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stood at the birth of algebraic topology. Consequently various operations and compar-
isions for graphs stress either its algebraic part (e.g. various products) or geometrical
part (e.g. contraction, subdivision). It is only natural that the key place in the mod-
ern graph theory is played by (fortunate) mixtures of both approaches as exhibited
best by the various modifications of the notion of graph minor. However from the
algebraic point of view perhaps the most natural graph notion is the following notion
of a homomorphism:

Given two graphs & and G' a homomorphism f of G to G’ is any mapping [ :
V(G) = V(G') which satisfies the following condition :

Iz, y) € B(G) implies [f{z}, Fy}] € E(G").

This condition should be understood as follows: on both sides of the implication
one considers the same type of edges (undirected or directed). The analogous def-
initions give the notions of the homemorphisms for hypergraphs (sct systems) and
relational systems (of a given type; that will be specified later).

The existence of a homomorphism from G to H is denoted by G — H, in this case
we also say that & is homomorphic to H, the non-existence of such a homomeorphism
is denoted by G 7 H and in such a case we say that G fails to be homomerphic to
H. Tf G is homomorphic to H and also H is homomorphic to G then we say that
G and H are a homomoerphism equivalent (or simply hom-eguivalent) and we denote
this by G ~ H.

The homomorphism is an algebraic notion which in graph theory founds its way
to problems related to products, reconstruction and chromatic polynomials, just to
name a few.

A combinatorial approach is motivated usually by the chromatic number connec-
tion expressed by the following observation which holds for every undirected graph
eh

G —+ K if and only if x{G) < k.

An algebraical approach leads to groups,monoids, posets and cafogories.

In categories, which is the most general of these concepts, we speak about ob-
jects (for example graphs), morphisms (which arc for example homomorphisms} and
composition (which is just the composition of mappings).

Abstractly, we can think of this situation as an oriented multigraph with labeled
arcs together with ”composition of arrows”.
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Concerning Theorem 2 let us first recall the famous edge reconstruction conjecture
( see e.g. survey by Nash - Williams [70]):

Conjecture 1 For undirected graphs G, H with at least { edges the following two
statements are equivalent

(i} G and H are isomorphic;

(li) There exists a bijection v : E(G) = E(H} such that G —~ e & H — u(e} for every
e € B(G).

This conjecture fails to be true for several {in fact 4) small graphs, so this is why
we assume that G and H have as least 4 edges. Obviously (i) implies (ii) and thus
the validity of the opposite implication is the core of the conjecture,

Now it is well known that the above condition (ii) is equivalent to the following
condition (it’}:

There exists a bijection

¢ {A;AC E(G)} — {B; BC E(H)}

such that (V(G), A) is isomorphic to (V(H), «((A}) for every A C E{(G).

The edge reconstruction conjecture is related to Ulam's vertex reconstruction con-
jecture and Miiller’s result is one of the strongest results supporting its validity. As an
illustration of the techniques we prove the following (less technical) results of Lovasz
[51] which motivated Miiller's result.

Theorem 1.3.(/51]) Let G be a graph with n vertices and m edges, let m > (’,;)/2
Then G is edge-reconstructible.

Proof.Let G = (V, E), H = (V, E’) be graphs such that the condition (i) holds:
Lete: {A,AC E} - {B;BC E'}
be a bijection such that

(V. 4) 2 (V, (A).

We shall need two more definition:

Given two graphs G, Gy we denote by (G, G} the number of injective homo-
morphisms f : G| —+ Gs. G denotes the complement of graph G: V(G) = V(G),
E@G) = ("{") - EG).

Using Inclusion-Exclusion Principle we can express the number of injective home-
morphisms as follows:

[78] J.Vinirck: A new proof of the Freyd’s Theorem, J. Pure and Appl. Alg. 8(1976),
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[79] P. Vopénka, A. Pultr, Z.Hedrlin: A rigid relation exists on any set, Comm. Math.
Univ. Carol. 6(1965), 149-155

[80] D. J. A. Welsh:Complexity: knots, colourings and counting, Cambridge Univ.
Press, Cambridge, 1993

[81] E. Welzl: Symmetric graphs and intcrpretations, J. Combin. Theory, Ser. B 37
{1984), 235-244.

[82] E. Welzl: Color Families are Dense, J. Theoret. Comp. Sci. 17 (1982), 28-41
[83] X. Zhu:A survey on Hedetniemi conjecture, Taiwanese J. Math. 2(1998), 1-24
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The paper is organized as follows: !
Chapter 2: Ordering by Homomorphism (structure of color claszlies)

1. Categories and Representations '
2. Concreteness

3. Universality

4. Independent families

5. Density and gaps

Chapter 3: Paradoxes of Complexity

1. Hard Cases

2. Polynomial cases and Homomorphism Dualities

3. Finitary Dualities

4. Gaps and Dualities i
5. Final view

Appendix 1: On Extendability and Universality properties of C.
Appendix 2: On Sparse Graphs with Given Homomorphisms

2 Ordering by Homomorphisms
(Structure of Color Classes)

2.1 Categories and representations

Consider all finite graphs together with all homomorphisms between them. What we
can say about a structure of such a situation?

This is certainly & complicated situation, on the first glance undescribally com-
plicated. But there is a simple basic structure which underlies this| situation and in
fact this is a common structure to all similar situations. This under]ying structure is
called a category.

In order to define a category K we always specifly objects (we|denote them by
capital letters A, B, C,...) and morphismas.

Morphisms are labeled arrows denoted by A L Bor f: A —+ B. What this
means is that each morphism f : A — B has specified two objects d(f) = A and

6
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[48] B. Larose and C. Tardif, Strongly rigid graphs and projectivity, manuscript, 1999.

[49] F. W. Lawvere, F. H. Schanuel: Conceptual Mathematics, Cambridge Univ.
Press, 1997

[50] L. Lovész: On the cancelation law among finite relational structures, Periodica
Math. Hung. 1,2(1971),145 - 156

[61} L. Lovédsz: Operations wth structures, Acta.Math.Acad.Sci.Hung. 18 1967, 321
- 329

(52] S. MacLane: Categories for Working Mathematician, Springer

[53} J. Matougek, J. NegetFil: Tnvitation to Discrete Mathematics, Oxford University
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Any monoid {X,-,1) can be treated similarly as a category with one object,
{monoid is a semigroup with unite element).

As indicated by these examples, category theory is a minima! calculus common to
most mathematical theories. Tt is a (rather schematic) world in which most mathe-
matics {and mathematicians) live.

We mostly use categories and category theory to motivate, to formulate easily,
general things which otherwise would be hard to describe. We usually do not use
caleulus of categories to prove a particular statement. But there are exceptions.
Even in combinatorics there are exceptions and some of them we shall describe in
this chapter.

We need to compare categories. This is straightforward (by now; it took some
time before proper concepts were isolated):

Let K, £ be categories. A mapping F which maps

F: OBJECTS(K) — OBJECTS(L)

F: MORPHISMS(K) — MORPHISMS(L)
is called functor providing the following holds:

(i} r(F(N) = F(r(f))
(it} d(F(f)) = F{d());
(i) F(f1oF(f) = F{(fog); (more exactly we should write E(f)o.F(g) = F(foxg))

{iv) F(14) = 1pa

for all morphisms f, ¢ (providing that right hand side in (iii) is defined).
We write F: X — L.

We say that a functor F is faithful providing it is 1-1 on every set < A, B > of
morphisms in K. We say that a functor F is embedding providing F is 1-1 (both on
OBJECTS(K) and MORPHISMS(K}) and

{F(7)if €< A, B >} =< F(4), F(B) >

Finally, we say that functor
F: K — L is an embedding of K into £ or that F is a representation of K in L.

The notion of embedding or representation should capture the following results:

Theorem 2.1./{15]] Every group is isomorphic to the group of automorphisms of a
graph.

[16] T. Feder, M. Vardi: Monotonne monadic SNP and constraint satisfaction. In:
Proceedings of the 25th ACM STOC. ACM, 1993 612-622

[17] A. Galluccio,P. Hell, J.Nesetfil: The complexity of H-coloring of bounded degree
graphs, KAM-DIMATIA Series 99-416; Discrete Math. (to appear)

[18] M. R. Garey, D. 8. Johnson: Computers and Intractability. W. H. Frceman and
Co., New York, 1979

[19] D. Greenwell and L. Lovész, Applications of product coloring, Acta Math. Acad.
Sci. Hungar. 25(1974), 335-340.

[20] W. Gutjahr, E. Welzl, G. Woeginger: Polynomial graph colourings, Discrete
Applied Math. 35(1992). 29-46

{21] R. Haggkvist, P.Hell: Universality of A-mote graphs, European J.Comb. (1993),
23-27

[22] Z. Hedrlin: On universal partly ordered scts and classes, J. Algebra 11 (1969),
503-509.

[23] Z. Hedrlin: Extensions of structures and full embedding of categories, Actes du
Congrés Intern. de Math., Dunod, Paris, 1971, pp. 319-322.

