A Finite Presentation of the rational Urysohn Space

Jan Hubička^∗ Jaroslav Nešetřil^∗ Department of Applied Mathematics and Institute of Theoretical Computer sciences (ITI) Charles University Malostranské nám. 25, 11800 Praha, Czech Republic

Abstract

We give a new construction of the rational Urysohn space U_Q, which yields a finite presentation of U_Q. This may be viewed as an extension of the finite presentation of the generic partial order.

1 Introduction and background

There is a unique (up to isometry) separable Polish space U which is both universal (for all separable metric spaces) and ultrahomogeneous. (Recall, that a space is ultrahomogeneous if every isometry between finite subspaces extends to a total isometry.)

This remarkable result is due to P. Urysohn [27] and it is quoted as his last paper (written in 1925). The paper was almost neglected until 1986 when M. Katětov wrote (one of his last paper in his distinguished career) a paper [12] where he gave a new construction of the Urysohn space. The recent activity and importance of the Urysohn space, besides being a beautiful result in topology (it is the universal Polish space [27, 12, 28]), stems from several sources:

∗Supported by a Grant 1M0021620808 of the Czech Ministry of Education

1.1 Early limit argument

The proof of Urysohn uses a construction of a countable metric space with rational distances U_Q of which U is then the Cauchy completion. This U_Q is a direct limit of the set of all finite rational metric spaces. This limit is a special case of a general model theoretic construction, now called Fraïssé limit, which holds for general structures. This is a key result of modern model theory. It appears that Urysohn anticipated this construction in a quite general (and complicated) case. (It also appears that Katětov was unaware of Fraïssé’s work.)

1.2 Topological Dynamics

The Urysohn space is not only an important (and generic) space in the context of topological dynamics. The automorphism group Aut(U) is extremely amenable which in turn is related to triviality of minimal flows. This important connections were discovered in [23, 22] and then on a very abstract level by [16], see the recent book [24].

1.3 Combinatorial connection I

The paper [16] relates the extreme amenability (of subgroups of S_ω) to purely combinatorial problems of Ramsey classes. Ramsey classes are (top of the line) generalizations of Ramsey Theorem [17, 19]. Several permutation groups were shown to be extremely amenable using combinatorial examples of Ramsey classes (such as the class of all finite graphs, the class of all finite posets or the class of Hales-Jewett cubes) and thus some further examples of extremely amenable groups were found [6, 16, 22, 23]. This also provoked combinatorial questions which led to new examples of Ramsey classes:

1. Particularly, the second author proved that all (ordered) finite metric spaces form a Ramsey class [20], see also writeup [25]. This gives [16] a simpler new proof that Aut(U) is an extremely amenable group ([23]).

2. More recently Farah-Solecki [5] isolated in the context of extreme amenability a new “group valued” Hales-Jewett Theorem in the context of Lévy groups.

Other combinatorial aspects of Urysohn space are related to the concept of divisibility (see e.g. [4, 18, 8, 26]).

All those examples illustrate the broad context of the Urysohn space. We had to review it as our contribution in this paper draws from all parts of this context. This will be introduced now.

1.4 Combinatorial connection II – finite presentations

The Fraïssé limit of the class of all finite graphs is called the Rado Graph R. This is both universal and ultrahomogeneous graph which can be defined in surprisingly different ways (see [1]). Here want to single out the following succinct definition:

i. the vertices V (R) are all finite 0–1 sequences (a_1, a_2, . . . , a_t), t ∈ N,

ii. pair {(a_1, a_2, . . . a_t), (b_1, b_2, . . . , b_s)} form an edge of E(R) iff b_a = 1 where a =

∑_t i=1 a_i2^i.

