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Exercise 1.1.
Find Laplacian spectrum of the complete graph on n vertices Kn.
Solution: We want to show that µ(Kn, x) = x(x − n)n−1. To solve this
problem we use induction by number of vertices n. For n = 1, K1 is a
singular vertex. Its Laplacian matrix L(Kn) = {0}. Hence µ(K1, x) = x .
Hence the statement is true for n = 1. Suppose that for given n the
equality µ(Kn, x) = x(x − n)n−1 is already proved. It is easy to see that
Kn+1 is a join of Kn and K1. By Kel’mans theorem we get

µ(Kn+1, x) =
x(x − n − 1)

(x − 1)(x − n)
µ(K1, x − n)µ(Kn, x − 1) =

=
x(x − n − 1)

(x − 1)(x − n)
(x − n)(x − 1)(x − n − 1)n−1 = x(x − n − 1)n.

Hence, the Laplacian spectrum of Kn is {01, nn−1}.
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Exercise 1.2.
Find Laplacian spectrum of the complete bipartite graph Kn,m.
Solution: Let us note that Kn,m is a join of Xm and Xn, where Xk is a
disjoint union of k vertices. We have
L(Xk) = D(Xk)−A(Xk) = Ok −Ok = Ok , where Ok is k × k zero matrix.
Hence, µ(Xk , x) = xk . By Kel’mans theorem we obtain

µ(Kn,m, x) =
x(x −m − n)

(x − n)(x −m)
µ(Xn, x −m)µ(Xm, x − n) =

=
x(x −m − n)

(x − n)(x −m)
(x −m)n(x −n)m = x(x −m−n)(x −n)m−1(x −m)n−1.

Hence, the Laplacian spectrum of Kn,m is {01, nm−1, mn−1, (m + n)1}.
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Exercise 1.3.
Find Laplacian spectrum of the cycle graph Cn.
Solution: The Laplacian matrix L(Cn) is the circulant matrix with entities

v0 = 2, v1 = −1, v2 = . . . = vn−2 = 0, vn−1 = −1.

Then by properties of circulant matrices its eigenvalues are

λk = v0 + v1ε
k + . . .+ vn−1ε

(n−1)k , k = 0, . . . , n − 1,

where ε = e
2πi
n is the n-th primitive root of the unity. Hence,

λk = 2− εk − ε(n−1)k .

Since

e
2πi
n
k + e

2πi
n
(n−1)k = 2(

e
2πi
n
k + e−

2πi
n
k

2
) = 2 cos

2πk

n
,

we have λk = 2− 2 cos 2πk
n , k = 0, . . . , n − 1.
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Exercise 1.4.
Find Laplacian spectrum of the path graph Pn.
Solution: The Laplacian matrix for path graph Pn has the form

Ln = L(Pn) =



1 −1 0 . . . 0 0
−1 2 −1 . . . 0 0
0 −1 2 . . . 0 0
0 0 −1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2 −1
0 0 0 . . . −1 1


.
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Then its characteristic matrix is given by

Ln − λIn =



1− λ −1 0 . . . 0 0
−1 2− λ 1 . . . 0 0
0 −1 λ− 2 . . . 0 0
0 0 1 . . . 0 0
...

...
...

. . .
...

...
0 0 0 . . . 2− λ −1
0 0 0 . . . −1 1− λ


.
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Let Vn = det(Ln − λIn). Then detVn is equal∣∣∣∣∣∣∣∣∣
1− λ −1 . . . 0
−1 2− λ . . . 0
...

...
. . .

...
0 0 . . . 1− λ

∣∣∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣∣∣
2− λ −1 . . . 0
−1 2− λ . . . 0
...

...
. . .

...
0 0 . . . 1− λ

∣∣∣∣∣∣∣∣∣−
∣∣∣∣∣∣∣∣∣

1 0 . . . 0
−1 2− λ . . . 0
...

...
. . .

