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Exercises

Exercise 2.1.
Prove that the number of spanning trees for the path graph P, is 1.

Exercise 2.2.
Prove that the number of spanning trees for the cyclic graph C, is n.

Mednykh I. A. (Sobolev Institute of Math) Spanning Trees 20 - 24 January 2014 2/14



Exercise 2.3.
Prove the Cayley formula for the number of spanning trees for the
complete graph K, : t(K,) = n"2.

Exercise 2.4.
Prove that the number of spanning trees for the complete bipartite graph
Kn,m is given by the formula t(Kp m) = m"~1pm-1,
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Exercise 2.5. Denote by G — e the graph obtained by removing edge e
from the graph G. Let G\e be the graph obtained from graph G by
contracting edge e. In other words, G\e is obtained by deleting edge e and
identifying its ends. Prove the following formula

t(G) =t(G —e) + t(G\e).
Exercise 2.6. Denote by G; . the graph resulting from subdivision of an

edge e of a graph G. Then
t(Gse) = t(G\e) +2t(G —e) = t(G) + t(G — e).
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Exercise 2.7.

Find the number of spanning trees for the wheel graph W, = Ki x C,.
Answer: If nis odd then t(W,) = (2, if n is even then t(W,) = 52,
where /; is j-th Lukas number and fj is k-th Fibonacci number.

Note:

{1 =1, 40, =3, fk_;,_g = Ek-i—l + Ly, k> 1.

i=1h=1 fixo="fry1+f k>1

f2n = En : fn and gn =fp—1+ fn+1-
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Exercise 2.8.
Find the number of spanning trees for the fan graph F, = Ky * Pp,.
Solution: By Exercise 1.7 and Kel'mans-Chelnokov theorem we obtain

n—1 n—1
t(Fn) = H(3 2cos—)—2"1H —cosﬂ—nk).
k=1
3 1 /3+v5, ,3-5
i) = (G- C50))
L)
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Exercise 2.9.
Find the number of spanning trees for the lattice graph L, , = K X K.
Solution: The Laplace spectrums of the graphs K, and K|, are

po=0,pui=m,i=1,....m—T1and \g=0,A\j=n,j=1,...,n—1.

m—1n—1
Then t(Kn x Ko) = 75 T1 T (i +4)) =
I— J_
i+j>0
m—1n—1
mn H )‘ H i H H()\ —i—,u,) =mm 2n”*2(m+n)(mfl)(n71).
J i=1 j=
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Exercise 2.10.
Prove that the following result by Boesch and Prodinger
n_ m
t(Km x Cp) = — 27 YT.(1+ ) =1
where Tp(x) = cos(narccos x) is the Chebyshev polynomial of the first
kind.

Solution:
m—1n—1 m—1n—1

t(KmXCn)—mnH H(MI+)‘)—mn _H>‘ HNI I1 H()‘ + pi)

i=0 j= =1 i=1 j=
/+j>0
m—1n—1

= t(Co)t(Km) 11 II(m+2—2cos(2mj/n))

i=1 j=1

= nmm2(T] (m +4 - dcos?(xj/m)™ 1 = nmm-2[U2 (/2] "

j=1
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From elementary identities sin?(u) = 1_%5(2”), cos(2u) = 2 cos?(u) — 1

and basic definitions of the Chebyshev polynomials one can derive the

following relations
LX) = 21— )(1 Tan(x))

1 1

= m(l T, (T2( ))) m(l — Tn(2X2 _ 1))

M2 we get the formula by Boesch and Prodinger

Putting x =

t(Km X Cp) = %zm—l(na + g) —qym-1
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Exercise 2.11.
Prove that the number of spanning trees for the prism P> x C, is given by
the formula

t(Py x Cp) = ((2+f) +(2-V3)"-2).

Solution: Since P, = K3, we put m = 2 in the solution of Exercise 2.10 to
obtain

t(Py x Co) = n(Tn(2) — 1) = g((z FV3) (2 - V3)" - 2).
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Exercise 2.12.
Prove that the number of spanning trees for the Moebius ladder graph M,
is given by the formula

t(Mp) = g((2 +V3)"+(2-V3)"+2).

Solution: Let us note that the Laplacian matrix for M, is circulant
circ{vo ..., van—1}, where p =3, vy = =1, vy, = ... = vp,_1 =0,
Vp=—1 Vor1=...=wp2=0, v, 1 =—1 Lete = e% be the 2n-th
primitive root of unity.

Then L(M,) has the following spectrum

2n—1
. wk
)\k:ZEkaj:3+(—1)k+1 2cos— k=0,...,2n—1.
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We have

We note that

n—1 . n—1

H(2 — 2cos 21%) = H(4 - 4cosz%r) = U2 (1) =n*

j=1 j=1

Remark:

sin(narccos 1) . sin(nu)
Up-1(l) = ——— =1 _ =
(1) sin(arccos 1) 430 sin(u)
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Now we simplify the first product

n—1 (2'——1)ﬂ 2n—1 i n—1 20

H(4—2c0517) = H(4—2coszj—)/H(4—2cosJ—).

j=1 " j=1 A "
We get

n—1 . n—1
H(4—2coszJT7T):H(6 4cos?? ) Uz (\/g)

j=1 j=1
From the properties of Chebyshev polynomias we have

U21(4) = gy (L = Tonlo) = 2(11X2)<1 T.(2 ~1)).

In particular, for x = 1/3/2 we obtain U2_ 1(\/> — 1. Simillary,

U22n—1(\/§) = T2n(2) - 1.
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sin2nu

sinnu

By making use of the identity = 2cos nu, we have

= L @1

o T2 -1 n® = n(Ty(2) +1).

Equivalently,

t(M,) = g((2 +V3)"+ (2 -V3)" +2).
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