This definition means that both vertices and edges are finitely described – axiomatized; they are specified as all finite models of a certain finite sets of formulas. In [10] the authors called this phenomenon finite presentation of R and they proved that all ultrahomogeneous undirected graphs, tournaments and posets (characterized by Schmerl [15], Lachlan’s [13, 14] and Cherlin [2]) were shown to possess a finite presentation. (Of course, there are only countably many finite presentations of ultrahomogeneous oriented graphs which leads to an interesting problem [10].) Out of these presentations stands the generic poset P for which the finite presentation is the most involved case. Even countable universality is nontrivial to achieve for finitely presented posets, see [7, 11, 9]. So it seemed that a finite presentation of the generic rational metric space was out of reach of finite presentations. This was also the conclusion of discussions held with P. Cameron, A. Vershik and others in St. Petersburg meeting in 2005.

The purpose of this paper is to prove the following which may be viewed as a contribution to Problem 12 of [24] (about a model of the Urysohn Space U). Theorem 1.1 The rational Urysohn space U_Q has a finite presentation.

This is proved in Section 2. This finite presentation is made possible by reproving (in a more concise way) the finite presentation of the generic poset P [10] which we include both for motivation and illustration in Section 3. In Section 4 we modify the finite presentation of U_Q to other Urysohn-type spaces (with special values of its metrics).

2 The Urysohn space

A finite presentation is given by a set of formulas which define elements and a set of formulas which induce relations (and metrics).

We start to develop the theory for vertices as follows:

1. A triplet A is a triple (A, ⪯_A, d_A) where

i. A is finite set;

ii. (A, ⪯_A) is partial order on A;

iii. (A, d_A) is a rational metric space (i.e. d_A : A × A → Q is a metric)

⪯_A is called the standard order of A.

Triplets A = (A, ⪯_A, d_A) and B = (B, ⪯_B, d_B) are said to be isomorphic if there exists a bijection φ : A → B which is both isomorphism of posets (A, ⪯_A) and (B, ⪯_B) and isometry of spaces (A, d_A) and (B, d_B).

Concerning posets we use the standard terminology. Particularly any element a ∈ A determines down set ↓a = {b; b ⪯_A a}, which induces by the restriction of ⪯_A and d_A the triplet ↓a. By abuse of the notation this triplet will be also denoted by ↓a. Let also h(A) (height of A) be the maximal size of a chain in (A, ⪯_A).

2. The triplet A is said to be proper if all its down sets (as triplets) are non-isomorphic and if (A, ⪯_A) has both a greatest element and a smallest element (denoted by max_A and min_A).

3. A proper triplet A is said to be path metric PM if for every a, a^′ ∈ A which are incomparable in ⪯_A there exist a^{′′} ∈ A, a^{′′} ⪯_A a, a^{′′} ⪯_A a^′ such that d_A(a, a^′) = d_A(a, a^{′′})+d_A(a^{′′}, a^′). Such an a^{′′} will be called the witness of d_A(a, a^′).

Proper path-metric triplet will be abbreviated as PPM-triplet. An example of PPM-triplet is on Fig 1.

4. A PPM-triplet is said to be complete if the following holds for every a ∈ A:

a = {(b, d_A(a, b)); b ∈↓a, a ≠ b}.

Note that min_A = ∅.

An example of complete triplet isomorphic to the PPM triple of Fig 1 is shown at Fig 2.

Thus the structure of max_A encodes the whole complete triplet A.

d_A :

min_A a b c max_A min_A 0 1 3 2 6 a 1 0 2 1 5 b 3 2 0 3 3 c 2 1 3 0 5 max_A 6 5 3 5 0

Figure 1: PPM triplet A

Observe also that every downset ↓ a is itself a complete triplet. This triplet will also be denoted shortly by ↓a. If b ∈ A then we also say that ↓b is mentioned in A. By induction on the h(A) we see easily the following fact (which is the reason why we introduced the complete triplets):

Fact 1 Let A, B be isomorphic complete triplets. Then A = B.

Now we can state the basic construction of this paper, a finite presentation of U_Q:

Definition 2.1 (finite presentation of the Urysohn space U_Q) Denote by U the set of all complete triplets. The metric d_U on U is defined as follows: Let A = (A, ⪯_A, d_A), B = (B, ⪯_B, d_B) be complete triplets. We put d_U (A, B) = min(d_A(max_A, a) + d_B(max_B, b)) where the minimum is taken over all a ∈ A, b ∈ B such that a = b.