[24] Z. Hedrlin, ]. Lambck: How comprehensive is the category of semigroups?, J.
Algebra 11 (1969), 195 - 212

[25] Z.Hedrlin, A, Pultr:Symmmetric relations {undirected graphs) with given semi-
groups, Monatsh, f. Mathematik 69(1965), 318-322

[26] Z.Hedrlin, A. Pultr: O predstavljenii malych kategorij, Dokl. AN SSSR 160
(1965), 284-286

[27] P. Hell: Rigid graphs with a given numer of edges, Comm.Math.Univ.Carol. 9
{1968), 51-69

(28] P.Hell, J. Nesetfil:The core of a graph, Discrete Math. 109 (1992}, 117-126

[29] P.Hel}, J. Negetfil: On the complexity of H-coloring, J. Comb. Th. 13,48{1960),92-
110
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and fou{z) = z for z < z (or,equivalently, z € M,).

Similarily, to prove that a given group {or a given monoid), if considered as a
{single ohject) category, is concrete, amounts to find a representation of a group (or
monoid) by mappings. This is well known and for example left translations turn every
group (or monoid) to isemorphic permutation group {or monoid of mappings) and
that is what we wanted to prove. After realizing this perhaps the following question
is justified:

Problem 1 Is every category concretef

This is a fundamental problem which took a full decade to solve. A nice combina-
tories is invelved and curiously enough this result misses most monographies which
we quoted above. After all this perhaps belongs to more combinatorial context.

The solution (and indeed the problem itself) started with John Isbell [39] when
he discovered that the answer to the above problem is negative:

If a category K is concrete then it has to satisfy the following Isbell’s condition
which we are going to explain now:
A fork in K is a pair (a,d) of morphisms of K which satisfy: d(a} = d(b). More
explicitely, for every two objects A, B of K denote by L(A, B) the set of all forks
(a,b) of morphisms of K which terminate in A, B, i.e. which satisfy: rla) = 4,
r{b) = B (and of course d(a) = d(b); such forks we shall briefly call (A, B)-forks).

A B

Figure 2

On the set of all forks in X we define Isbell equivalence ~y,, as follows :

(a,4) ~ig (e, b) iff for every pair (f,g) of morphisms d(f) = 4, d(g) = B,
r(f) = r{g) holds: fo =gb > fo' = gV

In the other words (a,b) ~ {a',b') if no pair of outgoing morphisms (f, g) dis-
tinguishes (a, b} from {2, ¥').

10

Proof. The equivalence of II. and III. was established in [48], IL implies L by
Corollary 4. We prove I. implies IT1.:

Assume H has vertex set V = {v1, 09, -, Us}. Let {;,v;} be a 2-clement subset
of V. We need to show that {v;,v;} is constructible.

Consider i. for A = V? with projections f) = m; and f; = 7. Let G be a graph
satisfying I.. Let o = (vi,vy) and for i = 1,2, n, let oy = {v;,v) and 3 = v
Then for any homomorphism f : G — H with f(z;) = g fori = 1,2,++-- n, and
f(zo) € {vi, v;}. Furthermore, there is a homomorphisim f from G to H, namely the
extension of f, to G, which satisfies f(z;) = y; fori=1,2,---,n and f(z) = v; and
there is a homomorphism f from G to H, namely the extension of f; to G, which
satisfies f(z;) =y for i =1,2,..-,n and f(xp) = v;. Thus {w;,v;} is a constructible
set. v
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n we have two additional arrow (—n,n)’. Composition is defined by concatenation
of arrows, i.e. (r,p)o (m,n} = (m,p) with the exception of concatenation of arrows
(1,n) and (—n, 1} when we define {1,n}o{—n,1) = (—n,n)’. One can check that this
is a category. However there are no equivalent forks which terminate in 0 and 1 and
thus this category does not satisfy Isbell condition and thus it fails to be concrete.

Note that while every partial ordered set (considered as category) satisfies trivially
Isbell condition (as L(z,y) has only one equivalence class for every pair of objects =
and y a “small” change of a linear order {as in this example) gives a non concrete
category.

Thus there are additional structural combinatorial conditions for concrete cate-
gories. This we believe is a surprising fact. The complete solution of Concretencss
Problem is provided by the following:

Theorem 2.5. For a category K are the following two statements equivelent
(1) K is concrete
(2) K satisfies Isbell’s Condition.

This result was proved by J.Vindrek [78] (extending earlier result of P.Freyd [14]}.
We proved (1) = (2) only. {2) = (1) is a harder but in a sense it may be viewed
s an on-line version of the proof of the following special case which introduces an
important construction. This is a good warm up for a general case.

Theorem 2.6. Every finite category K is concrete.

Proof. We are given finitely many objects Ai,..., A, together with (of course}
finitely many morphism arrows f : A; — A; 1 < 4,7 € n. Let us define functor
which we will denote by symbol <> :

For object A; we put < 4; >=|J_, < A, A; >. For morphism f : A; — 4; we
put < f > (¢} = fy (for any morphism ¢ with Rg(y) = A;).

A little explanation which is needed is contained in the following figure:

A, (A)
¢
f (f}
A Ay
Figure 4

12

FXG

Proof

Let Gy be a graph with odd girth > { and chromatic number > kVFY (a con-
struction is provided e.g. by iterated shift graphs). Put & = F x Gy. It is well known
{and ecasy to sce) that oddg(F x G;) = max{oddg(F), oddg(Gy)}.

Thus let H be a graph with at most k vertices and let g : G — H be a homomor-
phism.

For cvery y € V{Gy) define the mapping f, : V(F) = V(H) by fy{z) = o{(z,v)).
Note that the mapping f, need not be a homomorphism F — H but as x(Gp) >
EMFY there exists an edge {y,3'} € E(Gq)} such that f, = f;. However in this casc
the mapping f = f, = f, is a homomorphism F — H : given {z,7'} € B{F) we
have {(z,3), (¢, ¥)} € E(F x Go) and thus {o(z,),9(z\¥)} = (f,(z), (=)} =
{fulz), £} = {fl=), f(=')} € E(H).

This proves 4i.

So suppose that in addition the graph H is a F-pointed core. Under this as-
sumption the validity of 4. follows readily from the following (which generalizes
(19, 65, 86]):

Claim

Let f, be a homomorphism G — H, {y,z} € E{(Go). Then f, = f,.

Assume to the contrary that f.(xp) # fy(xo} for a vertex xzo € V(F). Define
mapping f : V(F) = V(H) as f(z) = f,(z) for x # 7 and f(z) = f:(zo). Then
f is & homomorphism F — H (It suffices to check edges of F incident with xq:
If {x,20} € E(F) then {{z,y), (z0,2)} € E(F x Gg) and thus {f,(z), f:(z0}} =
{f{z), f(z0}} € E(H).) However this is a contrary with the fact that H is F-pointed.

Corollary 6 Let H be projective core graph with k vertices. Let A be a finite set and
let fi, fa,--, fy be distinct mappings A — V(H). Then therc ezists a graph Gy such
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For a fork {a,z) € L(A4, X} we denote by (e, z] the following sequence:

(<a,z> ({<e,y>y:da) 5 Y}HY < X))

Let us give an alternative description: Given 4 and Y denote by ey the sct of
all representative forks < a,y > where the arrow y ends in Y. Note that for every
pair A, Y this is a finite sct (by virtue of Ishel’s condition). Using this we can simply
write

[g,7] = (< e,z >, (ay; ¥ < X)).

For all forks in the category K this defines the equivalence ~y, by

{a,7) ~uin (@, 2}if fla,z] = [a', 2.

Clearly ~yn is a refinement of ~.

The key property of this construct is contained in the following

Claim The equivalence ~,;, is compatible with minimality of forks. Explicitely:
If (a,x) ~un (@', 2} and {a,z) € M(A, X) then also (o', z") € M(A, X).
Proof.(of Claim) To the contrary let us suppose that (o', 2') i5 not a minimal fork
in L(A, X). Thus there exists ¥ < X and arrows ¢ : B' = Y and 2 : ¥ — A such
that @’ = zy' (here B’ = d(a’)). It is < &',y >€ a} and as ¢} = ay there exists an
arrow ¢ : B —= Y {B = d(a)) such that < a,y >=< o, ¥ > (i.e. {a,¥) ~ie (@, ¥).
However then 1,40’ = o' = zy' and thus also 14a = ¢ = 2zy. However this contradicts
the minimality of the fork (a,z); sec the following scheme. ¢

Now we can define the inclusion of the category K into category SET of all sets:

To every object A of X we associate the set F(A) which will consist from all
sequences [a, z] where {a,x) is a minimal (A, X')-fork together with a special “new”
element O, {different for every object A).

Formally, this can be written as

F{A)= Uxeowc{[a’ z]; {a,z) € M{4,X)} U {O4}.

Despite of this lengthy formula, for every A is F{A) a finite set (as it is a finite
union of finite sets}).

