y2 passes through one
of the vertices u, v,z of the crossing in G. Furthermore, G’ is not
L’-colorable, and by the minimality of G, it violates (T) or (O).
The latter is not possible, since yo has degree two, thus (T) does
not hold in G’. This implies that x5 has list of size three and it is
adjacent to v and v. By (3) and (4), we have V(G2) = {u,v,x2}.
Note that by (C), we conclude that each of |L(u)|, |L(v)|, |L(z1)]| is
either 1 or 5. Let a be a color in L(x3) distinct from the colors of its
neighbors in P, which exists by (T). Let G” = G — x5 with the list
assignment L such that L (z) = L(2) \ {a} for z € {u,v,z1} and
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L"(z) = L(z) otherwise. Note that G” is (P, N U {1}, M }-distant
and L" is (P, N U {x1}, M)-valid. By the minimality of G, we have
that G” violates (O). The obstruction involved is L-colorable, so
it must contain one of the vertices whose lists have been changed.
Since none of these vertices has list of size 3 or 4 in L and all special
subgraphs are far away from the crossing, we conclude that £(P) = 2,
|L"(z1)] = 4 and G" contains one of Onj, Ono or Oys, in which
the interior vertex with list of size 4 is ;. However, inspection of
these graphs shows that |L”(u)] = 3 or |L”(v)| = 3, which is a
contradiction.

Finally, consider a crossed chord uv of F' incident with an internal
vertex u of P. Since G is (P, N, M)-distant, we have ¢(P) = 2, thus
u = p1. Let e be the edge crossing uv and let G; and G2 be the
uv-components of G — e such that py € V(G1) and ps € V(Gz). Let
Py, = pop1v and Py = popiv, and let e = x129, where z; € V(G;)
for i € {1,2}. Note that G; is (P, (NNV(G;))U{z;}, M N E(G;))-
distant. If G; contains an edge f different from pgp1, pov, p1v, then
by the minimality of G there exists an L-coloring ¢3_; of G — f D
Gs_;+x122. If additionally |L(x;)| € {1, 5}, then define L; to be the
list assignment for G; such that L;(v) = {¢s_i(v)}, Li(z;) = L(z;) \
{ps—i(xs_;)}, and L;(z) = L(z) for any other vertex z. Observe
that G; is not L;-colorable, and we conclude that it violates (P),
(T) or (O). (For (S) to hold, we add x; to N). Since @p3_; is a
coloring of G — f, (P) is satisfied for G;. Since G is (P, N, M )-distant
and contains no non-crossed chord, it follows that G; satisfies (T).
Thus, G; violates (O). The corresponding obstruction is Oy since
all others either have a special subgraph of G that would violate the
distance condition in G, or have a non-crossed chord incident with
p1. Together with (3) and (4), we have that for each i € {1,2}, one
of the following holds:

e z; € V(P;) and either G; = P; or G; is the triangle on V(F;),
or

o |L(x;)| € {3,4}, or
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e (5; is equal to Oy and z; is its vertex with list of size four.

Since we already excluded all chords not incident with p;, at most
one of x; and xo has list of size three or four. By symmetry as-
sume that |L(z1)| € {1,5}. If |L(x2)] € {1,5}, then all the possi-
ble combinations of such graphs G; and G4 are either L-colorable
or equal to Ocy. Therefore, |L(z2)| € {3,4}. Since every chord
of F' is crossed and incident with an internal vertex of P, we have
x1 &€ V(F), thus G; is On1. Let w be the vertex of G with list of
size three, G’ = G — {w,po} — p1v and L’ the list assignment such
that L'(z1) = {¢1(z1)}, L'(v) = {¢1(v)} and L'(z) = L(2) other-
wise. Note that G’ is (pap121v, N NV (G'), M N E(G"))-distant and
not L’-colorable. If v has degree at least 5 in G, then it has degree
at least three in G'. Together with (3), this implies that x5 is not
adjacent to v, hence (T) holds. If v has degree at most four, then
|L(v)| <4, and by (C), |L(z2)| = 4, and again (T) holds. Therefore,
G’ violates (O). Since z7 has degree three in G’ and it is adjacent
to a vertex with list of size three or four, G’ contains (and by (3), is
equal to) Op; or Ops. However, then G is L-colorable. Therefore,
we obtain the following conclusion:

(7) F has no chords.
An easy corollary is that
(8) no vertex of P is incident with a crossed edge.

Indeed, if vp were a crossed edge with p € V(P), then by (7), we
have v € V(F'). Furthermore, since P is incident with a crossing,
we have £(P) < 2. Let L’ be the list assignment such that L'(v) =
L(v)\ L(p) and L' matches L on the rest of the vertices of G. Note
that G — vp is not L’-colorable, and by the minimality of G, we
conclude that G — vp contains Oy, Ong or Ong, whose internal
vertex with list of size 4 is v. It cannot contain Oy, since v is not
adjacent to all vertices of P in G — vp. Similarly, it cannot contain
Ons, since the edge vp would be crossed twice. If G—vp contains Oya,
then G contains O¢;. Comparison of bad lists for One and Ogp in
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Figure 4 shows that O¢; is not L-colorable, which is a contradiction
to the assumption that (O) holds for G and L.

Consider now a vertex v with three neighbors p,, s, p. € V(P),
where a < b < c¢. Let K be the cycle pypa+1 - - - pcv, and note that K
has a chord vp,. By (8), none of the edges vp,, vpy and vp, is crossed.
By (3)(d), K is not separating ((3)(d) allows a vertex of N or a K4
with a crossed edge in the interior of K; however, this would only be
possible if ¢(P) = 3, yielding two special subgraphs at distance 1).
Suppose that ¢ —a = £(P), and let G5 be the p,vp.-component of G
that does not contain P. Since v ¢ V(F), and v ¢ N if {(P) = 3,
there is a color in L(v) that does not appear in the lists of vertices in
P. Observe that G2 (with the precolored path p,up.) violates either
(T) or (O). In the former case, G is either On; or Opg. In the latter
case, we have {(P) = 2 by the distance condition, and (2) implies
that G5 is either Oy or Oc¢y. If Go is Oy, then G is Oppe, and if
G5 is O¢y, then GG is L-colorable.

Finally, consider the case that ¢(P) = 3 and v is adjacent to say
po, p1 and p2 and is not adjacent to p3. If L(pg) = L(p2), then G—vps
is a counterexample to Theorem 7 contradicting the minimality of G.
Therefore, L(pg) # L(p2). Since the edges vpg, vp1, and vps are not
crossed, the degree of p; is three. Let G’ = G — p1 + pop2, with the
list assignment L’ such that L'(v) = L(v) \ L(p1) and L'(z) = L(z)
otherwise. Note that G’ is (popaps, N U {v}, M)-distant, since the
rank of the special subgraph pips in G is greater than the rank
of the special subgraph v (in G’), and any path @Q between two
special subgraphs S; and Sy that uses the new edge pops gives rise
to paths between S7 or Sy and the middle edge pips of P in G, thus
implying £(Q) > 144+r(S1)+7(S2) +2r(p1p2) —1 > T+r(S1)+7(S2).
We conclude that G’ violates (O) and contains Oni, On2 or Oxs
that is not L’-colorable; however, then G contains a non-L-colorable
obstruction Opg, Opyg or Ops, respectively. Therefore, we have:

(9) Every vertex has at most two neighbors in P.

Suppose now that uv and xy are edges crossing each other and
u,xz € V(F). By (8), neither v nor = belongs to P. Let ¢ be the
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curve formed by the part of the edge uv between u and the crossing
and the part of the edge zy between the crossing and x. If ¢ is not
part of the boundary of F', then let G5 be the subgraph of G drawn
inside the closed disc bounded by ¢ and the part of the boundary of
F between u and x that does not contain P. Note that there are two
possible situations, depending on whether G5 includes the vertices v
and y or not. In any case, we can write G = G; UG>, where G; NG
consists only of vertices u and x. Let G be the graph obtained from
G5 by adding a common neighbor w of w and z. No L-coloring of
G extends to an L-coloring of G (where w is assigned an arbitrary
color different from the colors of w and x). By the minimality of G,
we conclude that G4 (with the precolored path uwz) violates (P),
thus uz € F(G). The conclusion is:

(10) Ifwu and x are crossing-adjacent and u,x € V(F), then either
ur € E(G), or the crossing incident with w and = belongs to the
boundary of F.

Similarly, we derive the following property:

(11) Suppose that Q = x1x2 ... 2412 is a path in G, where t < 6
and T1xo crosses xy_1xy. Let ¢ be the closed curve consisting of the
path zo ... xs—1 and parts of the edges x1x2 and xi_1x¢, and let X
be the set of vertices of G drawn in the open disc bounded by c. If
1 € X, then X = 0.

