Density

Jaroslav Nešetřil^�, and Claude Tardif^y

March 1, 1999

Abstract

We survey recent research of authors related to the study of homomorphisms between finite graphs from the point of view of the quasiorder defined by the existence (of homomorphism) between graphs. We demonstrate the surprising richness of this perhaps simplest case of graph comparision by proving the density theorem for both directed and undirected graphs in three different ways: Nešetřil-Perles proof using direct products (which works for undirected graphs) and two recently found proofs due to authors: a proof using arrow construction and a proof using a connection of density and homomorphism dualities. The later notion may be seen as a homomorphism approach to the class NP “ coNP and its connection to density problems may be seen as surprising. This analysis involves analysis of several other categorical notions most notably amalgamation and graph exponentiation.

1 Introduction.

We consider homomorphisms between both undirected and directed graphs: given two graphs G = (V, E) and G^′ = (V^′, E^′), a homomorphism f of G to

�Department of Applied Mathematics, Charles University, Prague; this paper was partially supported by GAČR 0194 and GAUK 194 grants yDepartment of Mathematics and Statistics University of Regina Regina, Saskatchewan Canada, S4S 0A2.

G^′ is any mapping f : V → V^′ which satisfies (⋆) [f(x), f(y)] ∈ E^′ for all [x, y] ∈ E. If there exists a homomorphism of G to G^′ then we say G is homomorphic to G^′, and write G → G^′. Otherwise we write G ↛ G^′.

If G → G^′ and G^′ → G then we say G and G^′ are hom-equivalent. The graph homomorphisms were investigated in various context: graph coloring, [1, 2, 6, 7, 10, 11, 12, 16], graph products [8, 21], automata theory and formal languages [16, 27], various algebraical context (as a generalization of isomorphism; categories). Various of these questions can be conveniently expressed by considering the quasiorders (and partial orders) induced by the existence of homomorphism.

Here we consider the problem motivated by the existence of homomorphism between graphs:

One of the motivations of this paper is the following result due to Welzl [27]

Theorem 1.1 (density)

Given two finite graphs G_1 and G_2 satisfying G_1 → G_2 ↛ G_1, with G_2 not bipartite, there exists a graph G which satisfies G_1 → G → G_2 and G_2 ↛ G ↛ G_1.

In the other words the quasiordering of the class of all (finite) graphs induced by the existence of a homomorphism is dense in the usual order-theoretic sense with the unique exceptional “gap-pair” K_1 → K_2 ↛ K_1.

The original proof [27] is a complicated ad hoc argument. More recently M. Perles and J. Nešetřil independently found an alternative argument (see e.g. [19], [20] for the history of this) which simplified the proof and allowed to prove the density theorem for infinite graphs and some other classes of directed graphs [19]. We review this approach in Section 2. This proof is based on the direct product of graphs and it provided the motivation for other two proofs. So we decided to include it for a more clear and complete picture and we even give two variants of this proof. Let us also remark that recently there was a progress also in other directions and Tardif [26] solved a problem of Welzl (see [28]) related to density of vertex transitive graphs. However until recently for directed graphs the problem remained open. The strongest result in this direction is the following [25]

Theorem 1.2 The pairs (P_0, P_1), (P_1, P_2), (P_{k+1}, P_k), k = 3, 4, ... are the only gaps for oriented paths (the graphs P_k are depicted on Fig. 1).

Explicitely: Let P_1 and P_2 be oriented paths satisfying P_1 → P_2 ↛ P_1. Let the pair (P_1, P_2) be none of the above pairs. Then there exists a path P which saisfies both P_1 → P → P_2 and P_2 ↛ P ↛ P_1.

One can see easily the the above pairs form gaps also in the class of all oriented graphs. Thus for oriented graphs we have infinitely many gaps and their full description seemed to be not easily reachable even for the class of all oriented trees ([25]). The problem has been finally solved in [23] by relating it to a seemingly unrelated result of [13] about homomorphism dualities [17],[21]. This together with all the necessary notions will be introduced in Section 4. Before this we introduce in Section 3 one more proof of the density of both directed and undirected graphs. This proof is based on the iterated graph amalgamation known as arrow construction. This proof is perhaps the shortest and conceptually easiest proof of the density for both undirected and directed graphs. Moreover in the more general cases (when the homomorphism dualities are not characterized) this proof is an indispensable part of the proof.