If max_B ∈ A (and thus also d_U (A, B) = d_A(max_A, max_B)) we say that B is mentioned in A.

If neither A is mentioned in B nor is B mentioned in A then for a, b reaching the minimum, we call the triplet ↓a =↓b a witness of d_U (A, B).

We will show that this construction yields a finite presentation of U_Q. This will be done in the sequence of statements formed by Proposition 2.1, Proposition 2.2, and Theorem 2.1 which is the main result of the paper.

Proposition 2.1 (U, d_U ) is a metric space.

Figure 2: Complete triplet A

Proof. Clearly d_U ≥ 0 and d_U (A, B) = 0 iff A = B

Assume that the triangle inequality does not hold. Take the triangle A, B, C ∈ U such that h(A) + h(B) + h(C) is minimal and the triangle inequality does not hold. Without loss of generality, assume that

d_U (A, B) > d_U (B, C) + d_U (C, A).

We distinguish several cases according to the existence of witness elements:

Case 1: The distances d_U (A, B), d_U (B, C) and d_U (C, A) do not have any witness:

1. If A and B are both mentioned in C, then there exists a ∈ C, b ∈ C such that d_U (B, C) = d_C(b, max_C), d_U (A, C) = d_C(a, max_C) and thus the triangle a, b, max_C violates the triangular inequality in d_C. Similarly we can proceed for any other vertex of the triangle and thus no vertex defines the distances to both remaining vertices.

2. If A is mentioned in B and C mentioned in A, then there will be some a ∈ B such that ↓a = A and also there will be some c ∈ A such that c ⪯_B a ∈ B such that ↓c = C. Then the triangle a, c, max_B would violates triangular inequality of d_B.

Case 2: Assume that d_U (C, A) has witness X.

Since X is witness:

d_U (A, X) = d_U (A, C) − d_U (X, C) The triangles B, C, X and A, B, X do not violate the triangular inequality (since h(A) + h(B) + h(C) would not be minimal): d_U (X, B) ≤ d_U (X, C) + d_U (C, B) d_U (A, B) ≤ d_U (A, X) + d_U (X, B) It follows that:

d_U (A, B) ≤ d_U (A, C) − d_U (X, C) + d_U (X, C) + d_U (C, B) d_U (A, B) ≤ d_U (A, C) + d_U (C, B) which is a contradiction.

Case 3: If d_U (C, B) has a witness X then we proceed in complete analogy with case 2. (i.e. exchanging the roles of A and B).

Case 4: Assume that X is a witness of d_U (A, B) and that d_U (A, C) and d_U (B, C) have no witness. Thus A mentions C (resp. B mentiones C) or the

other way around.

Since C cannot mention both A and B, we can assume that A mentions C. Now, if B mentionned C as well, then C would be a witness for d_U (A, B).

It would follow that

d_U (A, B) = d_U (A, C) + d_U (C, B).

Contradiction.

Assume that C mentions B. Now again from transitivity property we have that A defines the distances to both B and C and thus for the triangle A, B, C the triangular inequality holds, a contradiction. □

Proposition 2.2 (U, d) is a metric space which contains all finite metric spaces.

Proof. We describe an algorithm for an isometric embedding of a given metric space (X, d^′) into U.

We fix a linear ordering of the vertices x ∈ X by assigning to each vertex a unique natural number n(x) ∈ {0, 1, . . . , |X| − 1}.

For a vertex x ∈ X, the triplet U(x) = (U(x), ⪯_{U(x)}, d_{U(x)}) representing it is defined recursively as follows:

1. Put:

max(x) = ∅ for n(x) = 0;

max(x) = {(U(y), d^′(y, x)); y ∈ X, n(y) < n(x)} for n(x) > 0; U(x) = {max(y); y ∈ X, n(y) ≤ n(x)}.

2. The ordering ⪯_{U(x)} is the linear order defined by:

U(y) ⪯_{U(x)} U(y^′) iff n(y) ≤ n(y^′).