The proof of (11) proceeds as follows. Observe first that the curve
¢ is not crossed since all its edges are close to a crossing. If the path
To...x¢—1 is induced in G, then the subgraph of G drawn inside
the closed disc bounded by ¢, with the precolored path xoxs...z¢—1,
would be a counterexample to Theorem 7 smaller than G (the dis-
tance constraints are satisfied even if ¢ = 6, since the middle edge of
the path xox3x425 has smaller rank then the crossing, whose distance
to x3x4 in G is one). If x5...x, 1 contains a chord z;z; (i < j),
then we first consider Q' = z1x2...x;z; ... 2, and then apply (3)(d)
to show that no vertices are contained in the interior of the cycle
TiTig1 .- TjTy.

24



Figure 6: Possible cases for G5 for a 2-chord uvw
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Now, we shall consider the 2-chords of F'.

(12) Let uvw be a 2-chord of F such that vw is not crossed. Let
¢ be the closed curve bounding the outer face of G and q the curve
corresponding to the 2-chord uwvw. Let ¢; and co be the simple closed
curves in ¢ U q distinct from ¢, and let Gy and G2 be the subgraphs
of G drawn inside ¢y and cq, respectively, so that Gy N Gy = uvw
and Gy U Gy is equal to G if the edge uv is not crossed, and is equal
to G — xy if uv is crossed by the edge xy. If neither u nor w is an
internal vertex of P and P C G4, then one of the following holds (cf.
Figure 6):

e V(G2) = {u,v,w}, and either wv is not crossed and uw €
E(G), oruv is crossed by an edge incident with w; in the latter
case, uw may or may not be an edge.

e V(G3) = {u,v,w,z} for a vertex z with list of size three, and
either uv is not crossed and uz,vz,wz € E(G), or uv is crossed
by an edge incident with z, zw € E(G) and at least one of uz
and vz is an edge.

o V(Gs2) = {u,v,w, z} for a vertex z with list of size four adjacent
to u, v, w and incident with an edge crossing uv.

Proof. Let us consider a 2-chord uvw that does not satisfy the con-
clusion of the claim such that G5 is maximal. First, suppose that uv
is not crossed. An L-coloring of G; does not extend to an L-coloring
of G, hence G5 (with the precolored path wvw) violates (P), (T) or
(0). If G4 violates (P) or (T), then by (4) and (7) the outcome of
the claim holds. Therefore, we conclude that Gs violates (O). Since
the obstruction in G violating (O) contains a special subgraph with
a vertex distinct from v and v ¢ V(F'), we conclude that v ¢ N,
and hence |L(v)| = 5. By (3) and (4) we also conclude that G is
the obstruction. Let S be the set of L-colorings of uvw that do not
extend to an L-coloring of G5. The inspection of the non-colorable
obstructions with ¢(P) = 2 in Figure 4 shows that one of the follow-
ing holds:
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(R1) there exists a set A of at most two colors and S contains only
colorings ¢ such that ¢(v) € A, and furthermore, if |A| = 2
then neither u nor w has list of size three; or,

(R2) S contains only colorings 1 such that ¢(u) = ¥ (w), and neither
w nor w has list of size three.

Indeed, by (2), all obstructions except for Op; and Oy satisfy (R1)
with [A| = 1. If G5 is Oy or Ogy, then neither u nor w has list of
size three, by (M) together with the distance condition and by (C).
The inspection of the colorings shows that if Gy is O¢1, then (R1)
holds with |A| = 2, and if G2 is Om1, then either (R1) holds with
|A] = 2, or (R2) holds (the latter is the case when the two lists of
size 3 are equal, i.e., a = ¢ in Figure 4).

If (R1) holds, then let G’ = G4, with the list assignment L’ such
that L'(v) = L(v) \ A and L'(z) = L(2) for z # w. Note that if
|A] = 2, then v has no neighbor in G with list of size three by (R1)
and by the maximality of Go. If (R2) holds, let G’ = G1 + uw with
the list assignment L’ = L. In either case, G’ is not L’-colorable and
itis (P, NNV(G"), MNE(G"))-distant (in the latter case, any path @
between special subgraphs H; and Hs using the added edge uw gives
rise to paths from H; and Hs to the special subgraph of G, and thus
Q) > 14+ r(Hy) + r(Hz2) — 3). Furthermore, G’ satisfies (T) by
(7) and (9), and if G’ violated (C) or (O), then v or uw would have
to belong to a crossing or to an obstruction in G’, and the distance
between its special subgraph and the special subgraph of G5 would be
at most 4. Note that G’ cannot violate (P), as otherwise u, w € V(P)
and G is Oy, and by (3) and (9), v would have degree four and list
of size five. Therefore, G’ is a counterexample to Theorem 7 smaller
than G, which is a contradiction.

Suppose now that uwv is crossed by an edge xy, where z € V(G1)
and y € V(G3). If y = w, then the conclusion of the claim holds by
(10), hence assume that y # w. Furthermore, z # w by (10), and
uw ¢ E(G) by (4). Let G} be the graph obtained from G; by adding
the edges ux and v (if they are not present already). Note that this
can be done without introducing any new crossings. Since u, v and z
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are incident with a crossing in G, G} is (P, NNV(G}), M N E(GY))-
distant. Furthermore, G’ does not contain any obstruction, as its
special subgraph would be at distance at most 2 from the crossing.
By (7), u has at most one neighbor in P within G, hence G satisfies
(T). By (8), u and z cannot belong to P, hence by the minimality of
G, there exists an L-coloring ¢ of Gj. Let G} be the graph obtained
from G5 — uv by adding the vertex = and edges ux, vz, yx. Consider
the list assignment L) for GY such that L4(z) = {p(2)} for z €
{u,v,w,z} and LL(z) = L(z) otherwise. Note that G5 is not L)-
colorable and that it is (uzvw, N NV (G%), M N E(G%))-distant.

Since y # w and since uw ¢ E(GY), the graph GY satisfies (P) for
the ¢-colored path uzvw. If G violates (T), then by (4) we have that
|L(y)| = 3 and y is adjacent to at least two of u, v and w. In particu-
lar, y € V(F). Observe that if vy € E(G), then the yvw-component
K that does not contain P can only be a triangle (since otherwise
any L-coloring of the other yvw-component K’ would extend to K,
and K’ would contradict the minimality of G). Thus yw € E(G).
By (11) applied to the path zywvu, we have V(G3) = {u,v,w,y}
and the conclusion of the claim holds. Let us now consider the re-
maining case that G satisfies (T), and thus by the minimality of G,
it violates (O). By (3) and (4), G4 is equal to one of Opq, ..., Opg,
but not Opj since = has degree 3 in GY.

If GY is Opq, then the conclusion of the claim holds. Otherwise,
let us define S as the set of colorings 1 of the path uzvw that do
not extend to an L-coloring of G4 and satisfy ¢ (u) # t(v). The
inspection of the obstructions and their problematic list assignments
displayed in Figure 4 shows that either (R1) or one of the following
holds:

(R3) GY is Ops and there exists a color ¢ such that S contains only
colorings 9 such that either ¢(u) = ¢ and ¥(z) = ¥ (w), or
P(z) = cand ¥ (u) = Y(w). Moreover, |L(u)| # 3 and |L(w)]| #
3.

(R4) GY% is Opy and there exists a color ¢ such that S contains only
colorings v satisfying either 1(v) = ¢ or ¢(x) = ¢. Moreover,
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L(w)] # 3.

Again, the conclusions that the specified vertices do not have lists of
size three follow in all applicable cases by noting that otherwise either
(C) or the distance condition would be violated. Let us remark that
for Opy we have (R1) if the colors a, b, ¢, d in Figure 4 are different;
we have (R3) if b = d or a = d. To argue for Opy, Ops, Opg we
observe that 1(x) and v (v) should be taken from the difference of
the lists of the two neighbors of u (so these are colors b, ¢ in Figure 4).
This yields (R1) with the only exception in the case of Opy, where
we cannot argue about |L(w)| # 3, so we need (R4) in this (and only
this) case.

The condition in (R3) that the lists of v and w do not have
precisely three elements is argued as follows. Since x has degree 3 in

%, the vertex z of Opg with list of size 3 is not the vertex y, and
v, w are both adjacent to z. Since |L(z)| = 3 and the edge wz is close
to a crossing in G, we conclude that wz ¢ M and hence |L(w)]| # 3.
Since |L(y)| = 4, (C) implies that |L(u)| # 3.

Now, the case when (R1) holds is handled in the same way as
the case when uv was not crossed. If (R3) holds, then we let G} =
G1 + uw with the list assignment obtained from L by removing c
from the list of u (note that |L(u)| # 1 by (8)); we may need to add
an edge incident with w to M in order to satisfy (M). If (R4) holds
and |L(z)| = 5, then let G} = G with the list assignment obtained
by removing ¢ from the lists of z and v (and adding x to N). In all
the cases, G satisfies the assumptions of the theorem. Indeed, (P)
is trivial, since v ¢ V(P) by (8). Similarly, (T) follows by (7) and
(9). Finally, (O) holds since by the distance condition, we could only
create Op1, Ome, On1, One or Ons, and each of them is excluded
by (7) or (9). Therefore, G| contradicts the minimality of G, since
its coloring would extend to an L-coloring of G.

