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6.1.7 Definition (Expectation). The expoctation of a (real) random vari-
able X is
E[X]:fX(u) ap.
n

Any real function on a finite probabilily space is a random variable. Tts
expectation can be expressed as

E[X]= Z () X (w).

well

6.1.8 Definition (Independence of variables). Random variables XY arc
independent if

Ya,bER:P[X <aandY <4 =P[X <qa]P[Y <}

Note the shorthand notation for the events in the previous definition: for
example, P{X < a] stands for P[{w € £ X{w) < a}].

As we will check in Chapter 2, B{X + Y] = E[X]+ E[¥] holds for any two
random variables (provided that the expectations exist). Oun the other hand,
E [XY] is generally different from E[X])E[Y]. But we have

6.1.9 Lemma. If X and Y are independent random variables, then E[XY] =
E(X]-E[Y].

Proof (for finite probability spaces). If X and Y arc random variables
on a finite probability space, the proof is especially simple. Let Vi, Wy be the
{finitc} scts of values attained by X and by Y, respectively. By independence,
wehave P[X =aand Y =0 =P[X =q|P[Y =b| forany a € Vy and b € V.
We calculate

E[XY] = Y abPX=aandY =b= 3  abP[X =q]P[Y =
acVy bely aeVy bely
= ( 3 aP[X:a])( 3 BP[Y = b]) =E[X]E[Y].
ag¥yx beVy

For infinite probability spaces, the proof is formally a little more complicated
but the idca is the same. 0

6.2 Useful estimates

In the probabilistic method, many problems arc reduced to showing that certain
prebability is below 1, or even tends to 0. In the final stage of such proofs, we
often need to estimate some complicated-looking expressions. The golden rule
here is to start with the roughest estimates, and only if they don’t work, one
can try morc refined ones. Here we describe the most often used cstimates for
basic combinatorial functions.
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6
Appendix

6.1 Probability theory

This section summarizes the fundamental notions of probability theory and
some results which are used in the text. In no way is it intended to serve as a
substitute for a course in probability theory.

6.1.1 Definition (Probability space). A probability space isa triplc (0, Z,P)
where € is a set, B C 2% s a o-algebra on © (a collection of subscts containing

1 and closed on complements, countable unions and countable futersections)

and P is a countably additive measure on T with P[§Y] = 1. The clancnts of
0 are called cvents and the clements of © are called clementary events. For an

event A, P[A] is called the probability of A.

In this text, we will consider mostly finite probebility spuces where the set
of clementary events §t is finite and & = 2%, Then the probability measure is
dctermined by its values on clementary events; in other words by specifying a
function p : 2 = [0,1] with ¥__cq p(w) = 1. Then the probability measure is
given by P[A] = ¥ -4 plw).

The basic exanple of a probabilily measure is the uniform distribution on
£ where

4|
PA]= 7= foral ACQ
142
Such a distribution represents Lhe situation where any outcome of an experiment
{such as rolling a die) is equally likely.

6.1.2 Definition (Random graphs). The probability space of random graphs
Gy.p i5 a finite probability space whose clementary cvents are all graphs on a
fixed sot of n vertices and the probability of & graph with m edges is

p(G) = p(1 - p)B),

This corresponds to generating the random graph by including every po-
tential edge independently with probability p. For p = %, we toss a fair coin
for cach pair {u, v} of vertices and connect them by an cdge if the outcome is
heads.

Here is an elementary fact which is used ail the time:
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1.1 Ramsey numbers 8

Proof. Let us consider a random graph G, 14 on n vertices where every pair
of vertices forms an edge with probability %, independently of the other edges.
{(We can imagine Hipping a coin for every potential edge to decide whether it
should appear in the graph.) For any fixed set of k vertices, the probability
that they form a clique is

p= 2_(5)_

The same goes for the occurrence of an independent set, and there are (})
k-tuples of vertices where a clique or an independent set might appear, Now
we use the fact that the probability of a union of cvents is at most the sum of
their respective probabilitics (Lemma 6.1.3), and we get

P [Gm]/gcontains a clique or an indep. set of size k] < 2(2) 2“(’; .