2 Nešetřil - Perles Proof

Proof. Let G_1 and G_2 be given undirected graphs, let f : G_1 −→ G_2 be a homomorphism, and suppose there is no homomorphism G_2 −→ G_1. As this pair is not equivalent to the jump (K_1, K_2), at least one component of the graph G_2 has chromatic number greater than 2. Also, at least one component of G_2 fails to be G_1-colorable, and this component may be assumed to be non-bipartite; let it contain an odd cycle of length k. Now choose a graph H with the following properties: H contains no odd cycle of length k or less, and the chromatic number of H is greater than n^{n0} , where n and n^′ denote the number of vertices of the graphs G_1 and G_2 respectively. Such a graph exists by the celebrated theorem of Erdős [4]. Now let G = G_1 ∪ (H × G_2). Here × denotes the direct product of two graphs and ∪ means the disjoint union. We shall prove that G has the desired properties. Obviously G_1 −→ G and G −→ G_2 follows as the second projection of H × G_2 is a homomorphism into G_2. On the other hand there is no homomorphism from G_2 into G, as homomorphisms preserve odd cycles and they cannot increase the length of the shortest of them. Thus it suffices to prove that there is no homomorphism G −→ G_1. Let us suppose for the contradiction that there is a homomorphism f : H × G_2 −→ G_1. Thus for any vertex x of H we have an induced mapping f_x : V (G_2) −→ V (G_1) defined by f_x(y) = f(x, y). (This mapping need not be a homomorphism.) As there are at most n^{n0} such mappings there are vertices x and x^′ forming an edge of H such that the mappings f_x and f^′_x are identically equal, say to g. However in this case g is a homomorphism of G_2 into G_1, contrary to our assumption.

Given two graphs G = (V, E) and H = (V^′, E^′) one can define G power of H ,denoted by H^G, as the following graph (W, F ): W = {f; V → V^′} and a pait (f, g) forms an edge if (f(x), g(x)) ∈ E^′ for every x ∈ V . (We define the G power of H by the same formula for both undirected or directed graphs.

This construction was isolated in the graph theoretic concept in [15], see also [3], [24]. The following is the crucial property which we use: For every graph K holds K → H^G iff K × G −→ H. (This is easy to see: Given f : K → H^G define g : K × G −→ H by g(x, y) = f(x)(y). Conversely, given g we may define f by the same formula. One can easily check that f is a homomorphism K → H^G iff g is a homomorphism K × G −→ H. Thus in the above proof we have H × G_2 −→ G iff H −→ G_1^{G2} . Thus in the above proof we may assume that the chromatic number of H is greater than the chromatic number of G_1^{G2} . As G_2 ↛ G_1 there are no loops in G_1^{G2} and it is also clear that the chromatic number of G_1^{G2} is at most the number of vertices of G_1^{G2} . (However we do not optimize at this point.)

3 Density via Amalgamation

Besides giving a new proof of undirected density theorem we prove the following result (which generalizes and solves a longstanding problem in this area). This proof appeared in [23].

Theorem 3.1 Let G, H be directed graphs which are cores. Let H be connected and assume that H fails to an orientation of a tree. Further assume that G → H ↛ G holds. Then there exists a directed graph H with G → K → H and H ↛ K ↛ G. The proof is based on the following construction which goes back to [5] and [9], see also [18]:

Let G = (V, E) be a directed graph, I = (V^′, E^′) a graph with two distinguished vertices a, b ∈ V^′. Denote by G ⋆ (I, a, b) the graph (W, F ) defined as follows:

W = E × V^′ |_∼ where the equivalence ∼ is generated by the following rules: ((x, y), a) ∼ ((x, y^′), a), ((x, y), b) ∼ ((x^′, y), b), ((x, y), b) ∼ ((y, z), a). The equivalence class containing ((x, y), z) will be denoted by [((x, y), z)].