Finally, consider the case that (R4) holds and |L(z)| € {3,4}. By
(10), all neighbors of u distinct from z belong to G2. By (8), we
have u & V(P), deg(u) > |L(u)| > 4, and thus v is adjacent to 2 and
|L(u)| = 4. Since G5 is Opy, every coloring of x, v and w extends to
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an L-coloring of Go, hence G contradicts the minimality of G. This
completes the proof of (12). O

Similarly, one can prove the following:

(13) Let u,w € V(F) be distinct vertices, neither of which is an
internal vertex of P. Suppose that v € V(F) is a vertex adjacent to
w and crossing-adjacent to u. Let ¢ be the closed curve not containing
P consisting of vw, parts of the crossed edges incident with u and
v, and a part of the boundary of F between u and w that does not
contain P, and let Gy be the subgraph of G drawn in the closed disc
bounded by c. Then G4 does not contain the crossing and satisfies
one of the following:

(a) V(G2) = {u,v,w} and vw € E(G), or

(b) V(G2) ={u,v,w, 2z}, |L(z)| = 3 and z is adjacent to u, v and
w.

Proof. By (12), it suffices to consider the case that uv € V(G). Let
G’ be the graph obtained from G; as follows: If uw € E(G), then we
add the edge uw. If u, v and w have a common neighbor z with list
of size three, then we add z and incident edges. If V(G}) = V(G),
then (a) or (b) holds. Otherwise, there exists an L-coloring 1) of
G by the minimality of G. Let L’ be the list assignment such that
L'(v) = {¥(v)}, L'(w) = {¢Y(w)}, L'(u) = {c} for a new color ¢,
L'(z) = (L(z) \ {¥(u)}) U{c} for each neighbor x of u distinct from
v and w and L'(z) = L(x) for all other vertices z. Note that G5 =
G2 + uv is not L’-colorable, and by the minimality of G, one of the
assumptions of the theorem is violated in G%. By the construction of
G’ and the choice of ¢, (P) and (T) hold. By the distance condition,
the only obstruction that can appear in G5 is Oc;. However, then
the 2-chord wvt (where t is the neighbor of u in Gy with list of size
four) contradicts (12). O
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Let us now introduce a way of defining list assignments that will
be used throughout the rest of the paper. Let ¢ be any proper partial
L-coloring of G such that ¢(v) ¢ L(p) for every pair of adjacent
vertices v € dom(p) and p € V(P). For each vertex z € V(G), let

peV(P)\dom(y),zpe E(Q)

We define L, to be the list assignment such that

Ly(2) = (L(z) \ {¢(z) : = € dom(y),xz € E(G)}) UR..

Let us also define G, = G — dom(yp). Consider any L,-coloring
of G,. We claim that the combination of ¢ with 1 is a proper L-
coloring of G. Indeed, for any z € V(G,,), we clearly have ¢(z) ¢ R.,
and thus ¢(z) € L,(2) is different from the colors of the neighbors
of z in dom(yp). Since G is not L-colorable, we conclude that G, is
not L-colorable.

Suppose now that G contains a subgraph H isomorphic to one
of the graphs drawn in Figure 3 such that the subgraph of H cor-
responding to full-circle vertices is equal to P, triangle vertices have
lists of size at least three, square vertices have lists of size at least
four and pentagonal vertices have lists of size five. Then we say that
H is a near-obstruction.

(14) If H is a near-obstruction, then H is isomorphic to one of
Om1, Ona, Ons or Ops. Furthermore, |(V(H)NV(F))\V(P)| <1,
and if (V(H)NV(F))\V(P) # 0, then H is Ong or Ons.

Proof. By (9), H is isomorphic to one of Oy, Ong, Ons, Oc2, Ocs,
Ocs, Ocs or Ops.

By (12), if H is Ocs, then V(G) = V(H) U {z}, where z is a
vertex of degree three adjacent to pg, ps and the vertex w ¢ V(P)
in the outer face of H. However, the distance condition implies that
w ¢ N, so that |L(w)| = 5. This implies that G is L-colorable, which
is a contradiction.
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If H is Oc¢g, then let pow,wops be the path in the outer face of H.
If wy,we € V(F), then V(G) = V(H) and G is L-colorable by (O).
Thus assume that wy ¢ V(F); hence |L(ws)| = 5. If wy € V(F),
then since wo has degree at least 5, by (12) we have that V(G) =
V(H) U {z}, where z is adjacent to wy, wy and ps. However, then
G is L-colorable. Therefore, wy; ¢ V(F). Let ¢ be an L-coloring of
H and G4 the powywope-component of G that does not contain P.
Since ¢ does not extend to an L-coloring of G, it follows that Go
with the precolored path pow;wsps violates (P), (T) or (O). Since
both w; and wy have degree at least 5, it follows that pows ¢ E(G)
and wips ¢ E(G), hence (P) holds. Suppose that Go violates (T).
Then a vertex z with list of size three is adjacent to three vertices
among pg, wy, we and po. If it is adjacent to all four of them, then
G contains Ocs which has already been excluded. Otherwise, since
wy and wy have degree at least 5, by (5) z cannot be adjacent to
Po, w1, and ps. By symmetry, we may assume that z is adjacent to
po, w1, ws. Then (12) applied to the 2-chord zwapy shows that there
is a vertex 2’ adjacent to z whose list has size 3, and we see that
the special edge zz’ gives a contradiction. Finally, if G5 violates (O),
then the obstruction is equal to one of Opy, Ops, Opsz, Ops, Ops
or Opg, and now it is easy to see (by comparing bad lists for the
obstructions) that G is L-colorable.

If H is Ocg, then let wy be the vertex of H drawn by the triangle
and wy the vertex of P that is not adjacent to it in G. If H is
Oqy, then let w; and ws be the vertices of H drawn by triangles.
By symmetry, we can assume that w; is the neighbor of ps. Let
wyx1x2w2 be the path in H formed by neighbors of p;. Note that
|L(w;)] € {1,5} by (7). Choose an L-coloring ¢ of the subgraph
of G induced by V(P) U {w;y,wz} such that ¢(wy) # p(ws) and
either |Ly,(x1)| > 4 or Ly,(x1) # Ly(x2). Note that this is possible
since |L(w1)| = 5. Let G’ = G — {p1, 71,22} + wiwy with the list
assignment L’ such that L'(z) = {¢(2)} for z € {wy,ws} and L'(z) =
L(z) otherwise. Observe that G’ is not L’-colorable (since every L'-
coloring of G’ extends to an L-coloring of G) and that it satisfies (P)
for the precolored path wowips or powowipz. By the minimality of
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G, G’ violates (T) or (O). In the former case, by symmetry we can
assume that there exists a vertex z € V(G) such that |L(z)| = 3
and z is adjacent to pa, wi and either wsy or py. It follows that
G contains a separating 4-cycle formed by non-crossed edges, and
by (3) the interior of this 4-cycle contains K,. By (7) and (12),
there are no other vertices in G. Now, it is easy to see that the
resulting graph is L-colorable. Therefore, G’ violates (O). Since G
is (P, N, M)-distant, this is only possible if H is O¢4. In this case
the obstruction in G’ is one of Op;—Opg. Note that the edge wiws is
contained in a triangle; let z be their common neighbor. By (3), the
4-cycle wyzwopy surrounds K4 in G. However, the graphs obtained
from the obstructions Op;—Opg with the precolored path powswips
by adding the vertex p; joined to the vertices pg, w1, ws, p2, deleting
the edge wyws, and adding K4 inside the 4-cycle wyzwsop, are easily
seen to be L-colorable.

The remaining obstructions are Opp, Ong, Ons, and Ops. If H
is Op1 or Opg, then none of the vertices in V(H) \ V(P) belongs to
F since this would contradict (7). In the other cases, at most one of
the vertices of H can belong to F' by the same reason. O

Observe that ¢(P) > 2, since if 4(P) < 2, then we can pre-
color 2 — ¢(P) more vertices of F' (by (8), we can extend P in the
boundary of F). Let pi...p1pov1vs ... vs be the vertices contained
in the boundary of F' in the cyclic order around it. We either have
vivir1 € E(Q), or v; and v;4; are crossing-adjacent, for each i. As
we already observed, povi, prvs € E(G). We also define vsy1 = py,
Vs+2 = Pk—1y «---

If s = 0, then let ¢ be the L-coloring of pg. Then G, with the
list assignment L, is a smaller counterexample to Theorem 6. This
contradiction shows that s > 1.

Suppose that s =1 and let ¢ be the partial coloring that assigns
a color in L(vy) \ (L(po) U L(px)) to v1. Note that if vy is adjacent
to a vertex = by a crossed edge, then G, is (P, N U {z},()-distant,
otherwise G, is (P, N,())-distant. By the minimality of G, G, with
the list assignment L, violates (O) and contains an obstruction H,
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which by (14) is one of Oy, Ong, Ong or Ops. Note that if z € V/(H)
is a vertex with list of size three according to L, then z is adjacent
to v; and belongs to N; but z is at distance at most one from the
special subgraph in the obstruction, contradictory to the assumption
that G is (P, N, M)-distant. Therefore, s > 2.

