The Grad of a Graph and Classes with Bounded Expansion

Jaroslav Nešetřil^1

Department of Applied Mathematics and Institute of Theoretical Computer Science Charles University Praha, Czech Republic

Patrice Ossona de Mendez^2

Centre d’Analyse et de Mathématiques Sociales – CNRS, UMR 8557 École des Hautes Études en Sciences Sociales Paris, France

Abstract We introduce classes of graphs with bounded expansion as a generalization of both proper minor closed classes and degree bounded classes. Such classes are based on a new invariant, the greatest reduced average density (grad) of G with rank r, ∇_r(G). We generalize to these classes some results proved for proper minor closed classes and bounded degree graphs, such as the existence of low tree-width colorings and homomorphism dualities.

Keywords: Constrained orientation. Transitive fraternal augmentation. Homomorphism. Coloring. Tree-depth. Bounded expansion. Restricted duality.

Preprint submitted to KAM-DIMATIA Series

1 Tree-width, Tree-depth and Coloring

A k-tree is a graph which is either a single vertex, or is obtained from a smaller k-tree by adding a vertex joined to the vertices of a clique of size at most k. The tree-width tw(G) of a graph G is the smallest k such that G is a subgraph of a k-tree. Tree-width has been proved to be a fundamental parameter, especially in the study of minor closed classes of graphs.

In a paper motivated by a question of R. Thomas [5], De- Vos, Ding, Oporowski, Sanders, Reed, Seymour and Vertigan [1] proved that for every graph K and integer j ≥ 1 there is an integer i_V = i_V (K, j), such that every graph with no K-minor has a vertex partition into i_V graphs, so that any j^′ ≤ j parts form a graph with tree-width at most j^′ − 1. This proof relies on an important result of Robertson and Seymour on the structure of graphs without a particular graph as a minor [?].

In a previous work [3], we introduced the tree-depth td(G) of graph G as the minimum height of a tree which closure contains G as a subgraph. This minor monotone invariant td(G) is obviously at least tw(G) + 1 but td(G) fails to be bounded by a function of tw(G) (a path of length n has tree-width 1 and tree-depth ⌈log_2(n + 1)⌉).

Using the above mentioned result [1], we proved in [3] that for any proper minor closed class of graphs C (that is: any minor closed class of graphs excluding at least one minor) and integer j ≥ 1 there is an integer F_j(C), such that every graph in C has a vertex partition into F_j(C) graphs, so that any j^′ ≤ j parts form

1 Email:nesetril@kam.ms.mff.cuni.cz 2 Email:pom@ehess.fr

a graph with tree-depth at most j^′, and that the tree-depth is the maximum graph invariant for which such a statement holds.

For graph G and integer j ≥ 1, define χ_j (G) has the smallest integer N, such that G may be N-colored in such a way that, for any H ⊆ G, H gets at least min(j, td(H)) colors. Then the previous statement may be restated as:

Theorem 1.1 For any proper minor closed class of graphs C and any integer j ≥ 1, χ_j(G) is bounded on C.

Notice that for any graph G of order n, χ_1(G) = 1, χ_2(G) is the usual chromatic number χ(G). We have then

χ_1(G) ≤ χ_2(G) ≤ · · · ≤ χ_n(G) = td(G).

2 Homomorphism Duality

The previous result has then been applied to prove that any proper minor closed class C of graphs has a restricted homomorphism duality for any connected graph F , that is: For any connected graph F , there exists a graph D^C_F so that: • F has no homomorphism to D^C_F :

F −−̸→ D^C_F

• any graph G ∈ C has no homomorphism from F if and only it has a homomorphism to D^C_F :

∀G ∈ C, (F −−̸→ G) ⇐⇒ (G −→ D^C_F )

Such a restricted duality exists for proper minor closed classes of graphs [3] and for classes of bounded degree graphs [4,2].

3 Grad of a Graph and Classes with Bounded Expansion

The greatest reduced average density (grad) of G with rank r: ∇_r(G) is related to the maximum average degree of a minor obtained by contracting a family of disjoints connected subgraphs, each having radius bounded by r. Precisely, a connected partition of G is a partition P = (V_1, . . . , V_p) of G such that each subgraph G[V_i] of G induced by V_i is connected. The radius ρ(P) of a connected partition P is

ρ(P) = max_{X∈P} min_{x∈X} max_{y∈X} dist_{G[X]}(x, y)

and the grad of rank r of G is

∇_r(G) = max_{ρ(P)≤r}

|E(G/P)| |P| where the maximum is taken over all the connected partitions P of G having radius at most r and where G/P stands for the simple graph obtained by contracting each of the G[V_i], V_i ∈ P to a single vertex.