3. The distance is defined by d_{U(x)}(U(y), U(y^′)) = d^′(y, y^′).

We verify that U(x) is a complete triplet:

The finite linear order ⪯_{U(x)} has clearly smallest element 0 and greatest element max_{U(x)} = max(x) and no two downsets are isomorphic. Thus U(x) is a proper triplet.

In the linear order, each two elements are in relation, so trivially d_{U(x)} has path metric property. From construction of U(x) it follows that U(x) is complete triplet and thus U(x) ∈ U.

Consider x, y ∈ X, n(x) ≤ n(y). As U(y) mentions U(x):

d^′(x, y) = d_{U(y)}(U(x), U(y)). □ Theorem 2.1 (U, d) is the generic metric space.

Proof. The set U is obviously countable, since all elements are finite. By Proposition 2.1 (U, d) is a metric space. By a construction similar to the construction performed in the proof of Proposition 2.2, we verify that (U, d) has the extension property. Clearly it suffices to verify the extersion property in the following form:

Fix X any finite subset of U together with a distance function D : X → Q defining a single vertex extension of the metric subspace induced by X (i.e. the desired distances to the new vertex such that D not violate triangular inequality property of d_U partialized to X ). (Remark, that Katětov axiomatized all possible functions D, now called Katětov functions, [21].) We find a finite triplet M(X , D) = (M(X , D), ⪯_{M(X ,D)}, d_{M(X ,D)}) ∈ U, such that d_U (M(X , D), A) = D(A) for each A ∈ X .

M(X , D) is defined according to the following algorithm:

(1) The vertex set of M(X , D) is the union of all A such that there exists A = (A, ⪯_A, d_A) ∈ X , together with the single new vertex m which we describe later (in (4)).

(2) For a, b in M(X , D) we set a ⪯_{M(X ,D)} b iff b = m or there exist A = (A, ⪯_A, d_A) ∈ X such that a, b ∈ A and a ⪯_A b. Observe that m = max_{M(X ,D)}

(3) For a, b ∈ M(X , D) we set:

i. d_{M(X ,D)}(a, b) = 0 when a = b.

ii. d_{M(X ,D)}(a, b) = d_U (↓a, ↓b), when a, b ≠ m. iii. d_{M(X ,D)}(m, b) = min_{C∈X} D(C) + d_U (C, ↓b).

We call C ∈ X such that d_{M(X ,D)}(m, b) = D(C)+d_U (C, ↓b) with C ≠↓b a witness of d_{M(X ,D)}(m, b). Observe that d_{M(X ,D)}(m, b) has no witness iff ↓b ∈ X and in that case, d_{M(X ,D)}(m, b) = D(↓ b). iv. d_{M(X ,D)}(a, m) = d_{M(X ,D)}(m, a) defined in iii.

(4) m = {(a, d_{M(X ,D)}(m, a)); a ∈ ⋃ B∈X B}

We verify that M(X , D) is a complete triplet by verifying conditions Definition 2.1. 1.–4.

We first verify 1. ii.:

⪯_{M(X ,D)} is partial order: for a ⪯_{M(X ,D)} b ⪯_{M(X ,D)} c either c = m and thus a ⪯_{M(X ,D)} c holds trivially from definition or there exists A ∈ X such that a, b, c ∈ A and the fact that a ⪯_{M(X ,D)} c follows from a ⪯_A c.

There is single maximal element m and single minimal element ∅. M(X , D) is proper triplet:

Secondly, the downsets of every a ∈ A, A ∈ X are preserved (i.e. downset of a in M(X , D) is equivalent to the downset of a in A). This follow from fact that ⪯_{M(X ,D)} is inherited from ⪯_A and that the downset of a ∈ A is identical to the donwset of a in any B ∈ U such that a ∈ B. Since also all A ∈ X are complete triplets, all the downsets are non-isomorphic. This verifies 2.