We put F = {([((x, y), z)], [((x, y), z^′)]; (x, y) ∈ E, (z, z^′) ∈ E^′}. Clearly G⋆(I, a, b) arises by replacing every arrow of G by a copy of I.This construction is known as arrow construction (in some of the earlier papers also called šíp construction; šíp = arrow in czech). Note, that if (I, a, b) is an undirected graph (considered as a symmetric relation), then G ⋆ (I, a, b) is also an undirected graph.

We shall make use of the following obvious (but key) property of the arrow construction:

Lemma 3.1 Let G and H be directed graphs with χ(G) > |V (H)| and let every homomorphism f : I → H satisfies f(a) ≠ f(b). Then G ⋆ (I, a, b) ↛ H. Proof. (Proof of Theorem 1.1) Let G, H be directed graphs, H non bipartite, with G → H ↛ G. Clearly we may assume that G and H are cores. Let e = (a, a^′) ∈ E(H) belongs to a circuit in H. Put I = (H \ e) ∪ {a^′, b} where b ∉ V (H). (Thus I arises from H by deleting the edge e, adding a new vertex b ∉ V (H) together with the edge {a^′, b}.)

It is clear that I → H (identifying vertices a and b) but any homomorphism f : I → G satisfies f(a) ≠ f(b) (for otherwise we get a contradiction with H ↛ G. Now let F be any graph satisfying χ(F ) > |V (G)| and let F^′ be any orientation of F . Consider the arrow product F^′ ⋆ (I, a, b) and define the graph K by K = F^′ ⋆ (I, a, b) ∪ G.

We prove that K has properties claimed by Theorem 1.1: Clearly G → K. We also have K → H as the mapping f defined by f([e, x]) = x for x ∈ V (H) and e ∈ E(F^′) and f([e, b] = a is a homomorphism K → H (we preserve the above notation concerning the arrow construction F^′ ⋆ (I, a, b).) Further, by the above Lemma 3.1 K ↛ G (as χ(F ) > |V (G)|). Thus it remains to be shown that H ↛ K. Suppose the contrary: Let g : H → F ⋆ (I, a, b) be a homomorphism. Then f ∘ g : H → H where f is the above defined homomorphism F ⋆ (I, a, b) → H. As H is a core f ∘ g is a homomorphism. Put h = (f ∘ g)^{−1}. Then f ∘ g ∘ h(x) = x for every x ∈ V (H). Put g∘h(a) = [(e, a)] with e = (u, v). Then the image g∘h(G) of G is a connected subgraph of F ⋆ (I, a, b) which is (by the injectivity of the mapping f ⋆ g ⋆ h) contained in the set of all [(e^′, x)] where e^′ is incident with u and x ∈ V (I) (this set is the “star” induced by those edges of F^′ which are incident with the vertex u). But then the edge {[g ∘ h(a)], [g ∘ h(a^′)]} is a cut edge in the graph g ∘ h(G) which is the final contradiction as a, a^′ was contained in a cycle of H.

Proof.(of Theorem 3.1): Let G, H satisfy the assumption of the theorem. let H be a core and let (a, a^′) ∈ E(H) belongs to a cycle in H. Put I = H \ (a, a^′) + (b, a^′) where b ∉ V (H) (i.e. we first delete arc (a, a^′) and the add a new vertex b together with the arc (b, a^′). Let F be oriented graph with χ(F ) > |V (G)| and consider the arrow construction F ⋆ (I, a, b). Put K = G ∪ (F ⋆ (I, a, b)). Then we have:

- G → K (by the inclusion map);

- K → H (by the same mapping as in the above proof); - K ↛ G (by the chromatic number assumption); - H ↛ K (as above in the above proof for undirected graph). Thus the graph K has the desired properties.