If we choose n = |2¢/2], we have

k
n _{* n k2-k’2_ T
Z(k)z O <2fpoet = (g

The last fraction decreases asymptotically to zero, and as the rcader can
check, for £ = 3 it is already less than 1. Thus for k£ > 3, the probability that
a random graph on n vertices contains either a cligue or an independent set of
sizc k is strictly less than 1. This implies that in some graphs on n vertices
neither of the two appears, i.c.

k ok/2+1 gk /2+1
) k! < k!

"

Rk, k) > n = |2¥/2].
c

One might object that the use of a probability space is artificial here and
the same proof can be formulated in terms of good and bad objects. In effect,
wc arc counting the number of bad objects and trying to prove that it is less
than the number of all objects, so the set of good objects must be non-empty.
In simple cases, it is indeed possible to phrase the proof in terms of counting
bad objects. However, in more sophisticated proofs, the probabilistic formalism
becomes much simpler than counting arguments. Furthermore, the probabilis-
tic framework allows us to use many results of probability theory—a mature
mathematical discipline.

For many important problems, the probabilistic method has provided the
only known solution, and for others, it has provided accessible proofs in cases
where constructive proofs are extromely difficult.

20 5. Concentration of Lipschitz functions

because plo, (o)) £ 2 and f is 1-Lipschits.
We have established the bound (5.4) for the martingale differences, and
Azuma's incquality 5.2.2 yields Theorem 5.3.1. 0

The proof of Theorem 5.3.1 can be generalized to yield concentration results
for more general discrete metric spaces. The key condition is that such spaces
have a suitable sequence of partitions. Some results of this kind can be found,
for instance, in

B. Bollobas: Martingales, isoperimetric inequalities and random
graphs, in: §2. Combinatorics, Eger (Hungary), Colloq. Math.
Soc. J. Bolyai, 1987, pages 113-139.
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2.2 Splitting Graphs i

of certain cvents with known probabilities. Then
E[X]=P[A4)]+P[42]+ - + P[A].
Example. Let us calculate the expected number of fixed points of a random
permutation o on {1,...,n}. If
Xa) = {: o) = i},

we can express this as a sum of indicator variables:
n
X(e) =3 Xilo)
i=1

where Xi{o) = 1 if o(i) = 1 and 0 otherwise. Then
B X = Plo(i) =4 =
i| =Ploli) =1 =~

and
1 1

1
E[X]=;+;+...+;=1.

50 a random permutation has 1 fixed point (or “loop™) on the average.

2.2 Splitting Graphs

We can always use the expectation of X to estimate the minimum or maximum
value of X, because there always cxists an clementary event w € £ for which
X(w) > B[X] and similarly, we have X (w) < E[X] for some w € {2.

2.2.1 Theorem. Any graph with m edges contains a bipartite subgraph with
at least 7 edges.

Proof: Let G = (V, E) and choose a random subset T C V' by inscrting every
vertex into T independently with probability p = -i- For a given edge e = {u, v},
let X, denote the indicator variable of the event that ezactly one of the vertices
of ¢ is in T. Then we have

1
E[X)=PllueT&vé¢T)or (ug T &veT)=p(l-p)+(1-pp= oL
If X denotes the number of edges having exactly one vertex in T,

E(X]=Y E[X,]= ?
el

Thus for some T C V', there are at least % edges crossing between T' and V \T,
forming a bipartitc graph. O

27 5. Coucentration of Lipschitz functions

The martingale condition (5.3) now guarantees that E(Y |F_,] = 0, and
Lemma 5.2.1 implics that E [e"y|f}_1] < e"/2 (If F;. is given by a parti-
ton TI;_ |, then for cach class € of I1;_|, we consider the random variable ¢
defined as Y restricted to the probability space C. The martingale condition
gives E (Y] = 0 and we apply Lemma 5.2.1 for Ye.) 0

Remark: two strengthenings. Theorem 5. 1.1 and Azuma’s inequality can
be strengthened in several ways, which allows one to deal with some applications
where the original versions arc too weak. Here we will briclly mention two
directions of such strengthenings.