For every morphism arrew f : A — B we define mapping F(f) = f' as follows:

flle,z) = [fa, =), if (fa,z) is a minimal fork (i.e. € M(B,r{z));

f'{[e, z]) = Og otherwise;

f(04) = Og.

We are not yet ready: we have to check that the mapping f* = F(f) is indeed a
mapping F(A)} — F(B). For that one has to show that f’ maps equivalnt forks to

14

If b > nf, then 5 < n?, and hence

4 4
P(b) < exp (—;LA + 3n"logn) <e T <™,

Therefore
S P@®) < e
18053
This establishes proof of Claim 4. v

{Proofs of all these claims are by now a folklore and appear in various forms in
the literature and mostly go back to Erdés.)

Thus let G’ be an instance of the graph from G with all the properties claimed in
Claims 1-4 for majority of graphs from G.

Explicitly, let G € G be any graph with the following properties:

The graph G contains at most nf cycles of length < ! and all these cycles are
vertex disjoint.

Consequently, there exists a set M of edges of ' which forms a matching in G'
of size at most n’ such that the graph G' — M = (V(G"), E(G'} — M) has no cycles
of length < !. Put G = G' — M = (V, E). We prove that the graph G is our desired
graph. It is clear that G has girth > !

The graph G has further properties which follow from Claims 3 and 4. For every
good pair < j in any large set A there is an edge of G with one vertex in ANV, and
the other in A NV (this follows from Claim 3). Further, it follows from the Claim 4
that even for every pair of non empty subsets 4, B, |A| + |B| 2 dén there exists an
edge of G with its end vertices in the set AN B.

Define the mapping c: V = V(F) by ¢(z) =i iffx € V;,i=1,.++,a. Clearly ¢ is
a homomorphism G - F.

Let A be a fixed graph with at most k vertices and let g : G — H be a homomor-
phism.

We define a mapping ¢ : V(F) = V(H) as follows: For each i € V(F), there
exists a vertex x € V(H) such that [V;ng~!(z)| = n/k > én by pigeonhole principle.
We let ¢(4) be any (fixed) z with [V; N g~!(z)| > n/k > dn. (If there are more than
one x satisfy the condition, we arbitrarily choose one.)

We prove that ¢ is a homomorphism F' — H. Thus let {#,7} be an edge of F.
Put A; = g~ (¢{i)} and A4; = g7}(#(7)). As there exists an edge ¢ of G with its ends
in A;1U A; (this follows from Claim 3) we have that ¢(i) and ¢(;) form an edge of H.

This proves part ii. of the Theorem 7.1. Thus from now on let H be a pointed
graph.

63



13y
- o 1 of Burppaquio uv puv w s3siza 2oy o Auolagor appuyf Auans udy : Appoydzy
(we) Ty Ag w swes 4of paquasasdas aq uvo fuebawd apuyf Rayg Qg Walodl],

1FUIMO[0] 213 DABY oM

opdwexo 10 sureisds [BuolIedl Aq salodawo quasoidel 0F 121583 ST 31 MOYSWIOG
W3 HAIm)aq susijdiowowoy

([e pue swajsds [eUOTIE[I-w SYIUY [[e Jo A108ayed oy (L) TFY 4q 210uUap [peys ap

2 (B (2)f) <= 3 (R'2)

it = 1 A19Ad 10]
soyses goigm Y — X : f Buiddew v 51,0 +— 5 ¢ J wswydiowowoy ® {(wt ]
= 1Py x) = .5 pue ({wiot = YY) X)) = § SWaISAS [RUOIIE[AI UDALD

{-s10100
Younstp w £q palo[od d1e Y ydedS paldadip © 51 Wa)sAs [RUOTIRPI-W ‘KPANRLISY V)

X X X Sy aaym
((w' 1 = 1%y} x) 2rod p 51 2 dopuo fo § wegsds [euoljelal-W Uy g UOTHUPSJ

sydeald jo peajsul suaysAs [guoneEy 18T

-sydesd o3 sydeid patojod aonpal 03 Youy
juowode(dal ® osn usy) pue (sydeid polojoo 01} swejsds [euorjeRt 0} wdlqold a1y
20NPal 1817 s SONDIUNDD) PIRpURIS (MoU AQ)om) JO UOIRIIQUIOD € 81 Joord 3y,

“I8l{1ea PIIPNIS alom YITHM
sprouowr pue sdnoid jo suoryeuossidar spua)xs j1 pue [og] ul posord sem w010 SILT,

VYD —— ¥ o Butppaquiz uo sy52za auaty Ty Auoliapoo apuyf Auand woy Appondry
‘sydoulb g syguiuasasdas 51 fisobaguo aptuyf fuy ~207 Waloay L,

{(Suippoquus 218 yoIyM) sy[nsal
Suwmey[o} syy o3 (10710Un} [NFYILE) B jO adus)sIXs waA13 YOIYMm) J[NSAI SIYY IzZ[wIausd
[[BYS 24 Mop ‘910I3UCD dI€ SOoLI0F2}ED 3juy [{v yey3 O] WaIody], Aq MOUX o SnYT,

suonejuasarday ¢£'C

"yey) J8 }1 aara] aa pue ((f)g Burddew jo uoiyugop
a3 0y [o[eied) SoseD [BI9ADS JOPISUCY 03 PIdU am amY “(y)4 03 ascdwod (F}4 pue
()4 s8uddew a1y uayy y 03 osodwiod {A[3ovaisqe) 5 pue [ smoLIw §1 ey Os[E HOOUd
07 aaey am JAOMOH (V)4 T = (Y1) 10y 208 01 A5eo $1 31 pue UONITHYLP 2912 03 jsul
s 1y sonamoyy ([20f) = [z 'vf] sodun [z o] = [z ] yeys pue) syi0f Juoearnbo

9

[4
2> ﬁ_a > (uﬁolqg + Fu—q—) dxa > (9)d

wle

29UdY pue ‘g > 8 uayy ‘. > g J]
'{gu g S 6 ystgm 10j (s ‘9)d 11E Jo wns oYy aq (§)4 207

: 4 :
P > (usowg + E_) dxo (ug)bg > _s._2.(uq) g ug¥0% > (5 0)d

DJO_};’.[B[LL
(“ajeq-? > -.—(“2_") S |—(:) (xi,,) fypenbout oy pasn am 2y}

T (:b) (z/uq;u - zub) 7 (::b) ((q - ZP_)QM‘ z“b)

ey o5 2 (q — ug)q pue ' > q orey am

-1_(::5) ((q - isa_)qui zub) ((q —sug)q) (Z) (q _uug) bg > (s'q)d

uoy I,
s 44 pue 41 usamyaq saBps §
Anpoexo are aroyy pue q = || ‘ug = |g|+|v| () 3 {F3}rweppns 42 gDy
sied jo ssquinu pavadxa oyy (s°9)d 4q ajouap am {ufelwmu X s u S g 10] pud
sIq) spiemo], -(UODIPUO? Suyppjew Jnoqiie usas) sadpe {u|g| ‘v |}umu ysow e
s ug = |g N Y| ‘g Ny Aq paonput sydesSqns wrejnoa 5 ur sqderd mof £104 1R
MoYs [[eys oy ‘Jooid ayj jo uorsioa Fununco B aaIg om suIly SIYJ “IR[NLIS S SIYT,
{y wR[D jo) Jooig
") (D)o — 1 = [u < |v/0| seudu o3re] yigosd 128 am sny[
‘u uo Juopuddapll JIB [PIYM D pur o §IURISU0D dapsod oulos 10j

eyt “Soluaa >o-1
urelqo am
(u-ﬁur_y)rt—3 > u—!uzg(d - I)

pue

5 () ()
ugorua® ~ uplhug¥ > > 1,
gof g rug LY (uz*)

A[ySnoa £19a Jutpunog MON



Proof. Let K has objects A = {Ax,...,.4,} and morphisms M = {{wx,--., {g}-
Let us define functor F : K — SET as follow

Fld)=< A>

F(f)lg)=fop
(This is Ceyley-Maclane functor, sometimes called hom-functor.)

On each set < A > define relations R, ..., B2 as follows

(@) e Ryiff ¢ = o f;

(This is the generalization of the right translation from groups to categories.) We
shall prove that the above functer F is in fact an embedding X — REL{m).

For this it clearly suffices to prove:

1. For every f; : A — A' the mapping F(f;) is 2 homomorphism (in REL(m))

(< A>,(RM) — (< A >, (RM))

2. For every hommorphism

9: (< A>(RY)) — (< 4>, (R))
there exists f; such that g = F(f;).
However 1. is clear {as if (i9,¢’) € R then @' = o [; and F(fi){¢} = ficw,
F(f){#') = fio@ = fiopo f; and thus (F(f;)(p), F(f:)(¥) € B}).

For 2. we define f by f = g{1,}: A — A". It is a routine to check that F(f) = g.
Q

2.3.2 Indicator Construction (Amalgamation Technique)

The construction which we are going to introduce has many variants and many analo-
gies in virtually any type of structures: algebraical, geometrical and combinatorial,
sce book [75] for many examples. But the nature of all these applications is stmilar,
in many cases the same. So we can restrict ourselves to a simple illustrative example:

A graph I with two distinquished vertices g, b is called an indicator.