This proof can be generalize to finite models of general relational systems and thus it cunstitutes the essential part of [24]

4 Proof via homomorphism dualities

As we have seen Density Theorems 1.1, 3.1 do not hold without exceptional cases. To formalize this let us ay that a pair (G, H) of graphs is a gap if G −→ H and H −̸→ G and every graph K with G −→ K −→ H is homomorphically equivalent to either G or H. Thus any gap is a gap in the quasiorder induced by the existence of homomorphism (i.e. by −→). In the above density theorems we want to characterize all gaps. It is easy to see that (K_1, K_2) is a gap for undirected graphs and thus the Density Theorem 1.1 can be formulated as follows:

Theorem 4.1 (K_1, K_2) and K_0, K_1) are the only gaps for the class of indirected graphs.

Also for directed graphs Theorem 3.1 covers all non-gaps pairs of oriented graphs. However this (perhaps a bit surprising) fact is harder to prove. We shall outline the proof, for full details see [23].

Let F, H be graphs. We say that (F, H) is a duality pair if for every graph G the following statement holds: G −→ H iff F −̸→ G. Obviously in this case F −̸→ H and thus we can also define a duality pair as follows: For any graph G we have either a homomorphism from G to H or a homomorphism from F to G while these two possibilities are mutually exclusive. This statement is also called homomorphism duality theorem.

Any duality pair is an example of a good characterization (in the sense of Edmonds) and in fact this was the original motivation of this notion [21], [17].

The duality pairs (and thus homomorphism duality theorems) were characterized in [21] for the class of undirected graphs and in [14] and [24] for the class of directed graphs:

Theorem 4.2 Up to a homomorphism equivalence (K_2, K_1) and (K_1, K_0) are the only duality pairs for the class of undirected graphs.

Theorem 4.3 Up to a homomorphism equivalence the only homomorphism dualities for directed graphs are of the following form (T, H_T ) where T is an oriented tree and for each tree T the graph H_T is uniquelly determined.

Nešetřil and Tardif found in [23] and [24] the following (perhaps surprising) connection of duality pairs. This provided the key to the characterization of gaps for classes of directed (and undirected) graphs. We say that a gap(G, H) is connected if H is a connected graph. Observe that if (F, H) is a duality pair then F is necessarily connected (for if F is a core and F_1 and F_2 are distinct components of F then F ↛ F_i , and thus F_i → H for i = 1, 2. Thus F → H, which a contradiction).

Theorem 4.4 There is a one-to-one correspondence between duality pairs and gaps for the class of directed (and also undirected ) graphs. Explicitely, given a duality pair (F, H) then (F × H, F ) is a gap. Conversely, given a connected gap (G, H) then (H, G^H ) is a duality pair.

Proof. First, suppose that G → H ↛ G is a gap. We prove that for any graph K holds H ↛ K iff K → G^H . Thus let a graph K be such that H ↛ K and suppose for the contrary that K ↛ G^H . Then obviously G → G ∪ (G × H) → H. If H → G ∪ (K × H) then (by the connectivity and the assumption H ↛ G) H → K × H and thus H → K ,contrary to our assumpiton. If G ∪ (K × H) → G then K × H → G and K → G^H again contrary to our assumption. Thus the class H ↛ is a subclass of the class → G^H . In order to prove the reverse inclusion let K be a graph satisfying K → G^H and H → K. This implies H → H × G^H → G (as H × G^H → G is equivalent to G^H → G^H and thus it always holds). Thus (H, H^G) is a duality pair.

Conversely, let (F, H) be a duality. We may clearly assume that F is a core (i.e. every homomorphism F → F is an automorphism) and further F is connected. Thus F ×H → F and F ↛ F ×H (as F → F ×H would imply F → H). We claim that there is no graph K satisfying F × H → K → F and F ↛ K ↛ F × H: If K → F ↛ F × H then the duality implies K → H and thus K → F × H which contradicts our assumptions. This completes the proof of theorem.

This Theorem 4.4 leads to yet another proof of Density Theorem 1.1:

Proof. By 4.2 (K_2, K_1) and (K_1, K_0) are the only duality pairs. Thus (K_2 × K_1) (which is equivalent to (K_1, K_2)) and (K_0 × K_1, K_1) (which is equivalent to (K_0, K_1) are the only gaps

Thus, modulo the above ”arrow calculus” involved in the above proof of 4.4, the density theorem has been known even before it has been formulated.