If vy is not adjacent to ve (i.e., v1 and vy are crossing-adjacent),
then let ¢ be a coloring that assigns a color from L(v1) \ L(po) to v1
and the color from L(pg) to pg. Note that £(P) = 2 by the distance
condition. Let y be the vertex adjacent to vy by the crossed edge,
and note that G, is (pip2, N U {y}, M)-distant. By the minimality
of G together with (3), (7) and (9), we conclude that G, with the
list assignment L, violates (N) or (M). In the former case, we have
|L,(y)] = 3 and since |L(y)| = 5, it follows that y is adjacent to
po. However, by (4), v2 would be adjacent to pg, contrary to (7). In
the latter case, pp and v; have a common neighbor uw # y adjacent
to a vertex w with |L(w)| = 3. This contradicts (12). Therefore,
v1v2 € E(G), and by symmetry, vs_1vs € E(G).

Suppose now that s = 2. By symmetry, assume that if vy is
incident with a crossed edge, then v is incident with a crossed edge
as well. If vjvy € M, then let ¢ be an L-coloring of v; and wvs
such that ¢(v1) & L(po) and ¢(ve) & L(pg). Otherwise, let ¢ be a
coloring of v1 by a color in L(vy) \ L(pg) such that if |L(vs)| = 3,
then @(v1) & L(ve) \ L(pr). Note that this is possible by (3)(f). Let
us remark that when |L(vg) \ {@(v1)}| = 2, then L(pr) = {¢(v1)}
and L, (v2) = L(vz) by the definition of L, and thus we always have
|L,(v2)| > 3. If G, with the list assignment L, violated (C), then
ve would have to be incident with a crossing, and by the choice of
v1, the vertex v; would be incident with the same crossing, which
then would not appear in G,. Therefore, G, satisfies (C). If vy is
incident with a crossed edge vz, then let N’ = N U {z}; if vy is
adjacent to a vertex y € N, then let N’ = N \ {y}; otherwise let
N’ = N. If v; and vo have a common neighbor z belonging to NV,
then let M’ = M U {v2z}; otherwise let M’ = M \ {v1v2}. Observe
that G, is (P, N', M')-distant and that it satisfies (S), (N) and (M).
By the minimality of G, G, violates (O) and thus G contains a near-
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obstruction H. By (14), H is Om1, Onz, Ong or Ops. Observe that
v1vg &€ M, since otherwise the distance between vivs and the special
subgraph of H (which is also special in G) is at most 3. Every vertex
with list of size three according to L, either belongs to IV or is equal
to va. If vg & V(H), then H contains only one vertex with list of
size three, hence H is On2. However, then IV contains two adjacent
vertices, which is a contradiction. Similarly, we exclude the case that
vy € V(H) and H is Oz or Ops. Therefore vo € V(H) and H is
Omi or Ong. The former is excluded by (7). If H is Ong, then we
have V(G) = V(H) U {v1} by (4). If v is incident with a crossed
edge, then G contains Ocz. On the other hand, if vy is not incident
with a crossed edge, then |L(vy)| =3, |L(v2)| =4, |[N| =1 and G is
L-colorable. This is a contradiction, hence s > 3.

Next, observe that if v; and vy are not crossing-adjacent, then
|L(v1)| = 3 or |L(v2)| = 3. Otherwise, we could remove a color from
the list of vy. If the edges v12z and e cross, then |L(z)| = 5 by (7),
and both vertices incident with e have list of size five by (8) and
(10), hence G with the new list assignment satisfies (C). By (14), no
obstruction arises (since all vertices with lists of size three or four in
the new list assignment are contained in V(F')). Thus G with the
reduced lists satisfies (O) and contradicts the minimality assumption.
Similarly, if v; and vy are crossing-adjacent and |L(v1)| > 3 and
|L(v2)| > 3, then we can assume that |L(vy)| = |L(vg)| = 4.

If |L(v1)| = 3 or |L(v2)| = 3 and furthermore v1vq,vav3 ¢ M,
then let the set X C V(F)\ V(P) and its partial L-coloring ¢ be
defined as in (X1)—(X4) in the proof of Theorem 6. Let us add two
more cases for the situation when v; and vy are crossing-adjacent:

(X5) If |L(v1)| = |L(ve)] = 4 and |L(vs)| # 3, then X = {v1} and
o(v1) € L(vy) \ L(po) is chosen arbitrarily.
(

(X6) If |L(v1)| = |L(v2)| = 4 and |L(vs)| = 3, then X = {vy} and
©(ve) € L(vg) \ L(vz) is chosen arbitrarily.

Let m be the largest index such that v,, € X. Let us note that
m = 1in (X1) and (X5), m = 3 in (X4), and m = 2 otherwise. Also,
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X = dom(yp) in all cases except for (X4b), when X = {v1,v9,v3}
and dom(y) = {vy,v3}.

(15) One of the following cases holds:
(Al) vive € M or vous € M.

(A2) Either vy and ve or two distinct vertices in dom(y) have a
common neighbor in N .

(A3) There exists a crossing q and two crossing-adjacent vertices
wy,we € V(Gy) such that V(Gy) N X = 0, wy has a neighbor
in dom(p) and wy has two neighbors in dom(yp).

(A4) vyvmt1 € E(Q), there exists a crossing q such that V(Gy) N
X = 0 and vyy1,0my2 € V(Gy), and either |L(vp41)| =
|L(vmt2)| =4 or |L(vm41)| =5 and |L(vpmy2)| = 3.

(AB) vmUmt1 € E(G), |L(vm+1)| € {3,4} and there exists a crossing
q such that V(Gq) N X = 0, vmi1 € V(Gq) and a neighbor
w & V(F) of vy, is crossing-adjacent to V1.

(A6) v1 & X and there exists a crossing q such that V(G,)NX =0,
v1 € V(Gy) and a neighbor w & V(F) of vy is crossing-adjacent
to vy.

(A7) |X| > 2 and there exists a path vVpy—1ZYVm+1, where x and y
are neighbors of v, and y € N.

Proof. See Figure 7 for the illustration of the possibilities. Note that
if (A1) does not hold, then X and ¢ are defined.

Suppose now for a contradiction that none of (A1)-(A7) holds.
Let us consider the graph Gjj = G — dom(y) with the list assignment
L, and let G’ be the graph obtained from G{, by repeatedly removing
vertices whose list is larger than their degree. If dom(y) # X, then
we have case (X4b) and X \dom(p) = {va}. If vy is not incident with
a crossing, then its degree in G is 1, and since |L,(v2)| > 2, it is not
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present in G’. On the other hand, if vo were incident with a crossing,
then the fact that |L(vy)| = |L(vs)| = 4 would contradict (C). This
shows that G’ C G — X. Observe also that G’ is not L,-colorable.

Next, we argue that G’ satisfies the assumptions of Theorem 7
(with the sets N’ C V(G’) and M’ C E(G’) defined as the minimal
sets such that (S), (N) and (M) hold), thus contradicting the mini-
mality of G. The property (P) holds trivially, (T) holds by (9). To
verify (S), note first that the only vertices not in the outer face of G’
with list of size less than five are those belonging to IV, or incident
with a crossed edge joining them in G to a vertex in dom(yp); and
the vertices of the latter kind have list of size four. Thus, they have
been added into N’ without violating the distance condition since the
rank of special vertices in N/ is smaller than the rank of the crossing.
Next, suppose that a vertex v € V(G’) \ V(P) satisfies |L,(v)| < 2.
Note that v € V(F') by the choice of X and ¢ and by (7). It follows
that v € N and v has two colored neighbors in X, thus (A2) holds.
This confirms that (S) is satisfied.

Now, let us consider property (C). Let ¢ be a crossing in G’ and
suppose that (C) is violated at ¢, i.e., there exist distinct u,v €
V(Gy) such that |L,(u)| = 3 and |L,(v)| € {3,4}. If both v and
v belong to F, then by (7) and (10) we have that v and v are
crossing-adjacent, {u,v} = {Vm41,Vm42} and L(vmi2) = Ly (Um+2)-
It follows that |L(v,+1)| # 3 and that (A4) holds. If u € V(F)
and v ¢ V(F) and u and v are not crossing-adjacent, then since
V(Gy) N X = 0, (12) implies that (A4) holds. If u € V(F) and
v € V(F) and u and v are crossing-adjacent, then we apply (13).
The outcome (a) of (13) gives (A5) or (A6). The outcome (b) gives
a vertex w € X that is adjacent to v and a vertex z with |L(z2)| =3
that is adjacent to u, v and w. Therefore, |L(u)| # 3, so u has a
neighbor in X. This is only possible in the subcase (X4a) of the def-
inition of X, where z = vy, w = v3 and u = v1, thus obtaining (A6).
If u g V(F) and v € V(F), then u has two neighbors in dom(p).
Since V(G,)NX = 0, (12) implies that u and v are crossing-adjacent.
By (13), one of the neighbors of w in X is also adjacent to v and has
list of size three, and by the choice of X, we conclude that (A6)
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holds. Finally, if u,v € V(F), then they are crossing-adjacent by (4)
and the fact that V(G,) N X =0, and (A3) holds.