Suppose that f(X,..., Xy) is I-Lipschitz. Il X; attains value § with prob-
ability 1 — p and value 1 with probability p and p is small, one would cxpect
that the contribution of X; to the “total variance”, i.c. to the quantity denoted
by ¢? in Theorem 5.1.1, should be considerably smaller than 1. A result of this
type indeed holds, also with variables X; attaining morc than two valucs, and
a precise formulation can be found in

D. A. Grable: A large deviation inequality for functions of indepen-
dent, multi-way choices, Combinatorics, Probability and Computing
7,1{1998} 57-63.

Another strengthening is based on the observation that the Lipschitz con-
dition for f need not be used in full in the proof of Theorem 5.1.1. The idea,
introduced by Alon, Kim, and $pencer, is to imagine that we are trying to find
the value of § by making querics about the values of the X; to a truthful oracle
{such as “what is the value of X77”). Sometimes we can perhaps infor the value
of f by querying the values of only some of the variables. Or sometimes, having
learned the values of some of the variables, we know that some other variable
cannot influcnee the value of f by much (although that variable may have much
greater influence in other situations). By devising a clever querying strategy,
the bound for o? can again be reduced in some applications; sce the paper cited
above.

5.3 Lipschitz functions on discrete metric spaces

Here we consider generalizations of Theorem 5.1.1, where we want a concentra-
tion result for a Lipschits function f{X1, Xo,..., Xy}, but the randomn variables
X1,..., Xy arc not independent anymore. Clearly, we have to require somncthing
of the X; in order to get a concentration result; for example, if all the A; were
equal to X and f(X1,...,Xn) = X, +--++ X, then there is no concentration
at all. The framework to be examined here is when the vector (X1, Xo,..., Xy)
is a random point of a suitable “high-dimensional” metric space. The con-
contration results arc closely related to interesting geemetric propertics of the
considered metric spaces: the so-called tseperimetric inequalitics.

Concentration of Lipschitz functions of a random permutation. We
prove one concrete result in the dircetion indicated above. Lot S, denote the set
of all permutations of [n] (i.c. bijections [n] = [n]). We consider the uniform



£ =1
o x] a0p T+ [ixlaea =
u

£ =} £ 1=:
= Ixlalxla X - xim X - Fxxla <+ [x]aX =
£ 1= 1=

£ 1=t 1

1=! =
= [’X ]H[-’XZ]E{—[-fX -’XZ]G[=[-‘X ]mA
u u u u u
Jooxdg '
{#e 1= 1=?
Py i) a0 T+ [l ra K = [-'X ]mA »
u u

03 penbo SI SO[GULIBA WOPURT JO WIAS © JO 0DURIIBA D[], “@Ua] £ T°¢
Kalxlg-Axla=((Ha- Olxla- x)a=[4A'x]+0
$T S3[QRIIEA WOPUTI GM] JO BOURIICAOS O], “UOIUYa( Z'1°¢

‘ppuopuodop sstmared 101} Jnoqe
FUN{OUIOS MOUY 0 POOU D4 ‘SI[QRLITA WOPUTEL JO UINS € JO JOUBLIRA 31} 09e[NO[Ed
0} quEsm oa J] -107e10d0 JEOI] © jou ST OOUCLIBA Y ‘uo1)eydadxD o) ayIuf)

[x] 1A = 0 81 ¥ jo uoneiaop prepuess oy, (‘uoryejud
-ttioo Asvo uw G SMOJJOJ DUG PUODIS OIf) puy ‘HoIIuyop ¢ S Aypenbo a1y o)

0@ - [x] @ = [(xla - x)] &= [x]=a
i Y JO oouwuva Offf, *(soueiieA) uoluysq I'L'E
(*030 S1 DDURTIEA DY} ‘Dl(RIIEA WIOPUTI JURISUCD € I0g) "uohie;dadxd
S0 PUNOIT SOIERINY O[GELICA O} (LU MOY SIQLIJSOP 7] "OIURLICA DY) I O[qE

-LleA WOPUTI ¥ JO OIISHI0IRIBYD [BINIOSSD J0YI0 0y ‘uol1ey00dxo aify sopIsog

Ayenbauy asysiqay) ayj pue duelrey T°¢ .