For any graph G of order n, ∇_0(G) is half of the maximum average degree (mad) of G and

mad(G) 2 = ∇_0(G) ≤ ∇_1(G) ≤ · · · ≤ ∇_n(G) ≤ td(G) − 1

The last inequality is straightforward: any minor of order n of a graph with tree-depth at most k has tree-depth at most k hence size at most (k − 1)n. Moreover, ∇_r(G) is obviously bounded by a constant for any proper minor closed class of graphs and by O(Δ^r) for any graph with maximum degree Δ.

A class C has a bounded expansion if there exists a function f : N → N such that

∀r ∈ N, ∀G ∈ C, ∇_r(G) ≤ f(r).

4 Transitive Fraternal Orientation and Augmentation

It is well known that a graph G is a k-tree (for some k) if and only if it admits an acyclic fraternal orientation, that is an orientation of its edges such that when (x, z) and (y, z) are both arcs of G then either (x, y) or (y, x) is an arc of G.

We will relax the properties of acyclic fraternal orientations to build some locally fraternal orientations. In the following, directed graphs may have, for distinct vertices x and y, one arc (at most) from x to y and one arc (at most) from y to x.

Let G be a directed graph. A 1-transitive fraternal augmentation of G is a directed graph H with the same vertex set, including all the arcs of G and such that, for any vertices x, y, z,

• if (x, z) and (z, y) are arcs of G then (x, y) is an arc of H (transitivity), • if (x, z) and (y, z) are arcs of G then (x, y) or (y, x) or both are arcs of H (fraternity).

A transitive fraternal augmentation of a directed graph G is a sequence G = G_1 ⊆ G_2 ⊆ · · · ⊆ G_i ⊆ G_{i+1} ⊆ · · · , such that G_{i+1} is a 1-transitive fraternal augmentation of G_i for any i ≥ 1.

Theorem 4.1 Let C be a class with bounded expansion. There exists a function F : N^2 → N such that for any integer Δ^–, there exists a sequence C = C_1 ⊆ C_2 ⊆ · · · ⊆ C_i ⊆ · · · of classes with bounded expansion, so that any orientation G of a graph

G ∈ C with Δ^–(G) ≤ Δ^– has a transitive fraternal augmentation G = G_1 ⊆ G_2 ⊆ · · · ⊆ G_i ⊆ · · · where G_i is an orientation with maximum indegree Δ^–(G_i) ≤ F (Δ^–, i) of some G_i ∈ C_i.

5 Main Results

Our first main result stands in a characterization of classes with bounded expansion, while the second one expresses the existence of restricted dualities for such classes.

Theorem 5.1 Let C be a class of graphs. The following conditions are equivalent:

• C has bounded expansion, • for any integer c, the class C[K_c] = {G[K_c] : G ∈ C} has bounded expansion, where G[K_c] denotes the lexicographic product of G and K_c;

• there exists a function F : N^2 → N such that any orientation G of a graph G ∈ C has a transitive fraternal augmentation G = G_1 ⊆ G_2 ⊆ · · · ⊆ G_i ⊆ · · · where Δ^–(G_i) ≤ F (Δ^–(G), i);

• for any integer i, χ_i(G) is bounded on C.

From a computational point of view, it has to be noticed that, for any fixed class C with bounded expansion and any fixed integer j, the proof of the theorems yields a linear time algorithm to compute, for any graph G ∈ C, a coloring using at most N(C, j) colors so that any j^′ ≤ j parts not only induce a subgraph of tree-depth at most j^′, but actually induce a subgraph which connected components have the property that some color appears exactly once in them, which is a stronger statement.

From the previous theorem, we further prove that classes with bounded expansion also admits restricted dualities: Theorem 5.2 Any class of graphs with bounded expansion has a restricted duality for any connected graph: for every connected graph F , there exists a graph D^C_F so that F −−̸→ D^C_F and

∀G ∈ C, (F −−̸→ G) ⇐⇒ (G −→ D^C_F )

References

[1] M. DeVos, G. Ding, B. Oporowski, D. Sanders, B. Reed, P. Seymour, and D. Vertigan. Exluding any graph as a minor allows a low tree-width 2-coloring. Journal of Combinatorial Theory, Series B, 91:25–41, 2004.

[2] R. Häggkvist and P. Hell. Universality of A-mote graphs. Europ.

J. Combinatorics, 14:23–27, 1993.

[3] J. Nešetřil and P. Ossona de Mendez. Tree depth, subgraph coloring and homomorphism bounds. European Journal of Combinatorics, 2005. (in press).

[4] D. P., M. Ch., and J. Nešetřil. Universal h-colorable graphs without a given configuration. Discrete Math., 250:245–25, 2002.

[5] R. Thomas. Problem session of the Third Slovene Conference on Graph Theory, Bled, Slovenia. 1995.