Therefore, we can assume that G’ satisfies (C). Let us now con-
sider the newly created special subgraphs in G’. If v € N\ N, then v
is adjacent to a vertex of X by an edge containing a crossing ¢, and no
other vertex of G, belongs to X. Therefore, there is at most one such
vertex. Consider now an edge xy € M’ \ M; we will show that either
there exists a crossing ¢ such that {z,y} = V(G,)\ X, or at least one
of z and y belongs to N. Note that zy has been added to M’ because
|L, ()| = |Ly(y)| = 3. Suppose that z,y ¢ N. If z,y & V(F), then
both z and y have two neighbors in dom(yp). It is easy to see using
(4) and (5) that this implies that « and y are crossing-adjacent in
G via the edges joining x,y with X. If z,y € V(F'), then by (7) we
can assume that & = vy,41 and y = vy 19; but then |L,(z)| # 3 or
|L,(y)| # 3 by the choice of X, which is a contradiction. Finally,
suppose that say € V(F) and y ¢ V(F); then y has two neighbors
in dom(y) and, in particular, we have cases (X2) or (X4). By (12),
we have z € {v1,Um41}. If @ = vy, then y would be a common neigh-
bor of v, v and vz, contradicting the choice of X (assumptions of
(X4b) are satisfied, hence we would have v; € X). If © = vyq1,
then |L(v,,)| = 4 and therefore one of the edges v,,—1y and vym41y
is crossed since deg(v,,) > 4. However, by the choice of X we have
|L(vm—1)| = |L(vms1)| = 3, contradicting (C).

It follows that d(S1,S2) > 7+ r(S1) + r(S2) whenever S is a
special subgraph of G that is also special in G’ and Sz is any special
subgraph of G’. Suppose now that S; and S5 are both distinct newly
created special subgraphs in G’. Note that [N’ \ N| < 1 and if
N'\' N # 0, then M’ \ M = (). Tt follows that S;,S2 € M’ \ M. As
proved in the previous paragraph, each edge in M’ \ M is incident
with a special subgraph in G that is adjacent to X. By the distance
condition, we conclude that there exists a path xyz in G’ such that
|Ly(z)| = |Ly(y)| = |Ly(2)] = 3 and y € N. Note that at most
one of x and z can have two neighbors in dom(yp), as otherwise G
would contain a crossing at distance at most one from y; thus we may
assume that z € V(F). By (12), € {v1, Vm+1,Ums2}. If © = Uppa,
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then we would have |L(vp+41)| = |L(2)] = 3 and vpp12 € M would
be at distance one from y € N, which is a contradiction; therefore,
X # V. If & = v1, then (A2) holds, hence = vy, 41 and z € V(F)
has two neighbors in dom(y). However, then |L(v,,)| = 4, hence
deg(vy,) > 4 and vy, is adjacent to y and (A7) holds. We conclude
that G’ is (P, N', M')-distant.

Finally, suppose that G’ violates condition (O), and thus G con-
tains a near-obstruction H. By (14), H is one of Oy, Ong, Ons or
Ops.

o If H is Oy, then let xy be the edge of H that belongs to
M’, where z is adjacent to ps. Note that x,y & V(F) by (7)
and zy ¢ M. If x ¢ N, then x has two neighbors v; and v;
in dom(yp), where i < j. By (12) applied to pazv;, we have
j = i+ 1 and by the choice of X, |L(v;)| = 4; hence v; is
incident with a crossing and thus y ¢ N. Consequently, y is
also adjacent to v; and v;. However, note that |L(v;)| = 3,
contradicting (C) for G. Therefore, z € N is adjacent to vj,
and y is adjacent to both v; and v;. By (12) applied to poyv;,
we have i = 1, j = 2 and |L(v1)| = 3, and by (12) applied to
p2xv2, we have that s = 3 and |L(vs)| = 3. However, then G
is L-colorable.

e Next, suppose that H is One and let z and y be the vertices in
the outer face of H such that |L,(x)| = 3 and |L,(y)| = 4. By
(7),y ¢ V(F). If z € V(F), then by (12) we have s < 2, which
is a contradiction, hence = ¢ V(F). Thus x has two neighbors
in dom(y) and y has one, and by (12) we conclude that s = 3
and |L(v1)| = |L(vs)| = 3. It follows that X = {v1,v2}, = is
adjacent to v; and vo, and y is adjacent to vy. There are two
cases, either vq is incident with a crossed edge or |N| = 1; in
both of them, G is L-colorable.

e If H is Ons, then let xyz be the path in the outer face of H such
that |L,(x)| = |Ly(2)] = 3, |L,(y)| = 4 and z is adjacent to p;.
By (7), z ¢ V(F), thus z has two neighbors wy,ws € dom(y),
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and by (12), we can assume that the neighbors of wy are we, 2z
and an endvertex of P, and that |L(w;)| = 3. Sincey ¢ V(F), y
is adjacent to wy. Since x cannot have more than one neighbor
in dom(yp), we have z € V(F). If zwy ¢ E(G), then (12)
implies that x is adjacent to a vertex with list of size three,
and thus L, (z)| = |L(x)| > 3. This is a contradiction, hence
zwy € E(G). By the choice of X, |L(z)] = 3. Again, we
distinguish two cases depending on whether ws is incident with
a crossed edge (in this case |L(wz)| =5 by (C)) or |[N| =1. In
both cases, G is L-colorable.

e Therefore, H is Opz. But then two of the vertices of H have two
neighbors in dom(y), hence G contains a crossing at distance

at most one from P, contradictory to the assumption that G
is (P, N, M)-distant.

We have shown that G’ satisfies all conditions of Theorem 7 for
the list assignment L,. This gives a contradiction to the minimality
of G and proves claim (15). O

Each case among (A1)-(A7) in (15) contains a special subgraph.
Thus, G contains a special subgraph S whose distance from pg is at
most 2 + r(5). Consequently, £(P) = 2. Next, we consider the set
X' C {vs,vs5—1,v5—2} defined symmetrically to X and conclude that
there exists a special subgraph S’ (satisfying one of (A1)-(A7) with
v; replaced by vs11_,;) whose distance to ps is at most 2 + r(S’). It
follows that d(S,S’) < 6 4+ 7(S) + r(S’), and since G is (P, N, M)-
distant, we have § = 5.

Next, we show that

(16) S consists of two edges incident with a crossing.
Proof. If not, then either S € M or S € N. Suppose first that
S € M. Then (Al) holds and s < 4. Since s > 3, we can by

symmetry assume that S = vovs. If vo, v3 and v; have no common
neighbor for ¢ € {1,4} (i = 1 if s = 3), then let ¢ be an arbitrary
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L-coloring of S (such that ¢(vs) ¢ L(ps) if s = 3). Observe that
G, cannot contain an obstruction since its special subgraph would
be a special subgraph in G, too close to the special edge vovs. Now
it is easy to check using previously proved properties of G that G,
satisfies all conditions of Theorem 7. (The same reasoning will be
applied in the sequel without repeating it.) Therefore, G, with the
list coloring L., is a counterexample to Theorem 7, contradicting the
minimality of G. Thus, by symmetry, we may assume that vy, v and
v3 have a common neighbor w. In that case, w is not adjacent to vy
by (12). Let ¢ be an L-coloring of v; and vs such that ¢(v1) € L(po),
¢(vs) & L(p2) and |Ly(v2)] > 2. Then G' = G — {v1,v2,v3} with
the list assignment L, contradicts the minimality of G since any L,-
coloring of G’ can be extended to vo by using a color in L, (v2), and
can henceforth be extended to G.

Let us now consider the case that S € N, hence (A2) or (A7)
holds. Let ¢ and j be the smallest and the largest integer, re-
spectively, such that S is adjacent to v; and v;. By (12) we have
j e {i+1,i+ 2}. We consider the two possible values of j sepa-
rately:

e Suppose first that j7 = ¢ + 1. If |X| > 2, then |L(vy)| > 4
and |L(vm+1)| = 3, hence (A7) cannot hold for both X and
X', If both X and X’ satisfy (A2), then since s > 3, we can
assume that vy, v3 € X have a common neighbor in N. By the
choice of X, we have |L(vs)| = 3, hence s =4 and ve,v3 € X'.
However, then |L(v1)| > 4 by the choice of X and |L(vy)| =3
by the choice of X', which is a contradiction.