JUSWOJA] PU02d§ dYT,
g

‘,{na] Bl—lzna] a= [[l_".f Anal'.‘zn;"] ﬂ] o= [“1x;’l—szl‘7] G §

(i
DAvY om own snLL (oaoque
se A[jouxo st Joord Oyj JO 1801 1YY [[€ PUT) I UO UOLINPUL AQ 7/ 0D = [_.Zna] q
oaoxd urele apy T = % pue @ = [x]d reuy osoddng  -jooad jo ys3ayg

la T=E . -
2 e 2 oddfm

IRy - [x]g> x1d pue Lont =2 > [+ (x| 2 x)d

woyy w T =1
Jof o 5 |1z — ¥z| yeyp oseddns pue foouds Apqeqoad ouros o vpesuly
s woq y = Ygtootig g go7 c(Ayppunbau seNzy) WaI0L TS

H S 1y = iz]
tgr b e iy g greSurprem ATRINQIR UE JO ML} q3u 91} 40 ['[§ UI0I00Y ], Ut St
§0YRWIT)SO [1BY 2Y) 58413 Jooid auIRS B} JSOW[R ‘I0A0BI0N ‘opeluryrew © sf jooxd
aaoqe o] u1 Mg 'cor i1z f0z oouonbos ofy TEHY IOUY 07 JMNALELP 0U St

‘sa[fueyonl £eid Surpuodsarios 03 Jo voIR (%103 o) renba pnoys
0[311121:):)1 POYSEp 1oTD JO BAIT O3 JRI[} SuwOuUl UOHpuLd oedunmam nyy pue
‘sour[ YUY Oy AQ PoTEILpUL DIE P77 JO SHRA DL, ‘S[EAIRRIIGNS O3 suopiped se
uMRIp oq® - - {1E] 0] suorired ay) pue f[Ratajul W S POTRILPUL ST 15 ooweds o1y,

31_[ I Ou

....... e — 1z | 0z

MO[0q
poreISAL A[[ROIRUIDYIS ST UOI)IPUOD apeSurireur 9], /) Ul PAINRIUOD JIB ey}
[ Jo $08SE[2 D) [[¢ 1040 FZ JO OFwIOA® O ST 17'Z t1-31 worjnaed 12s1v0d 013
JO 73 §SE[D YOO Uo JuY) SUCSU (£g) UORIpU0d opeduryaewt oy puwe ‘T7H| Jo sse2
[oe0 Uo JUeJSUod st [7Hy [ JO SFR[D YOO UO JUT)SU0D ST b uonpy fUA sounaa |
1M ‘A[oArpoodsal T pue T-H1 suorjrired Aq uoatd ore Ly pun =i o
100dsol Yiim g JO ueypioadIa JpUeLPLed o) SUToll [tz |*z] | woissordxa oy L,

(¢9) wtgi = iz =[ylizla

oaRY oM J1 appbuyou v pofred st -t g Lz 0y
aouenbos {ojUyul J0 opUY) DYT, U Snonpg T+ & s97RUIPI00I OIf} UQ puodop j0u
soop 'z Jeys sueour sty ‘L, {1 ‘0} YIm opdurexd ano ug -gpeInseow -ty 8tz oo
oroym ‘7§ U0 SO[qELIEA WrOpUT Jo oouvnbos ® oq T flZ Y0z qor] *SOYRUIPIOOD T
181y o1y £q poonpul {5 Jo uonpred oy Aq poreIoudd oq uwd ty udly) driok=u
Jt ‘opdwexs 100 (*[] JO SPESE[D Y) JO DWIOS JO SuUOTUN JaiofSIp (B 2Ie SIoquaur

§31 01 “73 30 *[I uopnpred owos £q poyerdudsd wiqoS[e-o ayy st iy fosed siy w

174 sopeduriIew puw Joold 7°¢



3.2 Estimating the middie binomnial coefficient 12

Note, If Xi,...,X, arc independent, the covariance of cach pair is 0. In this
case, the variance of X can be ealculated as the sum of variances of the X;. On
the other hand, Cov[X,Y} = 0 docs not imply independence of X and ¥'!

Once we know the variance, we can apply the Chebyshev inequality to os-
timate the probability that a random variable deviates from its expeclation at
lcast by a given number.