Given an oriented graph G = (V, E) and an indicator (J,a,b} we define graph
G« (I,a,b) = (W, F) as follows:

16

only if * € Vi,y € V; and (i,7) € E(F). Then Gq has ¢gn® edges. Let G be the
set of all subgraphs G of Gy with m = |gn!**| edges, where 0 < ¢ < 1/l Put also
& = min{el, 1/k}. Then |¢] = (7).

In the following, n is assumed to be sufficiently large. We consider G as a prob-
ability space with each member occurring with the same probability 1/|G|. This is
asymptotically the same thing as the random graph G where we choose edges from
the set F(G,) independently with the probability n=!%¢,

We shall make use of the fact that most graphs in ¢ have few short cycles which
are pairwise vertex disjoint. On the other hand, the cdges are “dense”in some sense.
These results are stated as Claims 1-4:

Claim 1 The expected number of cycles of length < lina graph G € G is bounded
by nf and thus asymptotically almost all graphs from ¢ have at most n® cycles of
length < 1.

Claim 2 The expected number of pairs of cycles of length £ {ina graph G € &
which intersect in at least one vertex is bounded by n¢ and thus asymptotically almost
all graphs from G have at most nf cycles of length < I, and these cycles are all vertex
disjoint.

Claim 3 A set A C V is said to be large if there are 4,7, 1 € i < § £ &,
{i,7} € E(F), such that |4 N V;| = dn and also |A N V]| > én. We call an edge {i, j}
of F a good edges of A if JANV;| > dn and |ANVj| > dn. For a large set A denote by
|G/A| the minimum number of edges of G which lic in theset {{z,y}; = € Vi, y € Vj}
for a good cdge of A,

Then the probability Prob(4 large implies |G/A] > rn] = 1 - o(1).

Thus asymptotically almost all graphs from G have the property that all good
edges (of F) of any large set induce at least n edges (of G).

Claim 4 Almost all graphs from G do not contain two non cmpty sets 4 C
Vi, B C V1 S dp < jo < a, |[A| + |B| = én such that the set AU B contains at
most min{|A|, | B|,n’} edges and thesc edges form a matching (i.e. a set of mutually
disjoint edges).

For the completeness let us include at least short proofs of Claims 3 and 4:
Proof. (of Claim 3)

We first estimate probability

o = Prob|A large implies |G/A} > n).
We have

l-a< E Prob[|G/All < n] < gkn ((}:{)) -1 _p)ﬁlnz—n.

A large
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Exampiles of rigid indicators are casy to find. For example oriented graph I on
following figure.

O—b——l—-—-—--——-——-——-—--———-b-

a b
Figure 6

is rigid oriented indicator and also undirected graph I' on Fig.8 is an example of
rigid indicator:

3

Figure 7

Let us prove this at least for the second graph I = I’ (see [22],(30]): The graph [
has the following properties:

(i} x({I) =4 and x(I') < 4 for every vertex deleted subgraph I’ of I;
(ii) Every vertex x of I belonges to a triangle, moreover for every two vertices x

and y or i there exists a path z = 29,2\, 3, ..., T, = ¥ such that {z;_,, s, Tip1 }
forms a triangle in 1.

(iii) Identity is the only automorphism of J.(such graphs are called asymmetric).

Combining (i) and {iii) we get that the only homomorphism I — [ is the identity.
Such graph is called a rigid graph. Moreover, this together with (ii) gives that for
every oriented graph G the graph G * (7, a,b) has the following property:

For every homomorphisms f : I — G (], a,b) there exists an edge e € E{G) such
that f(z} = le, z] for every x € V().

18

Theorem 7.3 (Miiller [56, 57]) Let k,i,t be positive integers, k > 2. Let A be a
finite set and let A,, Ay, ---, A, be distinct partitions of the set A each into at most
k classes. Then there exists a k-chromatic graph G = (V, E) such that the following
holds:

L g(G) > §;

it. A is a subset of V;

iti. G has just t colorings By, By, - -+, B, by k-colors such that each of the coloring
B; restricted to the set A cotncides with the coloring A;, 1=1,2,- -, ¢

It seems that this result is little known (although it is included in Jensen - Toft
book [40]) and even the existence of construction of uniquely colorable graphs without
short cycles was recently quoted as a problem.

Here we approach Miiller's Theorem more generally and (hus perhaps find a proper
sctting for it.

We now demonstrate that Miiller's theorem 7.3 corresponds to the case F =
Ki'H = Ky of Theorem 7.1. For this purpose, we need the following particular
property of complete graphs (which is established in [57)}:

The only homomorphisms K,' — Ky are projections.

In a recent paper by B. Larose and C. Tardif [48, 47), this property was studied
(in relationship to Hedetniemi’s product conjecture) and called projectivity: A graph
H is said to be t-projective if every homomorphism f : H* — H which satisfies
flz,z,---,x}) = z for every x € V(H) is a projection. A graph is projective if it is
t-projective for every ¢ (i.c. for projective graphs, up to an automorphism, the only
homomorphisms H! — H are projections).

(By a product we mean here direct product (sometimes called categorical product)
defined as follows: Suppose ' and H are simple finite graphs. The direct product
G x H of G and H has vertex set V(G x H} = {{z,y) : z € V(G) and y € V(H)}
and edge set B(G x H) = {{{z.y)(z".v')} : {z,7'} € E(G) and {y,¥'} € E(H)}.)

Thus the above mentioned result of Miiller can be statcd by saying that complete
graphs are projective. Larose and Tardif proved semne sufficient conditions for a graph
to be projective. It is easy to derive from these conditions that many classes of graphs
are projective, including Kneser graphs, graphs G, ctc..

The notion of projective graphs leads to the following (which extends Miiller’s
theorem to non-complete graphs):

Corollary 4 Let H be projective core graph with k vertices. Let A be a finite set
and let fi, fa,- -, fi be distinet mappings A — V(H). Then there ezists e graph
G = (V, F) such that the following hoids:

. A is a subset of V;

1. For every i = 1,2,-.-,¢ there exists unique homomorphism g; : G — H such
that g; restricted to the set A coincides with the mapping fi;
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(z,3),0:) = {(y, %}, ¢;) where (z,y) € I, (y,2) € R;.
(We could also briefly say that ((z,¥), &) ~ ({z, ¥}, 2;} whencver these expressions
belong to W).

F={{le,z],[¢,z'}};e = ¢ € Ry, {x,2"} € E([;)}
We continue to proceede analogously to the above:

We say that the set of indicators (I, aq,5), ..., (Fmy Om, b)) I8 rigid if for every
m-relational system (X, (R;)) and for every ¢ every homomorphism

f H I,’ —_ (.X, (R‘)) * (I,',(l",b")
has form f(z) = [e, z| for some pair e € R;.

Examples of such indicators are casy to obatin. For example if we use the above
oriented indicator [ we can get set [; by enlarging the length of the cycle. See
schematic Figure 8.

b

Figure 8

It is a routine to prove that f; have these properties. Note that an oriented rigid
indicator (J,a,b) need not have a cycle and that the vertices a and & ma be on the
same level. This implies that the arrow construction @ * (I, ,5) is a balanced graph
for every graph G. An example of such a graph is given on the following Figure 9.

20

7 Appendix 2: Sparse Graphs with Given Homo-
morphisms

We add here another recent result which not only complements previous text but
presents perhaps the proper understanding to celbrated theorem of V. Miiller [57]
and Erdés about uniquelly colorable graphs. This appendix is based on recent paper
(73],

(Recall just onc definition which was contained in Appendix 1: A graph H is said
to be pointed for G (or shortly G-pointed) if for any two homomorphisms g,g': G —
H which satisfy g{zx) = ¢'(z) for all x 5 xq (for some fixed vertex xp € V{G)) holds
also g(zy) = g'{zo). Note that any core graph H is H-pointed.

The following is the main result of this chapter:

Theorem 7.1 For every graph F and every choice of positive integers k and { there
exists a graph G together with a homomorphism ¢ : G = F with the following prop-
erties:

L g(GY>;

ii. For every greph H with at most k vertices and there ecists o homomorphism
g G = H if and only if there exists a homomorphism f : F — H.

iii. For every F-pointed graph H with at most k vertices and for every homo-
morphism g : G — H there exists a unigue homomorphism f . F — H such that

g=foce.
The conditions #i. and #ii. may be expressed by the following diagram:

f

F H

G

It is easy to give an example which shows that the statement analogous to #ii.
can not be true for all (i.e. not necessarily pointed) small graphs H: Given two
homemorphisms 7, f7 1 F = H satisfying f'(z) = f"(z) for all r # x and f'(20} #

o7
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Note that for finite posets this is much easier result which follows from the previous
section. For finite poscts one can also prove stronger results for example the following
result proved in (71]

Theorem 2.11 Every finite poset may be represented by homomorphisms between
finite oriented paths.