Hence, we can assume that (A7) holds for X and (A2) for
X’; then we either have s = m + 1, or we have s = m + 2
and X’ = {vy, U1} If there exists an L-coloring ¢ of vp,_1
and v, 41 such that their colors are distinct from the colors
of their neighbors in P and |Ly(vy,)| > 3, then G’ = G —
{Um—1, Um, Um41} with the list assignment L, contradicts the
minimality of G. (Observe that G’ satisfies (O), since no special
subgraph of G is at distance at most two from S. A new special
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subgraph would appear in G’ only if S would be adjacent to
Um+2, which is not the case since j =i+ 1.)

We conclude that no such coloring exists, hence both v,,_1 and
Um+1 have a neighbor in P and s = 3. Furthermore, |L(v1)| = 3
and L(v1) \ L(po) C L(vz). Let w’ be the common neighbor of
S and v1. Suppose that there exists a color ¢ € L(w’) different
from the colors of the neighbors of w’ in P such that either
¢ & L(vq), or v; has degree three and ¢ & L(v1) \ L(po). In this
case, we let ¢ be the partial coloring such that ¢(w’) = ¢ and
let G' =G —{w' v} if ¢ € L(vy) and G' = G — {w', vy, vy} if
¢ € L(vy). Observe that G’ is not L,-colorable. Furthermore,
it satisfies the assumptions of Theorem 7, with the edge Svs
belonging to M (the condition (O) holds by (14), the distance
condition and (7)). This contradicts the minimality of G, and
thus no such color ¢ exists. Since |L(w’)| > |L(ve)|, it follows
that w’ has a neighbor in P. By (12), w’ is not adjacent to
p2, hence it is adjacent to pg or p;. However, then (5) and (7)
imply that v; has degree three, and since |L(v1) \ L(po)| = 2
and w’ has at most two neighbors in P, the color c exists. This
is a contradiction.

It remains to consider the case when j = ¢ 4+ 2. In this case
S is adjacent to v; and v;y2, and by (12) we conclude that
vi41 is a vertex of degree 3 with neighbors v;, v;42, and S.
Thus, |L(vi+1)| = 3. Suppose first that both X and X' sat-
isfy (AT7). If there exists a coloring ¢ of S by a color differ-
ent from the colors of its neighbors in P such that ¢(S) ¢
L(Ul) N L(’Ui_;,_l) n L(UH_Q), then G’ = G — {S, Ui,Ui+1,Ui+2}
with the list assignment L, is a counterexample contradicting
the minimality of G (since in this case any L.-coloring of G’
extends to an L-coloring of G). Otherwise, note that S is not
adjacent to pg or pa by (12), hence S is adjacent to p; and
L(S)\ L(p1) = L(vi+1) € L(v;) N L(vi42). However, in this
case we let ¢ be the L-coloring of X as chosen in the proof
of Theorem 6, and note that o(v;) & L(vi+1) = L(S) \ L(p1).
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Then G — X with the list assignment L, for any other vertex
z is a counterexample contradicting the minimality of G.

Hence, we can assume that say X' satisfies (A2). Let us first
consider the case that X satisfies (A2) as well. Note that v;1o &
X, as otherwise |L(vi+3)] = 3 by the choice of X, and thus
vir1 & X', contradictory to the assumption that X’ satisfies
(A2). Symmetrically, v; ¢ X’. Since |L(v;41)| = 3, we cannot
have {v;,v;y1} C X, thus ¢ = 1, and by symmetry, s = 3.
Observe that we cannot color S by a color ¢(S) € L(vit1),
as otherwise G — {S,v;41} with the list assignment L, would
contradict the minimality of G. Therefore, S has a neighbor in
P, and by (12), this neighbor is p;. By (5), the 4-cycle p1pov1 S
is not separating, and by (7), v; has degree three. This is a
contradiction, since |L(v1)| > 3.

Therefore, X satisfies (A7). Note that v;41 cannot be the ele-
ment of X’ with the smallest index, thus ¢ + 2 = s. As before,
we exclude the case that S can be colored by a color not be-
longing to L(v;) N L(v;4+1), hence S has a neighbor in P. By
(12), S is not adjacent to py or ps, hence S is adjacent to p;.
However, by (5), the 4-cycle p1.Sv;op2 is not separating, and
by (7), vit2 is not adjacent to p;. Thus, v;12 has degree three
and list of size at least four, which is a contradiction.

This completes the proof of the case when S € N. O

Therefore, (16) holds and S consists of two edges incident with a
crossing . We conclude that each of X and X’ satisfies one of (A3),
(A4), (A5) or (A6). If one of them satisfies (A4), then |[V(G,) N
V(F)| = 2 by (7). If it satisfies (A6), then by (7), (8) and (10)
we have |V(G4) N V(F)| = 1. 1If it satisfies (A3), then similarly
[V(G)NV(F)| < 1, and if it satisfies (A5) then 1 < |V(G,)NV(F)| <
2.

(17) Neither X nor X' satisfies (A3).
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Proof. Suppose for a contradiction that X satisfies (A3). Let w;
and wy be as in the description of (A3). Note that wsq is adjacent to
Um—1 and v, (even if v,,—1 & dom(yp), in the case (X4b)) and that
L(0m1)| = |L@ms1)| = 3.

Let us first consider the case that |V(Gy) NV (F)| = 0. In this
case X' satisfies (A3) as well, i.e., there exists w5 € V(G,) adjacent
to v, and wvpy1, where b is the smallest index of an element of X,
and another vertex wj of G, that has one neighbor in X’. Since
|L(vp)| # 3, we have b ¢ {m —1,m+1}. Consequently, |[ X NX'| <1,
and w), # wy by (12).

We now distinguish two cases regarding whether ws is adjacent
or crossing-adjacent to wj in G4.

e Suppose that wew} is a crossed edge. Then b # m by (4) and
the assumption that G is disjoint with F'; thus b > m +2. Let
G1 and G5 be the subgraphs of G intersecting in v, wowhuvy,
such that G1 UGy = G — e, where e is the edge crossing wow},
and P C G;. By (12), we have that w; # wh, w} # wy and
that if wy = wf, then w;y belongs to G2. By symmetry, assume
that w; belongs to Go. If w is adjacent to vy, then b =m + 2
by (12). Let T = {vm, Um+1, Um+2,w1}. By using (11) it is
easy to see that |L(t)| = deg(t) for each t € T \ {w1} and
that deg(w;) < 6. By the minimality of G, there exists an
L-coloring ¢ of G —T. Consider the subgraph G’ of G induced
by T with the list assignment L,. We have |L,(vpm41)| > 3
and |L,(z)] > 2 for z € T\ {vmy1}. If Lo(wi) # Ly(vm),
then we color wy by a color in Ly,(w1) \ Ly (vr,) and extend
this coloring to the rest of G'. Similarly, G’ is L,-colorable if
Ly(wi) # Lyp(me2). If Ly(vm) = Ly(wi) = Ly(Um2), then
we color vy,41 by a color in Ly, (vm41) \ Ly(wr) and again we
can extend this to an L,-coloring of G’. It follows that G is
L-colorable, which is a contradiction.

Therefore, w; is not adjacent to vy, and in particular wy # w}
and w) € V(Gy). Let ¢ be an L-coloring of G, which exists
by the minimality of G. Since w; is not adjacent to vy, note
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Figure 8: Subcases when ws and w) are crossing-adjacent

that w; has at most three neighbors in Gy different from wj.
Hence, we can additionally choose a color p(w;) for wy different
from the colors of its neighbors in G; so that p(w1) # p(wh).
Let G4 = Go — wy + wywh. Note that G, gives an instance of
Theorem 7 with the precolored path P’ = v,,wywhvp, since the
added edge wyw) can be drawn without crossings following the
crossed edges of G that are no longer in G%. It is clear that G,
satisfies validity and distance constraints. Note that ¢ does not
extend to an L-coloring of GY,. Thus G}, violates (T) or (O). In
the former case, the vertex violating (T) must be v,,11 and we
would have b = m 4 2. Consequently, v, would have degree at
most three, which is a contradiction. In the latter case, since
|L(vm+1)] = |L(vp—1)| = 3 and v, has degree at least three in

%, we have that GY is equal to Ops or Opg. In both cases,
any L-coloring of G — {vs, vy} would extend to an L-coloring
of GG, a contradiction.

Suppose now that ws is crossing-adjacent to wj. Let G; and G
be the subgraphs of G intersecting in {vy, wh, we, vy, }, where
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P C G7 and G UGy is equal to G without the crossed edges.
‘We have two subcases: either b > m or b = m.

— If b > m, then (12) implies that wj has no neighbor in X,

and thus wy # wj. Symmetrically, w] # wy. Considering
the drawing of G in the plane, we conclude that the edges
of G, are wyw}) and wjws.
If wy,w) ¢ V(G1) (see Figure 8(a)), then wyv,, wiv, €
E(G). Let ¢ be an L-coloring of Gy 4 {wjwj, w)jwsy, wiw} }
which exists by the minimality of G, and note that ¢
does not extend to an L-coloring of Gy = G2 + wyw].
Observe that G, provides an instance for Theorem 7 with
the precolored path v, wiw]vy. It is easy to see that we
can choose the colors of wy, w}, v, and v, so that G}
satisfies the assumptions of the theorem (once the coloring
of G1 — {vm, vp } is fixed, we still have two possible choices
for the colors of v, and v, and three possible choices for
the colors of w; and wj). This is a contradiction. The
case that wy,w] € V(G1) (see Figure 8(b)) is excluded
similarly.