3.1.4 Lemma (Chebyshev inequality). Let X be a random variable with
a finite variance. Then for any t > 0

P(x -B[x] 2 4 < LX)

Proof.
Var[X] = B[(X - B[X])?] > *P|X = E[X]| 2 {].

[m]

This simple tool gives the best possible result when X is equal to g with
probability p and equal to g £t with probability -1-%2 In Chapter 4, we will
cxamine stronger methods giving better bounds for certain classcs of random
variables. In this section, though, the Chebyshev inequality will be sufficient.

3.2 Estimating the middle binomial coefficient

Among the binomial coefficients (2,’:"), k=0,1,...,2m, (*) is the largest and
it oftcn appears in various formulas (e.g. in the Catalan numbers, which count
binary trees and many other things). The sccond moment method provides a
simple way of bounding (‘f;") from below. There are several other approaches,
some of them yielding much more precise estimates, but the simple trick with
the Chebyshev inequality gives the eorrect order of magnitude.

3.2.1 Proposition. For allm > 1, we have (";’:) > 24m /4. /m.

Proof. Consider the random variable X = X) + X3 + -+ - + Xy, where the
X; are independent and each of them attains values 0 and 1 with probability %
We have E [X] = m and Var[X] = 2. The Chebyshov incquality with t = /m
gives
1
P[|IX —m| < vm 25.

The probability of X attaining a specific value m+k, |k </, is (nffk)Q‘nm <

()27 (because {*™) is the largest binomial coefficient). So we have

% < 3 PX=m+k< 2\/1:(2"‘)2-2"‘
oW, m

and the proposition follows. (m}

25 5. Concentration of Lipschitz functions

On the left-hand side, we take the expectation for both U and V' chosen at
random, while on the right-hand side, we [irst take cxpeetation with respeet
to random V for cach fixed value of U, obtaining a function of U, and then
we take its expeetation with respect to a random U, The proof is simple, and
for a finite probability space, it is very similar to the proof of Lomma 6.1.9.
Returning to the proof of {5.1), we have

zifzy, .o 2) — Foi(E .., Tiol)
EXH.I,...,XH [f(‘rc].: ey Iy, Xf+11 e 1}:11)]
_EX,',..-,XH [f(:‘cl! LR wi#l)Xi'l sty A’n)]

It

EA’;+|,...,X“ f(zla EERR] wiJXi-Ha LR Xn)
_E)l'.' {f(xls s T, Xy X,y - -:A’n);

by {5.2). For any choice of values of X;41,..., Xy, thevalucof fz1,..., 2, Xig1, ..., An)
is fixed, while Ex, {f{®1,.- ., %i-1, Xi, Xit1, .-, Xn)] is an average over all choices
of X; with the values of all the other variables fixed. Since the effect of the sth
variable is at most 1, this average is no more than I away from flzy, ... 26 Xigr, -0 X,
and (5.1) follows.
As in the proof of Theorem 4.1.1, we want to estimate B [c“"‘] (this will
give one of the tail estinates, and the other one follows by counsidering — X
instead of X). By induction on i, we prove that

E [cuz,-] < ciu'z/'z-

Suppoesc that this has been proved up to ¢ — 1, and put ¥ = Z; - Z;_(. By
{(5.1), ¥ attains values in the interval [—1,1]. Recalling that Z; only depends
on the variables X1, Xa, ..., X;, we have, using (5.2) again,

E [Buzi] =E [euZ;_lch] = E,\'1 . I [C‘LZ‘AIE,\" [Cuy]] '

By Lemma 5.2.1, we have Ey, [e“y] < el (for any values of Xy,..., Xi_1).

So E [euz"] <Ex,. X, [Cuz,-h,cu!/z] - e“zfQE [euz._|] < eiu‘-’/'z

by the inductive hypothesis.
We have derived B [e"x] < ¢™*/2 for all u. The desired inequality PX 2t <

e~t/2 now follows by applying Markov’s incquality for the random variable
e%X | exactly as in the proof of Theorem 4.1.1. [}

Martingales and Azuma’s inequality. We introduce the (rather sophis-

ticated) notion of martingale, which allows us to state the result of the proof
above in greater generality.