Next, we prove that d_{M(X ,D)} is a rational metric (see Definition 2.1 1. iii.):

d_{M(X ,D)}(a, b) is a positive rational number for each a ⪯_{M(X ,D)} b. Observe that for the last part of construction of d_{M(X ,D)}, the shortest path always exists: there is always a path from any element to the minimal element. The fact that that d_{M(X ,D)} is symmetric directly follows from the construction.

We verify the triangular inequality property for d_{M(X ,D)}: Since rule ii. merely translates metric d_U to d_{M(X ,D)}, any triplet violating triangular inequality property must have two distances defined by iii. or iv. Let a, b ∈ M(X , D) and consider the triangle a, b, m.

First assume that a, b ∈ X and that ↓a, ↓b /∈ X . Thus let A be a witness of d_{M(X ,D)}(a, m) and let B be witness of d_{M(X ,D)}(b, m).

We first check that:

d_{M(X ,D)}(a, m) + d_{M(X ,D)}(b, m) ≥ d_{M(X ,D)}(a, b). By the definition of d_{M(X ,D)} we have:

d_{M(X ,D)}(a, m) + d_{M(X ,D)}(b, m) = = d_{M(X ,D)}(a, max_A) + d_{M(X ,D)}(max_A, m) + d_{M(X ,D)}(b, max_B)+ +d_{M(X ,D)}(max_B, m) = = d_{M(X ,D)}(a, max_A) + D(A) + d_{M(X ,D)}(b, max_B) + D(B) By the property of D:

D(A) + D(B) ≥ D_U (A, B) = M(X , D)(max_A, max_B) Thus:

d_{M(X ,D)}(a, m) + d_{M(X ,D)}(b, m) ≥ ≥ d_{M(X ,D)}(a, max_A) + d_{M(X ,D)}(b, max_B) + d_{M(X ,D)}(max_A, max_B) ≥ ≥ d_{M(X ,D)}(a, b) (The last inequality follows from the triangular inequality of d_{M(X ,D)} on M(X , D) − {m}.) This proves that d_{M(X ,D)}(a, b) ≤ d_{M(X ,D)}(a, m) + d_{M(X ,D)}(b, m).

Now we prove:

d_{M(X ,D)}(a, m) ≤ d_{M(X ,D)}(a, b) + d_{M(X ,D)}(b, m) (the case d_{M(X ,D)}(b, m) ≤ d_{M(X ,D)}(a, b) + d_{M(X ,D)}(a, m) can be handled similarly).

d_{M(X ,D)}(a, b) + d_{M(X ,D)}(b, m) ≤ d_{M(X ,D)}(a, max_B) + d_{M(X ,D)}(max_B, m) Because witness A is minimal, we have

d_{M(X ,D)}(a, m) = d_{M(X ,D)}(a, max_A) + d_{M(X ,D)}(max_A, m) ≤ ≤ d_{M(X ,D)}(a, max_B) + d_{M(X ,D)}(max_B, m).

The case when ↓a belongs to X can be handled similarly if we put A =↓a. Now we show that d_{M(X ,D)} has the PM property.

Recall that we have to prove that for each a, b incomparable by ≤_{M(X ,D)} then there exists a^{′′} such that:

1. a^{′′} ⪯_{M(X ,D)} a

2. a^{′′} ⪯_{M(X ,D} a^′

3. d_U (a, a^′) = d_U (a, a^{′′}) + d_U (a^{′′}, d^′).

The case a, b ≠ m follows directly from definition of d_{M(X ,D)}. For a = m we can put a^{′′} = max_A (where A is the witness of d_{M(X ,D)}(a, m).

The triplet M(X , D) is complete (4.) and thus M(X , D) ∈ U. From the construction it directly follows that M(X , D) mentions every A ∈ X with the desired distance d_U (A, M(X , D)) = d_{M(X ,D)}(max_A, m) = D(A) (by ii.).

This proves Theorem 2.1 of finite presentation of U_Q. □ 3 Generic poset

Let P be the generic poset (i.e. countable ultrahomogenous and universal poset).