...
0 0 . . . 1− λ

∣∣∣∣∣∣∣∣∣ =
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∣∣∣∣∣∣∣∣∣
2− λ −1 . . . 0
−1 2− λ . . . 0
...

...
. . .

...
0 0 . . . 1− λ

∣∣∣∣∣∣∣∣∣
n×n

−

∣∣∣∣∣∣∣∣∣
2− λ −1 . . . 0
−1 2− λ . . . 0
...

...
. . .

...
0 0 . . . 1− λ

∣∣∣∣∣∣∣∣∣
n−1×n−1

=

Dn − Dn−1.

In a similar way Dn = Un − Un−1, where

Un =

∣∣∣∣∣∣∣∣∣
2− λ −1 . . . 0
−1 2− λ . . . 0
...

...
. . .

...
0 0 . . . 2− λ

∣∣∣∣∣∣∣∣∣
n×n

= Un(
2− λ
2

).
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Here Un(x) =
sin(n + 1) arccos x

sin arccos x
is a Chebyshev polynomial of the second

kind. Since Un(x)− 2xUn−1(x) + Un−2(x) = 0, we obtain

Vn = Dn − Dn−1 = Un(x)− 2Un−1(x) + Un−2(x)

= (2x − 2)Un−1(x) = −λUn−1(
λ− 2

2
),

where x = λ−2
2 . The equation

λUn−1(
λ− 2

2
) = 0

has the following solutions λk = 2− 2 cos(πkn ), k = 0, . . . , n − 1.
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Laplacian for Graphs.

Exercise 1.5.
Show that Laplacian polynomial of the path graph Pn has the following
form

µ(Pn, x) = x Un−1(
x − 2

2
),

where Un−1(x) =
sin(n arccos x)

sin(arccos x)
is the Chebyshev polynomial of the

second kind.
Solution:
Follows from the previous exercise.
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Laplacian for Graphs.

Exercise 1.6.
Find Laplacian spectrum of the wheel graph Wn = K1 ∗ Cn.
Answer: {0, n + 1, 3− 2 cos 2πk

n , k = 1, . . . , n − 1}

Exercise 1.7.
Find Laplacian spectrum of the fan graph Fn = K1 ∗ Pn.
Answer: {0, n + 1, 3− 2 cos πkn , k = 1, . . . , n − 1}

Exercise 1.8.
Show that the Laplacian polynomial of the fan graph Fn = K1 ∗Pn is given
by the formula

µ(Fn, x) = x(x − n − 1)Un−1(
x − 3

2
)

where Un−1(x) is the Chebyshev polynomial of the second kind.
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Laplacian for Graphs.

Exercise 1.9.
Find Laplacian spectrum of the cylinder graph Pm × Cn.
Solution:
The spectrum of Pm is λj = 4 sin2( πj2m ), j = 0, . . . , m − 1 and the

spectrum of Cn is µk = 4 sin2(2πk2n ), k = 0, . . . , n − 1. As a result we have
the following spectrum for Pm × Cn.

`j ,k = 4 sin2(
πj

2m
) + 4 sin2(

2πk

2n
), j = 0, . . . , m − 1, k = 0, . . . , n − 1.
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Laplacian for Graphs.

Exercise 1.10.
Find Laplacian spectrum of the Moebius ladder graph Mn. Moebius ladder
graph is a cycle graph C2n with additional edges, connecting opposite
vertices in cycle.
Solution:
We note that the Laplacian matrix for Mn is circulant circ{v0 . . . , v2n−1},
where v0 = 3, v1 = −1, v2 = . . . = vn−1 = 0,

vn = −1, vn+1 = . . . = v2n−2 = 0, v2n−1 = −1. Let ε = e
2πi
2n be the 2n-th

primitive root of unity.
Then L(Mn) has the following spectrum

λk =
2n−1∑
j=0

εk jvj = 3 + (−1)k+1 − 2 cos
πk

n
, k = 0, . . . , 2n − 1.
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