Let (€2, F, P) be a probability space, and let Fy = {82} C ;A C F: C

+ C F be a sequence of o-algebras on €. In the case of a finite £, onc

can think of the F; as successively finer and finer partitions of Q (formally,
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3.3 Threshold Functions 14

and we get

4Var[Xn] _

Jim P(X, = 0]  Jim P[Xa < §B(Xa]] < Jin oy =0

a
Thus we need to estimate the variance of the number of triangles in G p-

We have T = Y. T} where Ty, Ty, . . . arc indicator variables for all the () possible
triangles in Gpp. The variance of a sum of random variables is

Var[T] = Y_ Var(Ti] + ¥ Cov [T3, Ty].
i i

For cvery triangle
Var [T}] £ B [Tf] =p

and for a pair of triangles sharing an cdge
Cov [T}, T3] < E{1yT3] = p°

since T;T; is the indicator variable of the appearance of 5 fixed edges.

The indicator variables corresponding to cdge-disjoint triangles are inde-
pendent and then the covariance is zore. So we only sum up over the pairs of
triangles sharing an edge; the number of such (ordered) pairs is 12(3). In total,
we get

Var (T) < (T::) P +12 (:)p5 < np? +nlp®

Var[T]  n%® +n'p® _ 0 ( LI 1 )
B = (GPP i

which tends to zero if p{n) >> ,1—1 Lemma 3.3.1 implies that in such a case, the

probability that G, contains a triangle approaches 1 as n tends to infinity.
As the reader can obscrve, the transition between random graphs that con-

tain a triangle almost never or almost always is quite sharp. In order to describe

this plienomenon more generally, Erdds and Rényi introduced the notion of a

threshold funciion.

3.3.2 Definition (Threshold function}. A function r: N =+ R is a thresh-
old function for a monotone graph property A, if for any p: N = [0, 1]

¢ p(n) =olr(n)) = limp0 P [A holds for Gn,p(n)] =0
o r(n) = o(p(n)) = limp_,0s P[4 holds for Grpm] =1

{a property A is monotone if for any two graphs G and H with V{H) = V{(G),
E(H) C E{G), and H having properiy A, G has property A , too).

23 4. Concentration of Lipschitz functions

The key additional idea is that, typically, cach subgraph of G, » on about
/1 vertices can be 3-colored, and so deviations with about \/n harmful vertices
can be fixed using 3 cxtra colors.

5.1.4 Lemma. Lot a > %, p =n~% Then, almost surcly, Gy p has no subgraph
H on at most v8nlnn vertices with x{H) > 3.

Proof. What we really calculate is: almost surely, there is no subgraph on
1 < v8nlnn vertices with average degree at least 3. This suffices since a vertex-
minimal 4-chromatic subgraph must have all degrees at least 3. First, let £ > 4
be even. The probability that at least 3‘1 edges five on some fixed st T of &
verlices of G p is at most {using (}) < (en/k)F)

g o Bt -
(3) P2 < et?/2 P = (3_0)“/2 -0tz
3172 3672 3

There are {}} < (ne/t)* choices of T, and so the probability of existence of at

least one T with at least %1‘ odgos is at most

ne B/ _dafi ¢
T —:WT'TL .

The expression in brackets is at most O(¢'/2n!=34/2) = O(n¥/1=3a/(Inn)!/1),
which goes to 0 as n — oo sincc a > ;—: For ¢ odd, the calculation is technically
a little more complicated since we need to deal with the integer part, as we have
[%L] edges, but the resulting probability is also bounded by o(1). The proof is

finished by summming over all ¢ € [4, v8nlun]. O

Proof of Theorem 5.1.3. Lot u be the smallest integer such that P[x (G p) £ 4] >

;11-. Let X be the minimum nmumber of vertices whose deletion makes Gy u-
colorable. This X is a 1-Lipschitz function of the independent randomn variables
X1,Xy,...,X,_1 as in the proof of the Shamir-Spencer theorem 5.1.2 above
(right?). We thus have the tail estimates from Theorem 5.1.1:

PX > E[X]+1] < P (X < BIX)—1) < oV An=)