In [10] we found a finite presentation of P. This presentation is related to (the extension of) surreal numbers [3] (and in fact surreal numbers with Conway ordering form a linear extension of the presentation [10]). Based on the presentation of U_Q in Section 2 we outline here a new finite presentation of P. As this presentation and its proof are closely related to Section 2 we present only the definitions and statements without the proof.

The points of our finite presentation of P will be triplets defined similarly as in Section 2:

1. Triple A = (A, ⪯_A, ≤_A) is a P-triplet iff

• A is finite set;

• Relation ⪯_A is partial order on A;

• Relation ≤_A is partial order on A;

Similarly to Section 2, we say that P-triplets A = (A, ⪯_A, ≤_A) and B = (B, ⪯_B, ≤_B) are said to be isomorphic if there exists a bijection φ : A → B which is both isomorphism of posets (A, ⪯_A) and (B, ⪯_B) and posets (A, ≤_A) and (B, ≤_B). The downset {x; x ⪯_A a} will be denoted by ↓a. (There will be no downsets with respect to ≤_A.)

2. P-triplets are proper if no two downsets considered a P-triplets are isomorphic and if (A, ⪯_A) has both a greatest and a smallest elements (denoted by max_A and min_A).

3. ≤_A is said to be induced by edges of ⪯_A if for every a, a^′ ∈ A, a ≤_A a^′ which are incomparable in ⪯_A there exists a^{′′} ∈ A, a^{′′} ⪯_A a, a^{′′} ⪯_A a^′ such that a ≤_A a^{′′} ≤_A a^′.

4. A proper P-triplet A = (A, ⪯_A, ≤_A) where ≤_A is induced by edges of ⪯_A is said to be complete if the following holds:

1. min_A = ∅.

2. For every a ∈ A holds:

a = {(b, −1); b ∈↓a, a ≠ b, b ≤_A a} ∪ {(b, 1); b ∈↓a, a ≠ b, a ≤_A b}∪

∪{(b, 0); b ∈↓a, a ≠ b, a ≰_A b, b ≰_A a}.

Denote by P the set of all complete P-triplets. Complete triplets induce a partial order denoted simply by ≤:

Definition 3.1 For A = (A, ⪯_A, ≤_A), B = (B, ⪯_B, ≤_B) ∈ P we write A ≤ B iff there exists a ∈ A such that a ∈ B and max_A ≤_A a, a ≤_B max_B.

Similarly as in Section 2 we can then prove:

Theorem 3.1 1. (P, ≤) is partially ordered set.

2. (P, ≤) is isomorphic to the generic poset P.

4 Other metrics, other structures

It is obvious that the finite presentation given in Section 2 for U_Q can be easily modified for Urysohn spaces with the rational metrics restricted to some interval (say U∩[0, 1] or U∩[0, a]). Such presentations of the Urysohn spaces has been thoroughly investigated in [21, 16] where the Urysohn space with X-valued metric was denoted by U_X . U_X need not exist as is demonstrated by the failure of the amalgamation property. However this is characterized in [4] by 4-value property.

It is easy to see (by a cardinality argument) that the 4-value property does not suffice for the finite presentation of U_X . However we have the following:

A class K of rational finite metric spaces is said to be triangle axiomatized if A ∈ K iff every 3-point subspace of A belongs to K. An ultrahomogeneous metric space X is said to be triangle axiomatized if the class of all finite subspaces is triangle axiomatized. We can prove

Theorem 4.1 Every ultrahomogeneous space X which is triangle axiomatized has a finite presentation.

The details of this and other generalizations will appear elsewhere.

Triangle axiomatized classes include classes of ultrametric spaces thoroughly investigated recently in [21].

5 Acknowledgement

We thank to A. Louveau and to an anonymous referee for several remarks which improved the quality of this paper.

References

[1] P. J. Cameron: The Random Graph, In: The Mathematics of Paul Erdös (ed. R. L. Graham, J. Nešetřil), Springer Verlag (1998), 333– 351.