An extension of this result to countable posets is presently unknown and as proved
in [71] this is equivalent to the on-line representability of finite posets.

Some particular cases of universality property of C proved to be more usefull than
other and they were studied intensively. Two of such examples - independency and
density - are subject of this and the following section.

We say that a set Gy,Ga,- -, Gy, - of graphs (finite or infinite) is independent
if for no two graphs Gy, G;, i # j there is a homomorphism G; — G;. Recall that
a graph G is called rigid if the identity is the only homomorphism G — G. We sy
that a set Gy, Ga,+ -+, Gy, - -+ of graphs (finite or infinite} is mutually rigid if for no
two graphs G;, G; there is a non-identical homomorphism G, = G;.

We used the mutually rigid families in the above proof of Theorem 2.7. It s easy
to construct an exponentially large set of mutually rigid graphs. This may be proved
as follows:

Let G = (V, E} be an undirected rigid graph with m edges. Let Gy, -+, (G be the
all orientations of the graph G (i.e. M = 2™). This set Gy,..., G is mutually rigid.
This is casy to scc as cvery homomorphism f : G; = G; is also a homomorphism
f: G — G andus necessarily f is the identity and thus G; is rigid and i = j.

Thus we have exponentially many mutually rigid oriented graphs and if we want
to have undirected graphs with the same property we can consider the set Gy *
(I,a,b), --,Gpm * (I,a,b)) for an undirected rigid indicator (1, a,d, ).

However this is not the end of the story and we can ask what is the maximal size
of a set of mutually rigid graphs on a given set X {of vertices). This clearly depends
on the size of the set X only and thus denote by mr{k) the maximal size of the set of
mutually rigid graphs on a set with k points. We have the following two basic results:

Theorem 2.12 (Mutually Rigid Families on Finite Sets)

mr(k) = ((g},z)(l +o(1))

This is a paper on finite combinatorics. Let us make a exception at this moment
and let us state an infinite result related to our main theme.

Theorem 2.13 (Mutually Rigid Families on Infinite Sets} mr(k) = 2* for ev-
ery infinite k.

22

(I GhxH-=G
i€C+(n)

implies

[l Gi=aGi.
i€Cy(n)
Now if j = 5 then we are done as i, < i and thus the odd girth of [lec,(m @} is
less than the odd girth of the graph G} and we get a contradiction.
If 7 < s then we proceede similarly. We shall illustrate it on the case j = s — L:
We have

II ¢gi—»a&
i€Cy(n}
(and |V(G)| < a,).
Now we apply HCP for graphs G} to the product Jliec,(my Gi = I1io Gi and we
cbtain

=1
16— G:
i=1
If s — 1 < § we are done as we get a contradiction as above, If s — 1 > 7 we can
continue in the same way for k = s — 1,5 - 2, ..., 7 all the time applying HCP to the
produet [J%, G, finally obtaining
3—1
i=l
which is a contradiction with the girth assumption. (If ¥ < 4; then we get a
contradiction of G;, = G and odd girth. B
Note that every edge of the graph G, belongs to an odd cycle of length < 2n + 1.
This proves the Theorem 6.1. V)

Corollary 1 The coloring poset C is universal (for countable posets).

6.1 Concluding Remarks

Let us at the end of this appendix several comments which relate the main result
Theorem 6.1 to oether results.

The above proof of the universality of finite graphs and homomorphism order can
be modified to get the following:
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are impossible ant thus (0} = 0, f(0) = 0’. Consequently f restricted to the set
{a,e,b,¥,c,c’} is the identity. It follows that f maps X to X and X' to X'. As
pairs (A, 4') arc the only arrows between X and X’ we have that (f(#)) = f({8))
for every 8 < . Let 3(0) be the smallest 8 for which f{3} # f. Then necessarily
F(B(0)) > B(0) (as if £(B(0)) < B(0) then F(£(B(0))) < f(B(0)) which violates
that #(0) was minimal). Thus B(0) < f{3(0)) and we put f(3{0)) = F(1) and
B(n} = f(3(0)) (the n-times iterated mapping f). Let 8 = supf{n). £ is also the
limit of the sequence {j,}. However as the sequences 3(n) and 3, are interlacing and
as f maps the set {§(n}} into a subset we get by monotonicity that that the sets
{B(n)} and {f(B,)} are interlacing again and thus by the definition of the graph G
we get f{B) = B {as 4 is the only vertex joined to the set {8} by directed paths),
But then f(5,) = B for every n (as in our situation the mapping f has to preseve
the length of paths between 3 and . This is a contradiction as if we choose m and
n such that A{m) < B, < B{m + 1) then f(#,) > B(m + 1), a final contradiction. <
¢
Remark The existence of a rigid graph on every set is an important result which
lies in the heart of several combinatorial and non-combinatorial embeddings (see [75]).
Let us also remark that the problem is a finite one, for finite sets a directed path
is a rigid graph. These graphs served as building blocks of our construction. It is
important that one can prove the existence of a rigid graph on every set in ZFC. This
is in a sharp (and surprising) contrast with difficulties when one wants tc construct
a proper class of mutually rigid graphs (see {75] for a disscussion of this).
Proof.[of Theorem 2.13] Let X be a set of cardinality & and let (X, R) be a rigid
relation. Using an undirected rigid indicator we get a rigid undirected graph G again
or the set X. Considering of all possible 2% orientetions of G we cbtain 2¢ mutually
rigid relations on the set X and if we want we can apply again (the same) undirected
rigid indicator to obtain 2f mutually rigid graphs on the set X. o
Particularly, there are continuum many countable graphs which are mutually
rigid. This usefull fact is sometimes referred to as Ulem’s problem, see (75].
Let us return to finite sets. We note that the above techniques have some further
corollaries and for example one can costruct an infinite independent set of finite graphs
(7; which have the following properties:

1. each of the graphs G, is planar;
2. each of the graphs G; has all vertices < 3.

This should be compared with results mentioned in the section 2.3 (where we
stated that neither planar, and more generally graphs with bounded genus, nor
bounded degree graphs fail to represent all finite categories-even finite groups and
finite monoids). See also the problems stated in the following section.
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As in the definition of 7| we put &, = {n} (hierarchical structure of height 1) and
form a hierarchical suspension graph G = {G%,)»s using the graph S, (and paths of
length 2n).

Thus let |C-(n)| + |Cs(n)| > 0

Denote by & = |V{G1}]| x |[V(G2)l x ... x [V(G,_1)| and put b = a*. Let H, be
any graph H with the following propertics:

1. The odd girth of H is 2n + 1 and every cdge of H belongs to an odd cycle of
length 2n + 1;

it. The chromatic number x(H) > b.

We do not try to optimize at this point. However note that one can construct
casily examples of graphs H, and S, {for cxample by the iteration of oriented line
graphs - 50 called shift graphs).

Define graphs G, by the formula:

(6) GL=(Z Gi+( I G})XH)
ieC_{n) FEC3{n)

In order to comstruct G, we visualize the formula defining G} componentwisc
{as indeed G!, has many components) as multi-set (Ki;é € I) (ie. K; are all the
components of .}, This set has two parts: [ = I' + ", where I' = Tiec_ny I'{1).
Denote by (Ky;i € I'{),5') the hicrarchical structure inherited from the graph Gi,i €
C_(n).

The hierarchical structure S, of G, will be defined as disjoint sum of hierarchical
structures ({K;;i € F(4)), &) and further by the set I (at height n). We let s(n) €
V{S,) be joined by disjoint paths of length 2n to every vertex of G,

This finishes the construction of the graph G,,.

Symbolically, this can be written as

{6) Gn=( 3 G+ ( [I G;)xH)
HS

iEC—_{n) JEC4(n)
This single formula expresses the on-line definition of G, and ends this construc-
tion.

We shall prove the following
Theorem 6.1 Let graphs G, Gy, ... Gn-y represent a poset Pooy = ({1,2,...,0n—
1} R). Let Po = ({1,2,...,n}, R) be any poset which extends P' (i.e. for which

P,—{n} = P,—1). Then the graph G, fogether with the graphs Gy, G, ... Gy, represent
the poset Pp.
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Figure 10

This of course strengthens the classical Erdés result [11] on high chromatic graphs
with given girth (say, for H = K|, and G = Kj_,). Sparse Incomparability Lemma
seems to be an useful tool and [65] originally applied this result to graphs without
given symmetries and endomorphisms (the so called rigid graphs).

First, we show that Density of Undirected graphs follows easily from the Sparse
Incomparability Lemma:

Proof.

Let Gy < G be given. Apply Sparse Incomparability Lemma for £ = |V(Gy)|,
H =@, G=0G, to get a graph G’ with stated properties. Put G = G’ UG,. Then
(7 has all the desired properties: &7 hom G obviously and G'hom G by (i} of Sparse
Incomparability Lemma. On the other hand G # G by girth and G A @, by (ii).
v

An interested reader observed that we did not use condition (if) of Sparse Incom-
parability Lemma in full. We used only the fact that H was non bipartite while G’
contained no short odd cycles. This is much easier to guarantee and we shall return
to this in the next section.