Finally, let us remark that the above also shows that Theorem 3.1 gives all non-gap pairs for directed graphs: Let (T, H^T ) be all duality pairs for oriented graphs (characterized by Theorem 4.3). Then (H^T , T ) are exactly all gaps. This gives also yet another proof of Theorem 3.1.

References

[1] J. Bang-Jansen and P. Hell, The effect of two cycles on the complexity of colourings by digraphs, Discrete Applied Math. 26(1990), 1-23.

[2] J. Bang-Jensen, P. Hell and G. MacGillivray, Hereditarily hard colouring problems, submitted to J. Comput. Systems Science.

[3] D. Duffus, N. Sauer: Lattices arising in categorical investigations of Hedetnieme’ s conjecture, Discrete Math. 152(1996), 125-139

[4] P.Erdos, Graph Theory and Probability, Canad. J. Math. 11(1959), 34-38

[5] R. Frucht, Herstellung von Graphen mit vorgegebener abstrakter Gruppe, Compos. Math. 6(1938), 239-250

[6] W. Gutjahr, Graph colorings, Ph. D. Thesis, Free University, 1991.

[7] W. Gutjahr, E. Welzl and G. Woeginger, Polynomial graph colorings, (1992).

[8] R.P.Häggkvist, P.Hell, D.J.Miller and V.Neuman Lara, On Multiplicativite graphs and the product conjecture, Combinatorica 8(1988), 63-74.

[9] Z. Hedrlín, A. Pultr, Symmetric Relations (Undirected Graphs) with Given Semigroups, Monatshefte f. Mathematik 69,4(1965), 318-322

[10] P. Hell and J. Nešetřil, On the complexity of H-coloring, J. Combin. Th.

(B) 48(1990), 92-110.

[11] P. Hell, J. Nešetřil and X. Zhu, Complexity of tree homomorphisms,

[12] P. Hell, J. Nešetřil and X. Zhu, Duality and Polynomial Testing of Tree Homomorphisms, Trans. of the American Math. Society, 348 (1996), 1281-1297.

[13] P. Komárek, Some new good characterizations of directed graphs, Časopis Pěst. Mat. 51 (1984), 348-354.

[14] P. Komárek, Good charactersizations of graphs, PhD thesis, Charles University, Prague 1987 [15] L. Lovász, Operations with structures, Acta Math. Acad. Sci. Hungar.(1967), 321-328 [16] H.A. Maurer, J.H. Sudborough and E. Welzl, On the complexity of the general coloring problem Inform. and Control 51 (1981), 123-145.

[17] J. Nešetřil, Theory of graphs ,(in czech) SNTL (Praha), 1979. [18] J. Nešetřil, Amalgamation of Graphs and its Applications, Ann.

N.Y.Acad. Sci. 319(1979), 415-428 [19] J. Nešetřil, Structure of Graph Homomorphisms, Combinatorics, Probability and Computing [20] J. Nešetřil, Structure of Graph Homomorphisms I.In: Graph Theory Notes of New York, New York Acad. Sci. 1998, pp.7-12.

[21] J. Nešetřil and A. Pultr, On classes of relations and graphs determined by subobjects and factorobjects, Discrete Math. 22 (1978), 287-300.

[22] J. Nešetřil and C. Tardif, Density via Duality, submitted 1998. [23] J. Nešetřil and C. Tardif A new proof of the density of directed and undirected graphs, submitted 1998.

[24] J. Nešetřil and C. Tardif Duality Theorems for Finite Structures, submitted 1998.

[25] J. Nešetřil, X. Zhu, Paths Homomorphisms, Proc. Cambridge Phil.

Soc.120 (1996), 207-220.

[26] C.Tardif, Fractional multiples of graphs and the density of vertex transitive graphs, to appear in J. Algebraic Combinatorics.

[27] E. Welzl, Color Families are Dense, J. Theoretical Comput. Sci. 17 (1982), 29-41.

[28] E. Welzl, Symmetric graphs and interpretations, J. Combin. Th.(B), 37(1984), 235-244.