[2] G. L. Cherlin: The Classification of Countable Homogeneous Directed Graphs and Countable Homogeneous n-Tournaments, Memoirs of the AMS, 131,No. 621, 1998.

[3] J. H. Conway: On numbers and games, London Mathematical Society Monographs, Academic Press, New York 1976.

[4] D. Delhommé, C. Laflamme, M. Pouzet, W. Sauer: Divisibility of countable metric spaces, to appear in European J. Comb.

[5] I. Farah, S. Solecki: Extreme amenability of L_0, A Ramsey theorem and Lévy groups (to appear).

[6] E. Glasner, B. Weiss: The universal minimal system for the group of homeomorphisms of the Cantor set. Fund. Math. 176 (2003), 277–289.

[7] Z. Hedrlín: On universal partly oriented sets and classes. J. Algebra 11 (1969), 503–509.

[8] G. Hjorth: An oscillation theorem for groups of isometries, Annals of Pure and Applied logic (to appear).

[9] J. Hubička, J. Nešetřil: Finite Paths are Universal, Order 21 (2004), 181–200.

[10] J. Hubička, J. Nešetřil: Finite presentation of homogeneous graphs, posets and Ramsey classes, Israel J. Math 149 (2005), 21–44

[11] J. Hubička, J. Nešetřil: On universal posets represented by means of trees and other simple graphs, European J. Comb. 26 (2005), 765–778

[12] M. Katětov: On universal metric spaces. In: General topology and its relations to modern analysis and algebra, VI (Prague 1986), Heldermann, Berlin (1988), 323–330.

[13] A. H. Lachlan: Countable Homogeneous Tournaments, Trans. Amer.

Math. Soc. 284 (1984), 431–461.

[14] A. H. Lachlan: Homogeneous Structures. In: Proc. of the ICM 1986, AMS, Providence, 1987, 314–321.

[15] J. H. Schmerl: Countable homogeneous partially ordered sets, Algebra Universalis 9 (1979), 317–321.

[16] A. S. Kechris, V. G. Pestov, S. Todorcevic: Fraïssé Limits, Ramsey Theory, and Topological Dynamics of Automorphism Groups, to appear in GAFA. Geom. Funct. Anal., 15 (2005), 106-189.

[17] J. Nešetřil: Ramsey classes and homogeneous structures, Comb. Prob and Comp. 14 (2004), 1–19.

[18] N. Nešetřil: Ramsey classes of topological and metric spaces, Annals of Pure and Applied Logic 143, 1–3 (2006), 147–154

[19] J. Nešetřil: Ramsey Theory. In: Handbook of Combinatorics (ed. R.

L. Graham, M. Grötschel, L. Lovász), Elsevier, 1995, 1331–1403.

[20] J. Nešetřil: Ramsey metric spaces, European J. Comb. 2006 28 (2007) 457–468.

[21] L. Nguyen Van Thé: Théorie de Ramsey Structurale des Espaces métriques et dynamique topologique does groupes d’isométries, Université Paris 7, 2006.

[22] V. G. Pestov: On free actions, minimal flows, and a problem by Ellis, Trans. Amer. Math. Soc., 350, 4149–4165, 1998.

[23] V. G. Pestov: Ramsey-Millman phenomenon, Urysohn metric spaces, and extremely amenable groups, Israel J. Math., 127 (2002), 317–358.

[24] V. G. Pestov: Dynamics of infinite-dimensional groups and Ramseytype phenomena, IMPA Rio de Janeiro, 2005.

[25] C. A. Di Prisco: Ramsey Theory for structures: Nešetřil result on finite metric spaces, Bulletin of the Venezuelan Math. Assoc. (to appear).

[26] N. W. Sauer: Canonical vertex partitions, Comb. Prop. and Comb., 12, 671–704, 2003.

[27] P. Urysohn: Sur un espace métrique universel, Bulletin des Sciences Mathématiques, Vol 51 (1927), 43–64, 74–90.

[28] V. V. Uspenskij: On the group of isometries of the Urysohn universal metric space, Comment. Math. Univ. Carolina 31 (1990), 181–182.