Proof. (of Sparse Incomparability Lemma)

Let graphs G, H be given, let £ be a given positive integer. Let t denotes the number
of vertices of the graph G and, without loss of generality, let the set of vertices of
H be {1,2,...k}. For a (large) positive integer n consider pairwise disjoint sets
Wi, Va, ..., Vi, cach of size n.

Let G be a random graph with vertex set V = Uk A; where the edges are chosen
independently from the family {{z,y}; z € V}, y € V;, {i,7} € E(H)}, cach with
the probability p = nf~!, where 0 < 6 < 1/¢.

A set A C V is said to be large if there are 4,5, 1 < ¢ < 3 < kK, such that
|[A V] = n/t and also |JAN V)| > nft. For evey large set A we consider all such
pairs {7, 7} and we call them good pairs of A. For a large set A denote by |G/A[ the
minimum number of edges of G which lie in the set {{z,y}; x € ¥, ye V;} fora
good pair of A.

26

GG

i€l ier
and fy is a mapping fy : & = &' which satisfies the fellowing condition:
i. h does not increase the heights of vertices (i.e. h(fx(z)) < h(x) forevery z € &);
ti. For every point T of & f maps Licpz) Gi to the graph ¥ieriy, 20 Gi-
(In the other words, the homomorphism f prescrves the hierarchical structure of
the multiset (Gy;¢ € [).)

It is easy to code a hierarchical structure by suspension graphs and we do this
inductively as follows:

First, let for every positive d be given a graph Sy with a speeified vertex s{d).
{We already know by Proposition 2 how to construct inverse set on-line.}

If § is of height 1 then we let (3(G; : ¢ € I})ys denote the graph which arises from
(Ties Gy) + ) adding disjoint paths of length 2 joining every vertex x € Ui V(G))
with the fixed vertex s(1) of 5.

If 8 is of height d > 1 then denote by C_ the set of predecessors of I (this is a
deliberately clumsy notation; it is in accordance with the notation which we have to
introduce below). We let

(3(Gii € Dus

to denote the graph which arises from (Zpee (T(G:: i € L)) us) + Sr by adding
disjoint paths of length 24 joining every vertex z € Uie;V(G,) with the fixed vertex
s(d) of 5.

(We may call {(F(G; : i € I))ys the hierarchical suspension greph, the dependence
on the graphs S, is supressed as these graphs will be clear from the context.)

The following technical statement establishes the fact that homomorphisms be-
tween hierarchical structures are coded by homomorphisms between corresponding
hierarchical suspension graphs:

Proposition 4 Let ((Gi;i € I),8) and ({(G';i € I'), &) be hierarchical structures,
let every graph in Gy,i € I, (or every graph in Gi,i € I.) with hizx) = d has odd
girth < 2d + 1. Consider the hierarchical suspension graphs (L(Gy : 1 € I))us and
(Y(G) i € IN)ys. Suppese that there is no homomerphism between any G; and Sy
(forie I andd > 0) and any G} and Sy (fori € I' and d > 0), and suppose that
graphs Sy ,d=1,2,... form an inverse set. Then for every homomorphism

Fi(CCirie DYus =+ O_(Gii€ MNns
there ezists a mapping fy : S = 8§ such that (f, fy) is a homomorphism of
hierarchical structures ((Gy;1 € I),8) — {(Gi € I'), 5).
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This is the only non-arrow which one has to prove for (i) {the remaining non-
arrows follow from the girth of graph G').
See Appendix 2 where this proof is put in yet another setting.

2.5.2 Constructive proof of undirected graph density via products

This proof is due to M. Perles and J. Negetfil (see e.g. [59], the proof is implicite
in [65]) and it is particularly simple. It uses product and the construction of high
chromatic graphs without short odd cycles (construction for existence).

Proof. (of Theorem 2.15)

Let G; and G; be given undirected graphs, let f : G1hom Gy be a homomorphism,
and suppose there is no homomorphism G; — (5. As this pair is not equivalent
to the gap (K1, K3), at least onc component of the graph G has chromatic number
greater than 2. Also, at least one component of G; fails to be homomorphic to G,
and this component may be assumed to be non-bipartite; let it contain an odd cycle
of length k. Now choose a graph H with the following properties: H contains no odd
cycle of length k or less, and the chromatic number of H is greater than ni*, where
n; and ng denote the number of vertices of the graphs G and G, respectively. Such
a graph exists hy the celebrated theorem of Erdés [11] but the existence follows much
more easily and one can give also an easy construction of such graphs (shift graphs).

Now let G = G, U (H x G3). Here x denotes the direct product of two graphs
and U means the disjoint union. We shall prove that G has the desired properties.
Obviously @) hom & and G hom Gy follows as the second projection of H x Gy is a
homomorphism into Gy. On the other hand there is no homomorphism from G into
G, as homomorphisms preserve odd cycles and they cannot increase the length of the
shortest of them. Thus it suffices to prove that there is no homomeorphism & — G
Let us suppose for the contradiction that there is 2 homomorphism f : H x Gz —+ G1.
Thus for any vertex z of H we have an induced mapping f; : V(G2)hom V{G1)
defined by fo{y) = f(z,»). (This mapping need not be a homomorphism.) As there
are at most n}* such mappings there are vertices = and =’ forming an edge of H such
that the mappings f» and f are identically equal, say to g. However in this case g is
a homomorphism of Gy into Gy, contrary to our assumption. Q

Note that this construction of grapk G given in the proof can be used to prove
that Sparse Incomparability Lemma holds for large odd girth (and in this setting this
proof is implicite in [65]).

This is a good place to review another construction:

Given two graphs G and H one can define G power of H, denoted by HY, as the
following graph: V(H®) = {f : V(G) — V(H)} and a pair (f, g} forms an edge if
{f(z), 9(y)) € E(H) for every cdge (z,y) € E(G). (We define the & power of H by
the same formula for both undirected or dirccted graphs.)
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A (finite or infinite)set {5; : ¢ = 1,2,...,n,...} of graphs is said to be inverse
get if for any two distinct indices 7,7 holds: For ¢ < j there is no homomorphisms
5; = S; while for § > 4 here is a homomorphisms S; — S;.

Proposition 2 For every k and every inereasing sequence (I;;i = 1,2,. ..) of integers
> 3 there ezists an inverse set {Si 1 i = 1,2,...} of connected graphs and vertices
s(f) € V(5;) such that each 5; satisfies:

i X(Sl) =k;

#i. The odd _qil"th Of S,' is l,’,‘

iii. For cvery j > i there exists a homomorphism f : S; -3 5; such that f(s(j)) =

a(1).

Proof.

We construct 5; on-line as follows.

Let Sy, 53,..., 8,1 with vertices s(1),$(2),...,s(n — 1) be already constructed
inverse set. Put @ = L0y |Gi| and let H be any graph with x(H) > o and without
odd cycles of length < a. Define 5, by the formula:

(6) Sn = Sn-—l. x H:

Let {n) be any vertex in the set {s(n — 1)} x V(H).

Then for ¢ < n there is no homomorphism S; — 8, (by the odd girth assumption)
and for n > j the projection to S,—; together with induction assumption gives a
homomorphism S, — 5;. v

5 On - Line Representations

Whole America can be On - Line. Our goal is a bit more modest and it is captured
by the following definiton:

By an on-line representation of a poset P we mean that one can construct a
representation of P under the circumstances that the elements of P are revealed
one by one (without a priori knowledge about the whole poset P). (The on-line
representability by paths was considered in [71].

The on-line representation of can be thought as a game of two players A and B
(with usual names Bob and Alice). Bob (as usual - the destroyer) selects P and reveals
the clements of P one by one to Alice. Whenever an clement & of P is revealed, the
relation among £ and previously revealed clements is also revealed. Alice is required
to contstruct a finite graph G.. Alice wins if the graphs G which she constructed
during the game represent poset P.
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3 Paradoxes of Complexity
We consider here the following decision problem called H-coloring problem:

Problem 5 Instance: A graph G
Question: Does there ezisis a homomophism G — H

This problem covers many concrete problems which were and are studied :
(i) For K we get a k-coloring problem;

(ii) For graphs G¢ we get circular chromatic numbers’ see c.g. [84];
(iii) For Kneser graphs K ( z ) we get to called multicoloring.

Further examples include so called T-colorings, see e.g.[84],(74].

Equivalently, the H-coloring problem may be considered as a decision problem
related to the following class of graphs:

— H={G;G — H}

Such classes (sometimes denoted by Cy) are called color classes and their structure
is one of the leitmotifs of this paper. For exampie in the previous section we proved
that with the unique exception the partial ordering defined by the inclusion of color
classes is dense {for undirected graphs). We also know that we can restrict ourselves
to those color classes — H where H is a core,

3.1 Hard Cases

Here we deal with complexity issues. The situation is well understood for complete
graphs: For any fixed £ > 3 the Kj-coloring problem (which is equivalent to the
deciding ¥{G) <€ k ) is NP-complete. On the other hand K, - and Kj-coloring
problems are easy. Thus, in the undirected case, we will always assume that the
graph H is not bipartite.