— If b =m, then let wyz and w42’ be the edges of G, (note
that we have w; = w) and wj = ws). Suppose that z, 2z’ €
V(G2). Note that V(G2) # {z, 2/, wa, wh, vy}, since oth-
erwise z would have degree at most four and |L(z)| = 5.
Therefore, the subgraph of G induced by V(G1) U{z, 2’}
has an L-coloring 1 by the minimality of G. Let L’ be the
list assignment for G = G2 — {z, 2’} obtained from L by
removing the colors of z and 2’ according to ¢ from the
lists of their neighbors and by setting L'(ws) = {t(w2)},
L'(vy) = {¢(vm)} and L'(wh) = {¢(wh)}. Note that
G4 satisfies (O) by the distance condition and (P) by the
choice of v, and since G is not L-colorable, we conclude
that G4 violates (T). Therefore, G5 contains a vertex ad-
jacent to we, wh, v,,, z and 2’, and by (4), z and 2’ have
degree at most four. This is a contradiction.
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Therefore, we have z,z" € V(G1) (see Figure 8(c)), and
by (11), deg(v.,) = 4. Let S1 = L(vg) if m =3 and S; =
L(v1) \ L(po) if m = 2. Note that S; C L(v,,), as oth-
erwise we consider the partial coloring ¢ with ¢ (vy,—1) €
51\ L(vy,) and conclude that G, with the list assignment
L, contradicts the minimality of G. Suppose that there
exists a color ¢ € L(ws) \ L(v,,), or that deg(vy,—1) = 3
and there exists a color ¢ € L(ws) \ S1, such that this
color ¢ is distinct from the colors of the neighbors of wy
in P. Let G = G — {wa, vy} if deg(vy,—1) > 3 and
G' = G — {wa, v, vm-1} if deg(vim—1) = 3, with the list
assignment L’ obtained from L by removing ¢ from the
lists of neighbors of ws and setting L' (v;—1) = L(vpm—1)
if vp,—1 belongs to V(G') (observe that ¢ ¢ S and that
in any L’-coloring of G’, the color of v,,_; must belong
to S1). Note that L' is (P, N U {z}, M)-valid. Every L’-
coloring of G’ would extend to an L-coloring of G, thus
G’ is not L'-colorable. By the minimality of G, we con-
clude that G’ violates (O), and by (14) and the distance
condition, G’ contains Oyg or Onz. However, then z is
adjacent to two vertices of P and to 2z’ and wj, and at
least one of 2’ and w) has a list of size three according to
L', which is a contradiction since |L(z")| = |L(w})| = 5.

We conclude that there exists no such color c¢. Since
|L(vm)| = 4 and |L(wz)| = 5, we conclude that ws has
a neighbor in P. By (12), wy is not adjacent to pa, and
if it were adjacent to pg, then we would have m = 2,
deg(v1) = 3 and there would exist a color ¢ € L(ws) \
(S1UL(po) U L(p1)). Therefore, wo is adjacent to p;. By
symmetry, w} is adjacent to p; as well. However, the edges
wapy and whpy are not crossed by (8), and thus the cross-
ing is contained inside the 4-cycle vy, wapiwh, contrary to

(5)-
We conclude that V(G,) NV (F) # 0. By (7), wa & V(F). Let
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Figure 9: Subcase combining (A3) and (A5).

w be the vertex joined to ws by a crossed edge, and let wyw’ be the
other crossing edge. Since V(G4)NX = 0, by (12) we have w ¢ V(F).
Since v,;, has degree at least four, we cannot have wy = vy, 11, thus
by (7) and (8), we have wy € V(F)\ {v1}. fw; ¢ V(F) and z € X
is a neighbor of w1y, then the 2-chord zw;w’ separates P from either
wg or w, and neither wy nor w belongs to F, contrary to (12). We
conclude that wy = v; and V(G,) NV (F) = {v1}, hence v; ¢ X and
X was chosen according to (X4a).

Since |V(Gy) NV (F)| =1, X’ must satisfy (A3), (A5) or (A6). If
X' satisfied (A3), the conclusions of the preceding paragraph would
apply symmetrically and we would have v; = vy, which is a contra-
diction. Similarly, X’ cannot satisfy (A6). The remaining possibility
is that (A5) holds for X’. Then v; = vp—1 and v, = vy. The situa-
tion is shown in Figure 9. Since X was chosen according to (X4a),
we have |L(vp)| = |L(vp42)| = 3; in particular, s > 4 and b < s — 2.
This is only possible if X’ has been chosen according to (X4), but
then |L(wvp)| > 3. This is a contradiction, showing that (A3) does
not occur. O

Next, we claim that

(18) [V(G,)NV(F)| = 1.

Proof. Since X does not satisfy (A3), if |[V(G,) N V(F)| # 1 then
[V(G,)NV(F)| = 2 and each of X and X' satisfies (A4) or (A5). By
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(7) and (10), V(G4) NV(F) = {vm+1, Um+2} and vy,41 is crossing-
adjacent to vj42. Let vppiw and vy, pow’ be the crossed edges.
By symmetry, we can assume that |L(vm41)| > |L(vm+2)|. By (C),
either |L(vm+1)| > |L(vms2)| > 4 or |L(vm+1)] =5 and | L(vmp2)| =
3. Therefore, X was chosen according to the rules (X1) or (X3) and
L (om)| = 3.

If L(vmt2) # L(vm41), then let ¢ be a color in L(vp41)\ L(Vm+2)-
If v, 41 is not adjacent to v,,42, then let ¢ be an arbitrary color in
L(vsm+1)- In both cases, let ¢ be an L-coloring of v, and v;,,4+1 such
that ©(v,41) = c and if m = 1, then p(v1) € L(pg). It is easy to see
that L is a (P, NU{w}, M)-valid list assignment for G,. Therefore,
G, violates (O). By (14), G, contains On2 or Ons. It follows that
w is adjacent to p; and to pg or ps. However, if w is adjacent to po,
then by (12), vy,12 is incident with a chord of F', contradicting (7).
If w is adjacent to po, then vy, 42 has degree at most three in G, by
(12), and since |Ly(vmy2)| > 4, G, contains neither Onz nor Ons.
This is a contradiction, implying that L(vmy41) = L(vm+2) (and in
particular, |L(vy41)| = |L(vma2)| = 4), and vy 4110m42 € E(G). By
the choice of X', we have |L(v43)] = 3.

Suppose now that w'v,, € E(G). Note that v,,,11 has degree at
least four, so it is adjacent to w’. Let S; = L(vy,) if m # 1 and S; =
L(vm)\L(po) if m = 1. Note that S; C L(vy41), as otherwise we can
choose an L-coloring ¢ of vy, such that ¢(v,,) € S1 \ L(vm+1), and
G1 = G—{vm, Um+1} with the list assignment L, is a counterexample
contradicting the minimality of G (note that G; cannot contain an
obstruction since no internal vertex in G has its list decreased and
q is not a crossing in Gy). Since L(vm41) = L(vm42), we conclude
that S1 C L(vpa2). Let G’ be the graph obtained from G — v, 41 by
identifying v, with v,,12, and give the resulting vertex z the list of
vm. Note that G’ satisfies the validity and the distance conditions of
Theorem 7 (with the edge zv,,+3 added to M). Since every coloring
of G’ gives rise to an L-coloring of G, condition (O) is violated in
G’ by the minimality of G. However, G’ contains neither Oy; nor
Oz (and the exclusion of other obstructions is obvious). Therefore,
w'vy, € E(G), and by symmetry, wv,, 3 € E(G).
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Let S = L(vm3) if m+ 3 # s and S = L(vmqs) \ L(p2) if
m + 3 = s. Suppose now that there exists an L-coloring ¢ of v, 41
and U2 such that ¢(vm41) € S1 and @(Vmi2) & S2. Then Ly, is
a (P, N,{ww’})-valid list assignment for G, and by the minimality
of G, G, violates (O). By (14), G, contains Oy (the other cases
are easily excluded: Opno and Oygs since no internal vertex gets a
reduced list and Opg since £(P) = 2). But then w’ is adjacent to
po, and the 2-chord pow’vy, 2 contradicts (12). Therefore, no such
coloring ¢ exists. It follows that |S1| = |S2| = 3 and S1 C L(vpm+1)-
Since L(vmt1) = L(vmy2), we also have that S; = S,. Since |S;| =
|S2] = 3, claim (3)(f) implies that m = 2 and s = 6. Similarly, we
conclude that L(vy) = L(pg) U L(vy) and L(vg) = L(p2) U L(vs), as
otherwise we can color and remove v or vg.