Set £ = +/2(n — 1}Inn, so that the right-hand sides become ,—1; By the defi-
nition of u, Gy, is u-colorable with probability greater than 1, and so 1 <
P[X =0] = P[X < E{X] - E[X]]. Combined with the sccond tail estimate,
this shows that E[X] < t, and the first tail estimate then gives P[X 2 2¢] <
P[X <E[X]+1t] £ L. So with probability at least 1 — 1. G, p with some 2t
vertices removed can be u-colored. By Lemma 5.1.4, the subgraph ou the re-
moved 2t vertices is 3-colorable almost surely, and so all of G, , can be colored
with at most u + 3 colors almost surely. On the other hand, by the definition

of u, x(Gnyp) = v alnost surcly as well. D
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3.3 Threshiold Functions 16

The covariances are non-zero only for the pairs of copies that share some edges.
Let 8 and -y share ¢ > 2 vertices; then the two copies of H have at most {p edges
in common ({because H is balanced), and their union contains at least 2e — ¢p
cdges. Thus
Cov [X3, X,] € B[XsX,] < p*t.

The number of pairs 3, sharing t vertices is O(n?*~*) because we can choose
the basc set of 2v — ¢ vertices in (,," ) ways and there arc only constantly many
ways to choose 8 and -y from this base set. For a fixed &, we get

> CoviXp, X)) < O™ p*~% = O((n*p")* /"),
[Bry|=t

For the variance of X, we get
v—1
Var[X] € O(n"p%} + 3 O((n*p")*~*/")
=2

and .
. Var[X] . N~ voey—tjvy | _
Jim, < fim (Oln"s) )+ L 0(n9)") ) =0
since limy, 0 nYp% = o0, This completes the second part of the proof because

by Lemma 3.3.1,
lim P[X >0]=1
n-—+o0

and there is almost always a copy of H in Gy . m;
The question of a general subgraph H was solved by Erdds and Rényi: The

threshold function for H is determined by the subgraph H' C H with maximal
density p(H'). We give here only the result without a proof.

3.3.5 Theorem. Let H be a graph and H' C H its subgraph with maximal

density p(H'). Then
r{n) = p- /el

is the threshold function for the cvent that H is a subgraph of G p.

5

Concentration of Lipschitz functions

5.1 Lipschitz functions of independent variables

We have scen that if X is a sum of many “small” independent random variables
X1, Xa,..., X, then X is strongly concentrated around its expectation. Here we
present a strong concentration result for random variables of the more general
form f{X,,Xq,...,X,) for a “nice” function f of n variables. The condition
that none of the X; be too big that was needed in concentration results for
sums is replaced by requiring that changing any single A cannot influence the
value of f by too much.

Recall that a function f from a metric space M, with metric p; into a metric
space My with metric py is called K- Lipschitz if po(f(2), M) < Koz, y) for
all z,y € M;. In our particular case, suppose that the randoin variable X;
attains values in a set R, and so f is a function By x Ry x --- x R, —» R.
On R, we consider the usual metrie, and on RB| x --- x R,,, the distance of two
vectors z = (z, Ty,..., %) and y = (y1,¥2, ..., ¥n) 18 the number of coordinates
in which they differ, i.e. [{f € [n]: ; # w;}] (the Hamsming distance of z and
y). Thus, f is K-Lipschitz if | f(z) — f(y)| < K for all 2,y that differ in a single
coordinate. Sometimes one of the coordinates has greater influence on f than
the others; then it is useful to measure the maximum possible effect of cach
coordinate separately. We thus say thal the ith coordinale has effect at most ¢;
for fif |f(x) = f{y)| € e for all =,y thal differ only in the ith coordinate.

5.1.1 Theorem. Let X, X5, ..., X, be independent random variables, X; at-
taining values in a sct Ry, and let f: Ry x -+ x Ry = R be a function such
that the ith coordinate has cffect at most ¢;, 1 = 1,2,...,n. Then the random
variable X = f(Xy, Xa,...,X,) satisfics, for any t > 0,

P[X 2 E[X]+1) <e ¥/ and P[X <E[X] -] < e ¥/,
where o? = ¥, ¢t In particular, if f is 1-Lipschitz, then
PIX > BiX]+t] e /2 and P[X <E{X]-{] < @/,

Thus, a 1-Lipschitz function of n independent random variables is concen-
trated at least as much as the sum of n independent %1 random variables.