Some other problems are easy to solve. For example, if H = (5 then we can
consider the arrow construction which we introduced in the previous section :

Let the indication (I, a, b) be path of length 3 with ith end vertices called a and 5.
It is then easy to prove that for any undirected graph G the following two statements
are equivalent:
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sometimes the name maultiplicative graphs is used). The explicite characterization
of productive graphs is a very difficult problem already in the “simplest” instances
(72 = Ki. This particular case is known as the Hedetniemi - Lovdsz problem. There
are infinitely many non-productive graphs: these include of course graphs &y x G
where (7; and G; are not homomorphic to each other, but also particular instances
of Kneser graphs (e.g K 3:); see [77]), and infinitely many further examples. For
example we can take graph K, % G where G is any graph vertex critical graph with
x(G) > k+1. In the graph K x G collapse the set V{K}) x {z} into a single vertex,
say x, for all £ in an independent sct A of the graph G. Call the resulting graph H.
H is not productive.
Among 3-cxtension properties the productivity is the only essential problem.

The categorical (or direct) product is denoted by x, the product of more factors
is denoted by [I, G: or [lig; G- The disjoint union of graphs G and H is denoted
by G + H and for more factors we use Y1, Gy or ¥ier Gi

Let us consider the following instance of {m + n)-extension property:

Given graphs G\, Gy, ..., G, Hy, Ha, ..., Ha, Gi =+ H; while H; 4 G; for every
1 <i<ml<m<n, we want to find a graph F such that G; -+ F = H;
simultaneously fro all1 € i < m,l <m < n. "

Clearly for m = n = 1 this is the density problem and thus we can call the
above problem (m,n)-density problem. The (m,n)-density problem is possible to
reduce to (1, 1)-density problem by simply considering graphs G = 1%, Gy and H =

®  H; for it is easy to see that & necessary condition for the existence of graph
Fis [IL, H; # 3%, G; (and this relates the (m, n)-density problem to productive
properties of graphs H;).

We state the (m, n)-density result explicitely as it inspired the proof of the main
result (Theorem 6.1) of this paper. {Another mativation came from unpatience that
such a fundamental result as Theorem 4.1 did not have an accessible proof which we
badly nceded for a forthcomming book with P. Hell and X. Zhu).

Proposition 1 {{m, n)-densily)

Given graphs Gy, Ga,...,Gm, Hy, Hp, .. Hy, Gy = Hy forall1 €1 <m 1 L
m < n. while [To, H; 4 0, Gi . Then there ezists @ graph F such that Gi = F —
H; and H; /4 F /4 G; simultaneously for all 1l <i <m,1 <m <n.

Proof. Puta = L, |G| and b = [T}, |V(H;)| and let H be any graph with
x(H) > a® and without odd cyeles of length < b.
Define F by the following formula:

(6) F=(56) + (T] #) <)

=l i=1
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This can be done using again the indicator technique: Let (f, @, 5) be the indi-
cator which is a path oriented in such a way that

1) I has an automorphism which exchanges @ and ¥;

2) Every homomorphism Gx(/,a,b) — Hx(f,a,b) induces a homomorphism
G —+ H. (G, H are undirected graphs).

Once these conditions are spelled out it is easy to satisfy them. In fact an
example such an indicator is depicted on Fig. xx above.

But then as stated G — H iff
G+ (l,a,b) — H+{l,a,b)
and thus e.g. K3 = (J,a,b) is an NP-complete problem.

Now one can go further and in this way one can ommit in H all cycles {not a
necessarily oriented ) of short lengths. But it is perhaps bit surprising that one
can ommit all cycles. Namely, one has the following proved in [20] and [33}:

Theorem 3.2. There are oriented trees T(i.e. T iz an orientation of an undi-
rected tree} such that T-coloring problem is NP-complete.

In [20] such a tree with 258 vertices has been constructed while in [33] a tree
Ty with 45 vertices with the same property has been found. This examples is
depicted on following figure.

Tree Tg.
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combinatorialy satisfactory proof).

By now we can present such a proof and we shall include it in this appendix. This
proof put the question of the universality of € in yet another setting. This proof is
taken from [62).

Let us state explicitely the universality property of C:

Theorem 4.1 Every countable poset is an induced subposet of C.

More formally, for every countable poset (X, R} we can find an injective mapping
which assigns to every x € X a finite graph (. such that (z,y) € R if and only if
Gz £ G,.

In the other words C is countable universal poset (for all countable posets).

Thus the poset C plays a similar role as the Rado graph R which is the countable
universal graph. This property (of Rado graph) is easy to prove as the Rado graph
has the graph ertension property: for every finite graph G and any z € V{G) holds:
any subgraph of R isomorphic to G — z may be extended to a subgraph isomorphic
to . By the same token we can construct universal countable poset U: we start
with the singleton poset and having constructed a finite portition 2, of U we let U,
be the poset which is formed by all possible singleton extensions of of U,. U will be
formed as the union of all 4,. (This is a bit sletchy but this is fairly standard, sec
e.g. [13]. The class of all posets has (unbounded) extension property.)

However the situation is far from beeing so simple for poset €. The poset € has
substantially more algebraical structure than I (e.g. it is a lattice with respect to
products and sums; it has also powers; all this will be explained in a greater detail
below) and as a result of this the extension property does not hold for C in a very
strong sense.

The proof of Theorem 4.1 is complicated. In fact it took several papers {sce
e.g. (22]) to achieve it (and the validity of Theorem 4.1 was a long-standing open
problem, see e.g. (22, 75]). The solution was achieved only in the broader context
of embedding of categories where one introduces several (many) intermediate steps.
The whole proof takes cca 25 pages in the monography [75] and it is one of the main
results of this book (and also [75] is the only available proof in print).

Here we give an independent and direct (and we believe a simpler) proof of The-
orem 4.1 which grew out of the study of extension properties of C.

Perhaps more importantly this proof does not use many ad hoc ideas and instead
(as we are going to demonstrate, see e.g. Scction 2) it is related to some of the
fundamental properties of C - densify, product conjecture and extendability of the
class C. It follows that the class of graphs which represent € can be built from
general (*Erdés-type graphs”) which can be generated at random.
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Problem 7 Is it true thet the H-coloring problem for any graph H is either
polynomially splvable or NP-complete?

A promissing linc of the research has been started with [9] where they charac-
terized those coloring problems for which the counting of the number h(G, H)
of homomorphisms G — H is a hard problem.

Let us finish with that and let us turn to polynomially solvable instances.

3.2 Polynomial Cases and Homomorphism Dualities

Coloring problems have to be solved, we usually do not walk away. But how to
approach them? 5

A standard approach in a combinational setting is to look for obstacles, for con-
figurations which arc obstrueting our goal, in our case the desired homomorphism
(G — H. These obstructions can be special subgraphs as we have it in the bipartite
case : G — Ky iff G does not contain an odd cycle.

However as we are interested in homomorphism ¢ — H these forbidden sub-
graphs (obstructions) are closed on homomorphism too:
If F#> Hand F— F' then F' /5 H.

Let us approach this more formally: We introduced already the class — H =
{G; G — H}. The complementary class {G;G 7= H} will be denoted by /— H.
As we just observed #£— H is closed on homomorphism:

Fe (/> H), F— F'implies F' € (= H).

Thus there exists a set F of graphs such that /= I = {G; F — @ for some
F ¢ F}. The latter class will be denoted by F —. Explicitely, 7 — consists from
all graph G for which there exists a graph F € F which is homomorphic to G.

Similarily, we denote by F /= the class of all graph G for which no member
F € F is homomorphic to G.

Thus we have equality

F fv=—s H.

We observe that for any H there exists a family F such that (2} holds. Simply
take F =4#— H. But our goal is more demanding : we would like to find a simple
family F, if possible such a family where the membership of the class F — would
be easy to prove.
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3.5.2 hom - Universal Graphs
One of the fundamental results of P. Erdds [11] can be formulated as follows:

Theorem 3.16. For a finite graph F, the following two statements are equivalent:

(1) There exists a k = 3Dk(F) such that any graph G with x(G) > k contains F
as e subgraph.

{2) F is a forest.

This can be expressed also as a weaker form of homomorphism duality:
For a finite graph F, the following two statements are equivalent;

(1Y There ezists a graph H such that {G;F ¢ G} € {G;G — H}.
(2"} F is a forest,

If condition (1’) is valid, then we say that the graph H is hom-universal for the
class of all F-free graphs.

In this setting, Theorem 3.12 presents an extension of the Erdos result to forbidden
homomorphisms: In the case of a tree F, the class {G;F + G} has not only an
universal graph but it can be defined by = homomorphisms into a fixed graph. More
precisely, there exists a graph Hp such that

Fa4a={GFA4G={G;G—=H}=—H.