Let us now consider the case that vo, v3 and w’ have no common
neighbor. If v1, v and vs have no common neighbor, then let ¢ be
an L-coloring of vy, v and vy such that ¢(vy) & L(vs). Otherwise,
let ¢ be an L-coloring of vy, vs and v4 such that ¢(vs) & L(vs) and
©(v1) = p(v3). In the former case, let G’ = G, in the latter case let
G’ = G, —v,. Observe that L, is a valid list assignment for G’ (after
possibly adding the edge ww’ into M) and that any L.-coloring of
G’ extends to G. Furthermore, G’ satisfies (O) by (14), since w’
cannot be adjacent to pg. Hence, G, contradicts the minimality of
G. Therefore, vy, v3 and w’ have a common neighbor z’, and by
symmetry, vy, vs and w have a common neighbor z (see Figure 10).

By (12), we have x # 2’ and z is adjacent neither to py nor to ps.
Furthermore, if p; € E(G), then consider the cycle K = p;pavgusa.
Since vg has degree at least four, we conclude by (6) that K has two
chords incident with vg. However, that contradicts (7). Therefore,
2 (and symmetrically a’) has no neighbor in P. By (12), neither
w nor w' is adjacent to py or ps. Claims (4) and (5) imply that
2w, zw’ zx’ € E(G). Since both w and w’ have degree at least 5,
we conclude that each of them has a neighbor that is different from
all vertices shown in Figure 10. Suppose that w'p; € E(G). Then let
© be an L-coloring of 2 and w’ such that ¢(z), p(w’) € L(vy) (note
that these colors do not belong to the lists of vs, v3 and vs, as well
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Do P2

Figure 10: A subcase in the proof when X and X' satisfy (A4) or
(A5). The dotted edges may or may not be present.

as to L(v1) \ L(po) and L(vg) \ L(p2)). Let G' = G — {z,w',v3,v4}
if deg(w) > 5 and G’ = G — {z,w',v3,v4,w} if deg(w) = 5. Note
that G’ is not L-colorable since any L,-coloring of G’ extends to
G. Furthermore, the only possible vertices with list of size three in
G’ are vo, v5, w and a common neighbor u of x and w’ distinct from
w and vy, if such a vertex exists. By (5), if u exists, then deg(w) =5
and w ¢ V(G’'). Furthermore, by (5), u and w are not adjacent
to vy and vs. Therefore, L, is a valid list assignment, the distance
condition implies that G’ satisfies (O), and thus G’ contradicts the
minimality of G.

We conclude that w'p; € E(G). Let G; and Gz be the pjw'vy-
components of G, where G contains pg. Consider an L-coloring of
G4. Note that v3 has only two neighbors in G5 —w’, thus the coloring
of G5 can be extended to vs in such a way that its color is different
from the color of w’. Then G; — vy + w'vs (with the precolored
path popiw’vz) violates (O). Observe that only v; and ve have list
of size at most four and that 2’ is a common neighbor of v3 and w'.
Therefore, ' is a vertex in the corresponding obstruction K, and v
is a vertex in K with list of size 3. It follows that K is equal to Opy4.
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However, then v1p; € E(G), contradicting (7). O

Therefore, |V(G,) N V(F)| = 1, and thus each of X and X’
satisfies (A5) or (A6). Since s > 3, we can assume that X' satisfies
(A5). Suppose first that X satisfies (A6), and thus b = 2. Since
v1 € X, the inspection of possible cases for X and X’ shows that we
have |L(va)| = 3, X’ = {v2}, and s = 3. If vy, vy and vz have no
common neighbor, then consider any L-coloring ¢ of v; and vs such
that ¢(v1) € L(po), and observe that G, with the list assignment
L, is a counterexample contradicting the minimality of G: since
v1, V2, v3 do not have a common neighbor, we do not get adjacent
vertices with lists of size 3; but we may need to add the neighbor z of
vy along the crossed edge into the set V. The resulting graph satisfies
(0), since z is not adjacent to py and py by (12) and (8). Hence,
we can assume that vy, vy and v3 have a common neighbor w, and
thus deg(ve) = 3. Similarly, we conclude that L(vi) = L(pg) U L(v2)
(if not, we color v; with a color in L(v1) \ (L(po) U L(v2)) and then
consider G’ = G — {v1,v2}) and that L(vs) = L(p2) U L(vs) (if not,
we can color vs by a color in L(vs)\ (L(p2)UL(v2)) and then consider
G' = G — {v2,v3}). By (5), (8) and (12), w has no neighbor in P.
Let u be the vertex adjacent to w by the crossed edge, let ¢ be an
L-coloring of w such that p(w) € L(vz) and let G/ = G — {va, w}
Note that L, is a (P, NU{u}, 0)-valid list assignment for G’ and that
G’ satisfies (O), since no vertex has list of size three. Thus, G’ is a
counterexample to Theorem 7 contradicting the minimality of G.

Therefore, both X and X’ satisfy (A5) and b = m + 2. More-
over, (5) implies that the neighbor w’ of vy in V(Gy) \ {vmy1} is
different from w (the neighbor of v,,). Let y be the vertex joined
to0 V1 by a crossed edge. If |L(vpmt1)| # 3, then both X and
X' are chosen by cases (X1) or (X3) and |L(vy)| = |L(vms2)| = 3.
The condition (A5) implies |L(vpm41)| = 4. However, in that case
we have |L(vm42)| # 3 both in (X1) and (X3), which is a contra-
diction. Therefore, |L(vy,41)] = 3. Consequently, X and X' were
chosen by (X2) or (X4) and we have |L(vpn)l, |L(vmi2)|] > 4 and
|L(vm—1)| = |L(vm+3)| = 3. Since deg(vy,) > 4, (12) implies that w
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has no neighbor in F' other than p;, v,, and v,,+1, and by symmetry,
the only possible neighbors of w’ in F' are pi, vy,41 and v,,49.

Let S1 = L(vpm—1) if m =3 and S; = L(vpm—1) \ L(po) if m = 2.
Let Sy = L(vp41) if b=s—2 and Sy = L(vp41) \ L(p2) if b=s— 1.
By symmetry, we can assume that if m = 2, then b = s — 1. Let S
be the set of colors ¢ € L(vy,+1) such that either

(a) L(vm+2) = S2U{c}, or
(b) |L(vm)| =4, c€ Sy and S1 U {c} C L(vy,).

If m = 2, then we have b = s — 1, |S1| = |S2| = 2, there are at most
two colors with the property (b) and no colors with the property (a).
If m = 3, then |S1] = 3 and |S;| < 3, there is at most one color
with the property (b) and at most one color with the property (a).
It follows that |S| < 2. Let ¢ be an L-coloring of v,,—1, Um41 and
Um+2 chosen so that ©(vmi2) € S2, ©(Umi1) € S, @(Um-1) € S1
and |L(vm) \ {¢(vm-1), ©(vm+1)}| = 3. Note that the choices for
©(Vm+2) and p(v,,—1) are possible, since p(v,+1) does not satisfy
(a) and (b), respectively. Consider G' = G — {Um—1,Vm+1, Um+2}
with the list assignment L,. By (12), v,,,—1 has no common neighbor
with v, 41 and none with v,,42, and the only common neighbor of
Uma1 and vp,p9 is w’. Therefore, the only vertices with list of size
three are vy if m = 3, vy, Umas and w’. Since w’ is not adjacent to
Um+3, Ly is (P, N U{y}, 0)-valid. Furthermore, y is adjacent neither
to po nor to pa by (12), hence G’ satisfies (O) by (14) and contradicts
the minimality of G. This completes the proof of Theorem 7. O

Proof of Theorem 4. Let G be a graph with crossing number at most
two. We may assume that G is nonplanar. Consider a drawing of G
in the plane with one or two crossings and let L be a list assignment
such that each vertex has five admissible colors. Let xzy and uv be
two edges crossing each other at the crossing ¢q. Suppose first that
the edges xy and uwv do not participate in another crossing. Now
remove the two edges and add the edges zu, uy, yv, and va (if they
are not already present). This gives rise to a graph G’ with at most
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one crossing, and we can redraw it so that the cycle xuyv bounds the
outer face. Now we @-precolor the path zuy such that p(z) # ¢(y),
and give v the list L(v) \ {¢(u)}. Theorem 7 now implies that G’
has a list coloring which in turn shows that G is L-colorable.

If the edge uv participates in another crossing, then xy does not
participate in another one. Suppose that the segment of uv from u to
the crossing g does not contain the other crossing. Then we proceed
similarly as above: we remove the edges zy and uv and add edges
zu and uy. The resulting graph is planar and the path P = zuy
is part of a facial walk. Thus we may p-precolor the path so that
o(x) # p(y) and then remove p(u) from the list of v. Now, we apply
Theorem 7 with N = {v} to obtain a coloring that again confirms
that G is L-colorable. O
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