We postpone the proof of Theorem 5.1.1, which uscs a sophisticated and
useful notion from probability theory, to the next part, and we now show ap-
plications of this very powerful result.
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4.1 Sum of independent uniform 1 variables 18

that the degree of a given vertex v in G(n, §) is the sum of the indicators of
the n — 1 potential edges incident to ». Bach of these indicators attains values
0 and 1, both with probability %, and they are all mutually independent.

For a morc convenicnt notation in the proof, we will deal with sums of
variables attaining values —1 and +1 instead of 0 and 1. Omne advantage is that
the expectation is now 0. Results for the original setting can be recovered by a
simple re-scaling.

4.1.1 Theorem. Let X1, Xa,..., X, be independent random variables, cach
attaining the values +1 and —1, both with probability % Lot X =X, + Xo +
---+ Xy. Then we have, for any real £t > 0,

PIX 2t <e /% and P[X < t] < e /%7,

where o = /Var[X] = /1.

This estimate is often called Chernoff’s inequality in the literature (although
Chernoff proved a more general and less handy incquality in 1958, and the above
theorem goes back to Bernstein’s paper from 1924).

Note that in this case, we can write down a formula for P[X > t], which
will invelve a sum of binomial coefficients. We could try to prove the inequality
by estimating the binomial coefficients suitably. But we will use an ingenious
trick from probability theory {due to Bernstein) which also works for sums of
more general random variables, where explicit formulas arc not available.

Proof. We only prove the first inequality; the second one follows by symmetry.
The key step is to consider the auxiliary random variable Y = e*X whercu > 0
is a (yet undetermined) real parameter, and apply Markov’s inequality to ¥,

We have P[X > t] = P[Y > ¢*!]. Markov's incquality tells us that P[Y > q] <
E{Y]/q. We have

E(v]=E[Xia X)) =B [f[ e“x‘] = [n[E [e+¥]

(by independence of the X;)
u —u n
_ (G_Jr;_) < o,

The last estimate follows from the inequality (¢® + e™®)/2 = coshz < T2
valid for all real = (this can be established by comparing the Taylor series of

both sides). We obtain

E[Y] 2 g_

L nu? /2—ut

P[YZ(:“]S po <é€ ue,

The last expression is minimized by setting u = {/n, which yields the value
et/ = ¢=/2¢*  Theprem 4.1.1 is proved. ]

19 4. Strong concentration arvund the expectation

Combinatorial discrepancy. We show a nice application. Let X be an
n-point sct, and let & be a system of subscts of X. We would like to color
the points of X red and blue, in such a way that cach sct of & contains ap-
proximately the same number of red and blue points (we want a “balanced”
coloring). The discrepancy of the sct system & measures how well this can be
done. Assign the valuc 41 to the red color and value —1 to the bluc color,
s0 that a coloring can be regarded as a mapping ¥: X — {—1,+1}. Then the
imbalance of a set S € § is just x(8) = X5 x{z). The discrepancy disc(8, x)
of & under the coloring x is maxges [x(5)|, and the discrepancy of & is the
minimum of dise(S, x) over all x.

If we take & = 2% (all sets), then dise(S) = Z. Using the Chernoff incqual-
ity, we show that the discrepancy is much smaller, namely at most about /71,
if the number of scts in & is not too large.

4.1.2 Proposition. Let |X| = n and |§] = m. Then disc(§) € /2nln(2m).
If the maximum size of a set in & s at most s, then disc(S) < /2sIn(2m)}.

Praof, For any fixed sct § C X, the quaniity x(S) = ¥ .5 x(x) is a sum of
|5] independent random %1 variables. Theorem 4.1.1 tells us that

Pllx(8)]| > t] < 2e~ /4] < pe=t/2e

For ¢ = /2sIn{2rn}, 2¢=¥/28 becomes ;%1— Thus, with a positive probability, a
random colering satisfies |x{S}| < ¢ for all § € & simultancously. ]