{Let us stress at this moment that this holds in the full generality for finite strue-
tures. It is perhaps a bit surprising that by forbidding homomorphisms, ie., by
forbidding a graph F together with all its homomorphic images, we get so much more
structure.)

3.5.3 Bounded Degree Graphs

Universal graphs obviously exist for bounded degree graphs: If A(G) < k, then
G — Kjy;. It has been proved by R. Hiaggkvist and P. Hell in [19] that for any graph
F, there exists a graph Ugg, F # Ury, such that G — Ugy for any graph G with
AGYLkand F 4 G.

This has been extended recently [9] as follows:

Theorem 3.17. For every choice of graphs F\H, F /4 H, there erists a graph
Up,k‘[{ such that
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T f=r=—r H

where 7 is the set of all trees F' which are not homomorphic to H.

The class of digraphs H with polynomial H-coloring problems can be further
enlarged by generalizing tree duality to treewidth-k duality and to Bounded Tree
Width Duality.

First, let us give some definitions:

An undirected graph is a k-tree is a A-tree if its maximal clique is of size £+ 1 and
it does not contain an induced cycle of length > 3. (It follows from basic graph theory
that k-trees have indeed a tree structure;a k-tree can be obtained from a (k+1)-clique.
by repeatedly adding a vertex joined to existing vertices which form a k-clique. (Thus
a tree is a 1-tree.) An undirected graph is said to have freewidth k, or to be a partial
k-tree, if it is & subgraph of a k-tree. This is denoted by tw(G) < k. Partial k-trees
have small separating sets and as a consequence they admit efficient algorithms for
many hard computational problems see e.g. [42]. We say that an oriented graph has
treewidth k {or is an oriented partial k-tree) if its underlying undirected graph has
treewidth k.

Definition 4 We say a digraph H has treewidth-k duality if the following property
holds for all digraphs G: A digraph G is not homomorphic to H is and enly if there
exists an oriented partial k-tree homomorphic to G but not to H.

An H-coloring problem is said to have bounded treewidih duality if there exists a
positive integer k = k(H) such that the following holds:

@ is homomorphic to H if and only if every graph F homomorphic to G with
treewidth < k is also homomorphic to H.

This fits to our scheme (2):

H has k-treewidth duality iff T A9=— H

where T; is the set of all partial k-trees F which are not homomorphic to H.
Explicitely: For every graph G the non-existence of a homomorphism G — H is
equivalent to the existence of an F, tw(F) < k such that F —+ G.

The following has been proved independently and in different context in [32] and
[16):

Theorem 3.6. Every H-coloring problem with bounded treewidth duality is polyno-
mial time decidable.

Presently Theorem 3.6 is the strongest tool for proving the polynomial time decid-
ability of H-coloring problems. In fact, presently all known polynomial time decidable
H-coloring problems are covered by Theorem x.
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Lemma 2
Let G and H be directed graphs with x(G) > {V(H)| end let every homomorphism
[ I — H satisfies f(a) # f(b). Then G (I,e,b) A H.

Proof. [Third proof of Density Theorem for Undirected Graphs]

Let @, H be undirected graphs, H non bipartite, with G = H A G. Clearly we may
assume that G and H are cores. Let e = {a,a'} € E(H) belong to a circuit in H.
Put I = H~e+ {d', b} where b  V(H). (Thus I arises from H by deleting the edge
e, adding a new vertex b € V(H) together with the edge {@’,b}.)

Tt is clear that 7 — H (identifying vertices ¢ and b} but any homomeorphism
f: T = G satisfies f(a) # f(b) (for otherwise we get a contradiction with H 4 G).
Now let F be any graph satisfying x(F) > |V(G)| and let F' be any orientation of
F. Consider the arrow construction F'x (I, a,b) and define the graph K by K =
(F'«{I,a, b)) UG.

We prove that K has properties claimed by Undirected Graph Density: Clearly

G — K. We also have K — H as the mapping f defined by f([e,z]) = = for
z & V(H) and ¢ € E(F') and f([e,}]) = a is 2 homomorphism K — H (we preserve
the above notation concerning the arrow construction F' + (I, a,b)). Further, by the
above Lemma 2, K # G (as x(F) > [V(G)]). Thus it remains to be shown that
H # K. Suppose the contrary and let ¢ : H = F % (I,a,b} be a homomorphism.
Then fog: H — H where f is the above defined homomorphism F = (I,¢,b) =+ H.
As H is a core fogis a homomorphism. Put h = (fog)™!. Then fogoh{z) = for
every x € V(H). Put go h{a) = [(e, a)] with e = (u,v). Then the image g o A(H) of
H is a connected subgraph of F % (1, a, b} which is (by the injectivity of the mapping
fogoh) contained in the set of all [(¢/, )] where ¢’ is incident with « and z € V()
(this set is the “star” induced by those edges of F' which are incident with the vertex
). But then the edge {{go h(a}], [go A(a')]} is a cut edge in the graph go h(G) which
is the final contradiction as a,a’ was contained in a cycle of H. Q
Proof. [of Theorem 3.15)
Let G, H satisfy the assumption of the theorem. Let H be a core and let (a,0') €
E(H) belong to a cycle in H. Put [ = H — (a,a'} + (b,&') where b ¢ V(H) {i.c.
we first delete arc (a,0’) and then add a new vertex b together with the arc (b,a")).
Let F be an oriented graph with x(F) > |V(G)| and consider the arrow construction
Fx(I,a,b). Put K =GU(F«{l,a,b)). Then we have:

- G = K (by the inclusion map);

- K — H (by the same mapping as in the above proof);

- K 4 G (by the chromatic number assumption);

- H 5 K (as above in the proof for undirected graphs).

Thus the graph A has the desired properties. v
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3.3 Gaps and Dualities

Let us return to our main theme:

All the above results fall into the framework of Homomorphism Dualities. The
following is perhaps the simpler instance of such homomorphism duality:

A singleton homomorphism duality is a pair of graphs (F, H) satisfying

Ffo=— H

Similarily, finitary homomorphism duality is a pair (F, H), where F a finite set of
graphs, satisfying

F A=—3 H.

In this case we also say that K has finitary homomorphism duality.

At the first glance this scheme seems to be too restrictive and indeed it is, at least
for undirected graphs. The following result was proved essentially in [64].

Theorem 3.11. For an undirected graph H the following two statements are equiv-
alent:

1) H has finitary homoemorphism duality
2) Etther H=¢ or H = K.

Thus for undirected graphs only trivial finitary homomorphism dualites exist:

K 7’—¥=—) ¢ and K, 7L)=—> K.

We include the proof {given in [64]} as it uses one of the basic trics in this area:
Proof.

Clearly it suffices to prove that there are no other dualites. Assume the counary, so
let ¥ A~+=—> H be a finitary duality for a non-bipartite H. Put F = {F},..., ii}.
Let { be larger than the shortest length of an odd cycle in any of graphs Fy, ..., F (of
course F; /= H). Now let G = Gy be the Erdds graph with the following properties:
x(G) > k = |V(H)| and girth of G > I. Then both G #— H and F; 4~ H, which is
a contradiction. Q

However for other structures the singleton homomorphism dualities present more
complex patterns and capture interesting theorems. For example for oriented ma-
troids and (convenient version of) strong maps one can prove that singleton morphism
duality give Farkas Lemma and one can even prove that no other such dualities (in
this framework) exist, see {37].
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Similarily, for ports with strong port mappings the only singleton duality is equiv-
alent to Menger theorem, see [38].

Even for directed graph this situation is far more complicated and a full charac-
terisation was achived {in a special case) by Komdrek [44] and (in the full generality)
by Nesetril, Tardif [67, 69)].

Theorem 3.12. (Characterisation of Singleton Dualities)
Up to a homomorphic equivalence the only singleton duelities for oriented graphs
have the following form:

T /o=— Hy

where is an oriented tree and the graph Hy is uniquelly determined by T.

Theorem 3.13. {Characterisation of Finitary Dualities)
Up to o homomorphic equivalence the only finitary hommomorphism dualites for
oriented grapha have form

Fir=— H

where F is a finite set of trees {Fy,..., F\} and H =[1!_, Hp, where F; Ao=—>
Hr..

We prove both of these results bellow in the next section. The proof involves
(nearly) all tools which we developed in this paper.

3.4 Duality and Density (and Gaps)

Nesetfil and Tardif found in [67] and [69] the following (perhaps surprising) connection
of duality pairs. This provided the key to the characterization not only of the dualities
but also to the characterization of gaps for classes of directed {and undirected) graphs.

We say that a gap (G, H) is connected if H is a connected graph. Observe that if
(F, H) is a duality pair then F is necessarily connected {for if F' is a core and F} and
Fy arc distinct components of F then F 4 F; | and thus F; &+ H fori = 1,2. Thus
F — H, which a contradiction).

Theorem 3.14 There is a one-to-one correspondence between dualify pairs and gaps
for the class of directed (and also undirected ) graphs. Ezplicitely, given a duality
pair (F, H) then (F x H, F} is a gap. Conversely, given a connected gap (G, H) then
(H,G") is a dudlity pair.
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